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We will conclude this communication with the schematic PJ-
figure of the phosphorus; the connection between the unary and the -
pseudo-binary system will be treated in a following publication.

When the calculated critical temperature 422° for lignid white
phosphorus is correct about 18 atmospheres follows {rom the vapour
pressure line for the critical pressure. The critical point is indicated
by %, in the drawing. The vapour pressmre line of molten red phos-
phorus exhibits probably a peculiarity that has never becen met with as
yet, viz. two critical points %, and Z,, the former of which is metastable.

Tt is of course also possible even probable that unmixing takes place
in the pseudo-system between p and ¢, s0 in the metastable region.
The point -Z, might, therefore, lie al even lower lempei*atnre and
pressure than the point Z,. Possibly the continued invesligation may
give an indication with regard to this too.

It may finally be pointed onl that when we apply Van pir Waars's

equation,
Pk . T
log — — ——1
og » J ( T )
and write .
logp = — —Tak + ¢

3,94 is found for the value of f.

This equation does mol represent the observed vélpour pressure
line as well as the former, the canse of this may be that f is nol
constant as has been found indeed with several substances.

Anorg. Chem. Laboratory of the University.
1

Amsterdam, Nov. 29, 1912.

Mathematics. — “On loci, congruences und focal systems deduced
Jrom a twisted cubic and a twoisted biguadratic curve”. 111,
By Prof. HuNprix ve VRrigs.

(Comnmunicated in the meeling of November 30, 1912).

17. Tf we assume that the line / itself is a ray of the complex
without however belonging to the congruence deduced from £°, then
the (wo surfaces £2* and L' undergo considerable modifications.
The surface £2°° has no lowering of ovder; insiead of the regulus,
namely, which is the locus of the rays s conjugaled to the points of
I we now have a quadratic cone (passing likewise through the cone.
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vertices) whose vertex P; is the focus of /, because the two conjugated lines
of /, which cross each other in general and exactly therefore generate
a regulus, now both pass through I’ ; bui P; does not lie on 2°,
because [ is a ray of the complex, but not of the congruence. A
. generatrix of the cone therefore intersecls °, as formerly a line of
the regulus, in six points, from which ensues thai / now again is
a sixfold line of the surface. And to a plane A through / corve-
sponds as formerly a twisted cubic through the cone vertices and
- which now passes moreover through /P, because [ is a tangent of
the complex conic lying in A, but which now again intersects 2°,
except in the cone vertices, in fourteen points; thus in 2 lie 14
generatrices of the surface, so that this is indeed of order 6"+ 14 = 20,
The curve £'3, the section of the cone with &£° has also 6 nodal
points lying on A%, so thai 2%° contains 6 nodal generatrices.

The nodal eurve of 2% undergoes a very considerable modification
as vegards the poinls it has in common with [ Through such
a point namely must go 2 generatrices of the surface lying with /
in one plane; but now { is itself a ray of the complex and three
rays of the complex can then only pass through one point when ihe
complex cone of that point breaks up into iwo pencils; so the only
points which the nodal curve can have in common with / are the
points of intersection of / with the four tetrahedron faces.

These points which in § 15 we have called S; coincide with the
points which were called 7% in the same §. Let us assumec the
plane /7. As now again and for the same reason as before nine
of the fourteen generatrices of 2** lying in this plane pass through 7'
(§ 13) the five remaining ones must pass throngh another point 7%
lying in =, and whose complex conic breaks up into r, and the plane
T*l; now however this point coincides with ,S,. For the complex
cone of S, likewise breaks up into two pencils, of whick one lies
in 7,, the second in a plane through 7" * and 7', ; now however, {0 this
second pencil evidently belougs our ray [ and so indeed the complex
cone of S, degenerates in (his way inlo 7, and a plane through
I; so S, and 7% ave identical. To S,, mgardéd as a focus, a ray s
through 7, is conjugated which lies at the same time on the
quadratic cone, thus in other wouvds the ray /2 77 ; the latier intersects
L° besides in 7} in 5 more poinls and the rays s conjugaled lo
these ave the 5 generalvices of 2% through S, = 17* lying in the
plane [7; the sixth generatrix through this point conjugated {o
T, lies in %,, but not in the plane I7%.

So we see that through S, pass five generafrices of £° lying in
the same plane; so the four points S; are } .5 .4 =10-fold poinis
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Jor the nodal curve; this curve cannot have other points in common
with 1. So i@t cuts 1 in jfour tenfold points (i.e. the 40 points of
before have changed into four tenfold ones) and so it is aguin of
order 40 + 91 = 131.

Also the surface &' undergoes considerable modifications as the
conic lying in a plane 2 must now always touch the line I The
complex cone for a point /2 of / contains the ray /; the two tangen-
tial planes through [ to the cone coincide therefore; from which
ensues that for each point P of [ the two conies passing through it, -
coincide. The most intuitive representation of this fact is obtained
by imagining instead of the point of contact of a & with [ two
poiuts of intersection lying at infinitesimal distance, if then on /
we assume three of such like points, then through 1 and 2 passes
a conic and through 2 and 3 an other differing but slightly from it,
so that really through pownt 2 pass two conics. The loci of the
conics 15 thus now again a 2' with nodal line [, but this line has
become a cuspidal edge, i.e. whereas formerly an arbitrary plane
intersected £2* along a plane curve with a nodal point on/and only
the planes through the four points .S, (§ 15) furnished curves with
cusps, now every arbitrary plane of infersection contains a curve
wilh a cusp on !/ (and with a cuspidal tangent wn the plane of the
conic through that cusp). Furthermorc we must notice that as the
points 7} * coincide with S, the four nodal points 7° will be found
on the nodal line itself, thus forming in reality no more a tetra-
hedion proper, nevertheless the property of the simultaneouns cir-
cumseription round about and in each other remains if one likes.

18. The curve of intersection of order eighty of £2* and £ is
again easy to indicate; 1t consists of the line [ counted twelve times
(for a cuspidal edge remains a nodal edge), and of a curve of contact
of order 34 to be counted double (§ 15) which has with a plane A
through [ fourteen points lying outside / in common and therefore
twenty lying on [; these last however can be no others than the
four pomts S, for otherwise a generatrix of £ would have to -
tonch a % of 2% on [, which could only he possible (as { itself
touches A%) if a generatrix of £*° conld coincide with / which is as
we know not possible. The curve of contact of £24 and £*° passes
thus five times through each of the four points S, which corresponds
to the fact that five generatrices of £ touch in S,, the degenerated
conic (viz. the pair of pomts .S,, 7}) lying in the plane /7).

The method indicated in § 14 to determine the number of toisal
lines of the first kind undergoes no modification whatever; we can
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however control this method here because we have to deal here
with a cone instead of a regnlus. The first polar surface of P, na-
mely with respect to £° is a £2° containing 4* one time, and there-
fore cutting 2° along 4° counted twice and a residual curve of order
24, so that the circumseribed cone at the verlex P, is of order 24
Now this cone cuts the quadratic cone [P;] in 48 edges, so 48 edges
of [P] touch £2° and therefore £'*. The number of torsal lines of
the first kind is thus indeed 48, and that this same number must
-now be found in general follows from the law of the permanency
of the number.

These numbers 6 and 48, as well as the number of points (namely
40) which the nodal curve of £2°° has in common with / can be
controlled with the aid of the symmetrical correspendence of order
70 existing between the planes A through / (§ 16). To the 140 double
planes d belong, as we saw beforve. the planes through [/ and the
nodal lines and those through [/ and the torsal lines of the first kind,
together appearing there at a number of 54, but representing 60
double planes. The nodal curve of £*° has with [ only the 4 points
S, in common which however count for 10 each and which have
the property that five of the six generatrices through each of those
points lie in one plane; such a plane is thus undoubtedly a many-
fold plane of the correspondence, the question is only how many
single double planes it contains. Now there lie in the plane (7, e.g.
9 generatrices through 7' cutting [ in different points; through each
of the last pass five other generatrices, and so we find so far 45
planes conjugated to the plane (7',.

Now we have moreover the plane through / and the 6t genera-
trix through S, (lying in r,); however by regarding, just as we
have done at the beginning of § 16, a plane 2 in the immediate
vieinity of /7' and in which thus five generatrices cut each other
nearly in one point of [ we can easily convince ourselves that
this plane counts for 5 coinciding planes conjugated to (7. To (T
are conjugated 454 5=250 planes no¢ coinciding with /T and
thus 20 planes coinciding with [T, ; i.e. just as in the general case
a plann 2 through two generatrices cutiing each other on / counts
for two double planes, so here each plane /7, containing five such
generatrices counts for 53>{4 donble planes; so the four planes
[T, represent 80 double planes, and they furnish with the 60 already
found the 140 double planes as they ought fto.

As by the transition to a ray of the complex all numbers have
remained unchanged, the surface £2° conlains now again 58 torsal
lines of the 2nd kind; the 43X 131 =524 poinis of imntersection
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of £' with the nodal curve of £ lie now however a litile differ-
ently. The points 7 remain 36-fold for the nodal curve and they
- therefore furnish 4 X 72 = 288 points of intersection, the 58 torsal
lines of the 2" kind give 58, the 6 nodal edges give 3 X 6 =18
other ones; the 4 points S, = 7,* however_absorb each of them 40
points of intersection. Let us namely imagine our figure variable
and in particular [ continuously passing into a complex ray, we then
see how the 4 points 77" tend more and more to S,, but at the
same time how the 40 points of intersection of [ with the nodal curve
group themselves more and more into 4 groups of 10 in such a
way that each group is as it were aliracted by one of the points
S,; now each of those 40 points counts for 2, each point 7'* for
20 points of those we looked for; so on the moment that 73,* as
well as the 10 points of the corresponding group coincide with
S, this point counts for 40, so the four t{ogether for 160 and the
sam of the four numbers printed in heavy type is again 524.

19. More considerable are the modifications if finally we now
assume that [ becomes a ray of the congruence; nothing is to be
noticed al ', as [ remains a ray of the complex, but the other
locus becomes a surface 2%, for which / is only a fivefold line.
The regulus of before is namely now again replaced by a cone
| P.], but the vertex itself I° now lies on £°, because /[ is a ray
of the congruence, thus itself a generalrix. It even appears twice
as a gencralrix, for the cone cuts £2* according to a #'* which has
now 2.0. also a nodal point in P, and to this nodal point the line
[ corresponds twice. A generairix of the cone [F,] cuts 2°iu Prand
in five other points; so through the corresponding focus on / pass
five generatrices not coinciding with /, i.e. / is a fivefold line.

To a plane 2 through / a twisted cubic is conjugated containing
the four vertices of the cones and P; and cutting 2° in 13 points
more; so in a plane 2 lie besides / 13 generalvices, i. v. our surface
is a 2% of order 18 with « fivefold line I.

) Among the generatrices of the cone [/] there ave two touching
£ in P, and likewise among the twisted cubics; the foci of the
former are the points of interdection proper of / with two generatrices
comeiding with /, the planes conjugated (o the lalter being the con-
necling planes; thus two particular torsal planes and pinch points
(see § 20).

The line P;7T, is a generatrix of the cone [P] and it culs °
besides in these two pointe in four more; the corresponding four
rays s pass through S, = 7.* and lie in the plane {7; whilst the
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ray s conjugated to 7} lies in v, but nol in 7 7,, so the points .S;
are 4 .4.3 = 6-fold poinis for the nodal curve and others this curve
can evidently not have in common with /. So it has 24 points
anited in 4 sixfold points in common with /, and as there are in
a plane & through / §.13.12 =78 poinis not lying on [ the order of
the nodal cuive now amounts lo 24 -+ 78 = 102. The number of
nodal points of a plane section of ' amounts thns now to
102 4 6 4 10 =118, and from this cnsues for the class 1817 —
— 2118 =70 =1¢B; the formula &s = 2. &8 — 2. &¢ furnishes there-
fore 6 =2.70— 2 .18 =104 torsal lines of both kinds.

The formula

; E=pt+qg—y

now again applied lo determine the number of generairices of the
cone [P touching £ and thus of the number of torsal lines of the
first kind gives the following results. The plane of the condition p
cuts A" in 12 points; through each of these passes a generafrix of
the cone cutting 2° besides i 2 in four points more; so the num-
ber p is equal to 48, aand likewise g. The line of the condition g cuts
the cone in two points and through each of these passes a genera-
trix of that cone, on which lie besides P five points of £'*; so ¢
is=2.20, and thus ¢ =2.48 — 2.20 = 56. Among these however
are included the six nodal lines counted twice; the number of
torsal lines of the first Lind amounts thus to 56 — 2 X 6 = 44.

To conirol this we again consider the first polar surface of /2
with respect (o £ a £° touching £° in P, and passing through
#. The intersection with 2" consisls therefore of 2 counted twice and
a residual curve of ovder 30 — 2.3 = 24 which however 1s projected
out of [ by a cone of order 22 only, because P itself is a nodal
point of that curve (for &£° and £° touch each other in Pj; this
cone has with the cone [/;] 44 generafrices in common, and
these touch /2. )

The nwwmber of torsal lines of the 2" Jind of L2 amounts lo
104 — 6 — 44 = 54.

The correspondence of the planes A through [ is now of ovder 52
with 104 double planes. For, in a plane 2 lie besides / thirteen ge-
neratrices of 2 and through each of the 13 points in which these
cut [ four others pass; so lo each plane A 4 X 13 = 52 others are con-
jugated. The double plancs are 1. the planes through the 44 torsal
lines of the first kind; 2. the planes through the 6 nodal edges,
each counted twice; 3. the 4 planes /7; each counted twelve times,
because in each such like plane 4 generatrices pass through the point
S (comp. § 18); s0 we find 44 - 2.6 - 4.12 = 104 double planes,
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And as rvegards finally the number of 4 > 102 — 408 points of
intersection of the nodal curve with &, in the four points 7} lie -
again 288 (comp. § 18), in the pinch points of the torsallines of the .
second kind 54, in those of the six nodal edges 18 and in the four
poinis S, which are sixfold for the nodal curve, 48, together
288 4+ 54 4 18 - 48 = 408.

20. The two particular pinch points on [/ which we have found in
the preceding § were the two foci of the ray of the congruence /
and the two torsal planes the two focal planes; for, in these points/
was eat by a ray of the congruence at infinitesimal distance. If
henceforth with a slight modification in the notation the line [ is
called s, the focus /P,, then P, lies on &° and it is in general
an ordinary point of this surface. Iet us assume the tangential
plane in this point and in it an arbifrary line ¢ through P,; then
this has two conjugated lines crossing each other, and if thervefore a
point P describes the line #, the ray s of the complex conjugated
to P will generate a regulus {o which also belongs our ray s,
a ray of the congruence. As however ¢ is a tangent of ° a second
generafrix of the regulus lying at infinitesimal distance from s, will*
belong to the congruence, however without cutting s,. If however,
we mnow imagine the complex cone at point P, and if we intersect
it by the tangential plane, we find two lines ¢ which are at the
same time lines s, viz. rays of the complex, and whose two conju-
gated lines cut each other. Now the lines s conjugated to the points
P of t will describe two cones containing also s,, and having their
vertices on s, whilst we kunow out of onr former considerations
that these vertices are nothing but the foei of the two rays ¢; and
now s, will be cut in each of these foci .by a ray of the congru-
ence at infinitesimal distance; _the two cone vertices are thus the
foci of s,. So: we find the foci of a ray s, of the congruence by
determining the focus P, (lying on &) of s,, by intersecting the com-
plex cone of this point by the tangential plane in P, to 2°, and by
taking the foci of the two lines of intersection t. And the two focal
planes are the tangential planes through s, to the complex cones of
the  foci. ’

If P, is a point of the nodal curve &* of &' then s, is a double
ray of the congruence (§ 12); the complex cone of P, intersects the
t wo tangential planes of P, in twice two rays ¢, so that we now
have on .s-o"two pairs of foci and through s, two pairs of focal planes;
and as the focal surface of the congruence is touched by eachray of
the congrnence in the two foci, so each double ray will touch the
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focal surface four times. The four tangential planes are the focal
planes, however in such a way that if one pair of foci is called
F,, F, the focal plane of £, is (angential plane in F, and reversely.

Let P, be a point of %', lying as a swgle curve on £° thens,is
the tangent to 4* in P, and it belongs to the congruence. The com-
plex cone of P, intersects the tangential plane in this point to £°
according to s, itself and an other generatrix; so of the two foci
of s, point P, is one whilst the other is the focus of the second
generatrix of the complex cone of [, lying in the tangential plane;
and of the two focal planes the osculation plane of £* in P, isone,
because this really contains two rays of the congruence intersecting
each other in P, and lying at infinitesimal distance (viz. two tangents
of %%); so it touches the focal surface in the other focus, i.e. the
surface of tangents of £* which is of order 8 envelops the focal
surface, and the curve &' itself lies on the focal surface.

The question how the cone vertices 7, bear themselves with
respect to the congruence, is already answered in § 11; £°
intersects the plane r; according to a plane £* and the rays s con-
jugated to these form a cone of order 9 with the vertex 7; and
with three nodal edges and three fourfold edges, the latter of which
coincide with the three tetrahedron edges through 73,

Let us assume an arbitrary point P of £°, then to this a ray s
through 7% is conjugated ; now the complex cone of P degenerates
into a pair of planes, of which 7, is one component, whilst the other
passes through 7, and this degenerated cone cuts the tangential plane
in P to £° along the tangent ¢ in P (o %°® and according to an other
line #* through P. To that tangent the point 7} is conjugated as
focus, so that for each ray of the congruence through 7} this point
itself is one of the foci, the other being the focus of the line *.

In order to find the focal plane of the considered ray s in the
point 7% we should have to know according to the preceding the
complex cone of 7 which is in first instance entirely indefinite ;
let us however bear in mind that in the general case that complex
cone is at the same time the locus of the ray s conjugated to the
points of the tangent £ then in this case also we can have a defi-
nite cone, viz. the cone which replaces the regulus if the line / passes
into a complex ray s, and which contains in general the four
cone vertices and which will contain here, where 7 itself is the
cone vertex, the three tetrahedron edges through this point. On this
cone lie the two rays s conjugated to the two points of £° lying.
at infinitesimal distance from each other on #, and the plane through these
is the focal plane of our ray s in 7%; but those edges of the qua-



808

dratic complex cone lying at infinitesimal distance lie of course also
on the cone of order 9 (sce above); so we can say more briefly
that for each ray of this cone 7, is one of the foei and the tangen- ~
tial plane to the cone is one of the focal planes.

Each ray of the congruence through 73, so each generatrix of
the cone of order nine with this point as-verlex, must have in P,
two coinciding points in common with the focal surface; so 7; is
for the focal surface a manifold point, however without the cone
of order 9 being the cone of contact; for the tangential planes of -
this cone touch the focal surface in the foci-of ils generatrices not
coinciding with 77 ; the cone of contact in 7’ is enveloped by ihe

focal planes of this last category of foci.

21. Over against the question which complex rays through 77 belong
to the congruence, is the other one which complex rays out of r, belong
to the congruence. In the preceding we have repeatedly come across
these rays. Indeed, any surface £°° formed by the congruence rays
which cut a line / or a complex ray s, and any surface £2'* formed
by the congruence rays which cut a congruence ray s contained
such a ray as we proved above; we shall now show that all these
rays form a pencil. To that end we imagine the tangential plane
o in 7, to £ and we cat it according to the line » by r,. We
now saw in the preceding that the rayvs s conjugated to the points
of 7, form a quadratic cone with 7; as verlex and containing the
three tetraliedron edges through 7 ; if the base curve of this cone
lying 1n w; is 4%, then reversely the points of £* are the foci of the
rays s lying in o and passing through 7}, for the rays s conjugated
o the points of a line pass through the focus of that line and
the ray s conjugaled to a point of 7, passes moreover through 77

If a poinf P describes one of the rays of the pencil [7}] lying
in ¢, say s, then the rays s conjugated o the points £ form the
complex cone of the focus P, of s,, which point lies on £*; this
complex cone breaks up however into a pair of planes, viz v, and a
plane through P, and T, and the line of intersection # of these
two planes is the ray of the congruence conjugated to 77, in as far
as this point is regarded as a point of the ray s,; so the question
is how the rays ¢, bear themselves when s, describes the pencil
[77] or, what comes to the same, how the planes 7i¢ bear them-
selves in those circumstances. We shall try to find how many of
those planes through an arbitrary ray s, pass through 7. In each
arbitrary plane through s, the complex conic breaks up inlo {wo
pencils; one has the vertex 73, the other a point 73* lying in ;.

-10 -
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In each plane through s, lies however one such point 73*; but if
S, is the point of intersection of s, with =,, then also the complex
cone of 5, breaks up into a pair of planes of which one compo-
nent is of course again =, the other being a plane through S, 77 ; so
S, is itself a point 77*, ard the consequence of this is that 7}*
describes a conic £** which passes in the first place through S, and
in the second place, as is easy to see, (hrough the three cone vertices
lying in 7,; for if a plane through s, passes also through a second
vertex, then the complex conic breaks up into the two pencils at
T; and at that second cone vertex.

All rays through a point 7,* of 2** cuiting s, are according fo
the preceding rays of the complex; from this ensucs reversely that
the complex cones of all points of ¢, in r, have the same base curve,
namely A%%. If now the degenerated complex cone of a point of £* is
to pass through s,, then that point must evidently lie also on £**
and of such points there exists apart from the three cone vertices
lying in 7,, only one; in the pencil {7}] there is thus only one ray
for which the (degenerated) complex cone of 1ts focus passes through
an indicated ray s,, i.e. the second components of the complex
cones of the foci of the rays of the pencil [7.] form a pencil
of planes, or the rays of =, belonging to the comgruence form a
pencil.

The axis @ of the pencil of planes must of necessily cut the curve
k*; for, if this were not so. then an atbitrary plane through a would
cut £* in two points, and then the complex curve in that plane would
break up into three pencils (among which one at 7} is always included)
instead of into two. This objection does not exist when « cuts the
curve 4* in a point A4; for then each plane through « cuts £°
besides in 4 in only one point 7% more, and A itself is a point
- 1% for the plane through a which touches &*. The awis o is simply
that line which has the property that the complex cones of s points
have as' common base curve the conic &* itself; for, for each plane
through « the point 7% lying on %* must lie at the same time on
£, s0 £* and A** coincide.

For each ray of the pencil [4] lying in r, point A is evidently
one focus and r, the corresponding focal plane, for each ray is cuf
in 4 by an adjacent one of the pencil; the other focnsis the second
point of intersection 7% with &* and here the second focal plane
passes through I. Zhe focal surface must ther¢fore touch v alony
the conic &*; the pomt A dtself is however a singular point, for here
any plane through a is a tangential plane.

For the langent in A to A* the two foci coincide evidently with

-11 -
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A; the focal planes, however, do not coincide, for one is 7, and the
other connects the tangent to 1.

22. Order and class of the focal surface can be immediately
determined by means of two dualistically opposite equations of
SCHUBERT, viz. . -

eop® = opyg, + oph, — O'Ee,
and

N

eoe’= 0¢eg, + oeh, — ape?).

We conjugate to each ray g of the congruence all other rays as
rays 4, we then obtan a set of &* pairs of rays and we can apply
to these the two equations just quoted. The symbol ¢ indicates
that the two rays of a pair must infersect each other, & that they
lie at infinitesimal distance and p* that the point of intersection p
must lie in two planes at a time, thus on an indicated line; so
eop® is evidently the order of the focal surface. The condition opg,
indicates the number of pairs which cut each other, whilst the point
of intersection p lies in a given plane and the ray g likewise in a
given plane, now there lie in a given plane 14 rays of our congru-
ence, thus 14 rays g; each of these intersects the plane of the con-
dition p in one point and through each of these pass 5 more rays
of the congruence, opg, is therefore 14 X 5 =70, and oph, means
the same and is thus likewise = 70.

With ap? we must pay more altention to the point of intersection
of the two rays and to the connecting plane than to the rays them-
selves; gpe indicates namely the number of pairs of rays which cut
each other and where the point of intersection lies on a given line
and at the same time the connecting plane passes through that line;
this number is evidently the third of the three characteristics of the
congruence, thus the rank, however multiplied by 2 because each
pair of rays of the congruence represents 2 pairs gh; so Gp?is = 80,
so that the order of the jfocal surface us equal tv 70 4 70—80 = 60.

ede’ indicates the number of pairs of rays at infinitesimal distance
whose connecting plane passes through 2 given points, so through
a given line, i e. the class of the focal surface. Now oceg, indicates
the number of pairs of rays whose connecting plane passes through
a given point, whilst also the ray ¢ passes through a given point.
So tbere are 6 rays ¢ and in the plane through one of those rays
and the point of the condition ¢ lie besides g still 13 others; geg,

1) ‘ScuuBERT 1. c. page 62.

-12 -
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and oeh, are thus each =6 X 13 =78, and ope was 80, so the class
of the focal surface ="78 4 78 — 80 = 76.

I may be permitted {o point out in passing a slight inaccuracy
commitied by Scruserr on page 64 of his “Kalkul” where he gives
formulae for order and class of the focal surface of a congruence
taking the number r?;e, called by him ¢, only onceinto account;in
Pascar-Scriere’s well known  “Repertorinm’” vol. 1I, page 407 we
find indicated the exact formulae, with the' rank number » counted
twice.

In a congraence of rays appear in general o' rays whose two
foci coincide; these too are easy fo trace in our congruence. For,
according to §20 in order to find the foci of an arbitrary ray s,
we must apply in the focus 7, the complex cone and the tangential
plane to £° and intersect these by each other; the foci of the lines
of intersection are the foci of s, and the tangential planes through s,
to the complex cones of the foci the focal planes. So as soon as the
complex cone of /P, touches the tangential plane £' along a line
{, the two foci of s, will coincide in the foens of ¢ and the focal
planes will coincide in the tangential plane through s, fo the complex
cone of the only focus.

The points P, whose complex cones touch £° are to be found
again with the aid of Scuusrrr’s “Kalkul”. We conjugate the two
rays s. along which the complex cone of a point £, of L' cats the
tangential plane in that point, to each other; so we obtain in that
manner a set of co® pairs of rays and we apply to it the formula:

&0p == 0¢e + Ok 4 0p*® — ope');

The left member namely indicates the number of coincidences whose
points of intersection lie in a given plane, that is thus evidently the
order of the curve which is the locus of the points 2, to be found.
dg. indicates the number of pairs of rays whose component ¢ lies
in a given plane; this plane cuts out of £° a plane curve 4* which
possesses no other singularities than three nodes and which is so
of class 6.5 —2.3=24. and all the complex rays in ths plane
envelop & conic; so there lie 48 complex rays ¢ wm this plane
touching 2°. If we apply in one of the points of contact the tangential
plane to L', then there lies in it one ray /; so gy, is 48 and likewise
of course dhk,. :

With op* we must trace the number of paiis of rays whose points
of intersection lie in two given planes at the same time, thus on a
given line; this line intersecls ' in six points and in the tangential

1) Scuuserr . ¢ page 62.
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plane lie two rays of the complex cone and thus also {wo pairs ¢/,
because each of ihe two rays can be either ¢ or %; so op* =12. For
ope finaily the point of conlact must lie in a given plane, the
tangenfial plane mus{ pass through a given point; so we can either
apply the tangential planes in the points of a plane section of R°
and determine the class of the developable enveloped by it, or we
can construct the circumscribed cone and calcnlale the order of the
curve of contact. The latter is the simplest; for the curve of contact
is the intersection of £° with the first polar surface of the vertex-
of the cone and therefore of order 6.5—2.3 = 24, because the
first polar surface contains the nodal curve £* and the latler counted
twice separates itself from it. Bui the {wo complex rays through the point
of contact and in the tangential plane count again for two pairs and
so ope =48, from which eusues eop =48 + 48 4 12 — 48 =60: -
so there lies on &° a certwan curve k™ of order 60 having the property
that the rays s conjuyated 1o its points have coinciding foci and
. Jocal planes. .

We can ask bow the curve £ will bear itself with respect
to the four cone vertices 7:, where the complex cone becomes
indefinite. We now know however out of § 21 that in the plane
T, only one ray with coinciding foci lies, viz. the tangent in 4 to
L, s0 k*° will pass once through the four cone vertices. That for that
tangent in A to 4* the ftwo focal planes do not coincide, is an
accidental circumstance, which is further of no more inportance;
this resull was based namely on the supposition that through an edge
of the cone passes only one tangential plane of that cone;however,
for the point A4 the complex cone breaks up inlo a pair of planes

- whose line of intersection is just the tangentin 4 to 4%, the tangential
plane through that line to the cone is thus infirstinstance indefinite.

The rays of the congruence with coinciding foci determine a seroll
of which we will finally determine the order. To {hai end the scroll
must be infersected by an arbitrary line and we nmow know ihat all
rays of ihe congruence meeting a line / form a regulus £*° and

that the foci of those rays are siuated on a curve A'* lying on £°
and passing singly through the 4 cone veriices. It 15 clear that to a
point of intersection of A and A*" a ray corvesponds with coinciding
foc1 and, cutting /. with the exceplion of the cone vertices; for, to 7%
is conjugated as regards A'° the tangent in A (o &%, on the other
hand as regards A'* the connecting line of the point of intersection
of / and v, with 4, as we now know. Now A" is, as we know,
the complele mtersection of 2" with a regulus; so the complete number of
points of intersection of £ and £ amounts to 120. If we set apart

O ——— e e e

-14 -



9503

from these the four cone vertices, we then find as result that e
rays of the congruence with coinciding foci form a requlus of order 116.
The carve 4" intersects r, besides in the three cone vertices
lying in this plane in 57 points more, lying of course on the section
k* of &' and 7.; to each of these points a ray through 7, i3 conjugated
with coinciding foci; the 4 cone vertices ave thus for the surface 2'*°
57-fold points.

Physics. — “Some remarkable velations, either accurate or approvi-
3
mative, for different substances”” By Prof. J. D. vax per
Waals.

(Communicated in the meeting of November 30, 1912).
In a previous communication (June 1910 These Proc. XIX p. 113)
I pointed out the pertfectly accurate or approaximative equality of the
ratio of the limiting. liguid densily to the critical density, and the
ratio of the critical density to that which would be pressnt for 7%, ,

po and v, , if ]}% should always be eqnal to 1. With the symbols

used there
21 4 ) = s

I have added the factor ¢, which must then be equal to 1 or must
differ little from 1. .

The rule given there has attracted some aliention. For first of all"\
Dr. Jwan TimmmrMaNs has informed me that he has found this rule
entirely confirmed for six subslances, for which the observalions made
weve perfectly trustworthy For a seventh substance there was a
great difference, but he thought that for this real association might
perbaps occur, as is the case for acelic acid '). Besides this rule has
also been adopted by KammrriNer Onnes and Keesom in their recent
work for the Encyklopidie: Die Zustandsgleichung. The rule is in-
deed apl to rouse. some astonishmeni, because it pronounces the
equality belween iwo quantilies, which, at least at the first glance.
have nothing in common.

It is to be expecled {hal this approximative equality will have
to be explained by the way in which the quantity & varies withv;
but it is seen al the same time that perfect equality cannot be put

1) The numerical values have been communicated in Lhe “Scientific Proceedings
of the Royal Dublin Society”, October 1912.
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