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round R, the latter counted 1 (n—1) times, form the complete apparent
circuit, indeed a degenerated curve of class 2n (n—1).

For the vertical projection the centre Y _ lies on»,_; the apparent
circuit on the vertical plane consists therefore of n (n—1) pencils
round points on the projection of r,, and of a pencil whose vertex
is the point at infinity on the w«-axis and which pencil must be
counted 7 (n —1) times.

Mathematics. — “Surfaces, twisted curves and groups of poinis
as loci of wvertices of certain systems of cones” by Prof. P. H.
Scroute *). First paper.

1. We consider as given (n-+2), pairs of straight lines crossing
each other, (a,d,), (0,6"), where 7 assumes successively the values
1,2,...,4n(n-}3). We represent by #, a transversal of (a.,da"), by
fy a transversal of (b,5’). The points P emitting (n - 2), trans-
versals fa, % lying on a cone C" of order n form a surface (P) of

-which the order is to be determined.
However we remark first, that the 2n-42), given lines (n,, a.),

(b, b") are lines of multiplicity » on (P). For, the cone C" with an
arbitrary point P of b as vertex and the transversals ta, emitted by

this point as edges, cuts the line &’ in points and is therefore to

be counted n times among the considered system of cones C", i.e.
once for each of these points of intersection. -

Moreover it is immediately evident, that each point of each of
the two common transversals #,; and ¢z of the pairs (u,, ) and
(ary @';) is vertex of a cone of the system, as we find for this point
(n+2),—1 edges only. So these lines, 6(n+43), in number, are single
lines of ().

2. In order to determine the ordexr of (P) we try to find the
number of points P satisfying the conditions of the problem lying
on an arbitrary transversal f,, by means of a figure lying in an
arbitrarily chosen plane & connected with our figure in space in the
following way.

We consider the transversals f,, emitted by the points P of 2

and remark that they form a regulus (3, @,, a') of which &, q;,

1) Suggested by the last communication of Prof. JAN pE VRIES (These Proceedings,
XIV, p. 2569).
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are directrices. The quadric bearing this regulus cuts & in a conic
¢? and’ on this conic the regulus ifself marks a series of points, in

projective correspondence with the series of points P on #. So we
get in @ a system of (n—+2),—1 series of points on conics, in mutunal
projective correspondence, with the parlicularity that the point of
intersection B of # and x is a common corresponding point of all.
As often as a point > of ¢ different from B farnishes (n-+2),—1
points P; of tliese series on conics lying on a curve ¢ of order n
passing through B, as often #, cuts the surface {£) in a point not
lying on one of the lines 0, ’; in other words, if the first number
is p, the order of (P)is p—+42n. Now the number p can be easily
determined. If we assume in w a triangle of coordinales of which
D is the vertex 2, =0, 2, =0, the (n4-2),—1 series of points can
be represented by

.77([‘) =fi 22 gid 4l .1;%1) =2 gk + Ray, .'v‘(;) = f2,2°+ 934+ hs

wheie /Ay; and A, will have to disappear for all the values of ¢ if
we stipulate that 2 =0 corresponds to the common point /5. So the
equation of the curve ¢ throngh the n4-2),—1 points P, corre-

sponding 1o 2 is obiained by pulling a determinant of order (n-}-2),
equal to zero, of which

P}
PR E ey &b
]

2l M1 g vt —1 n—202 "
{I,l s lbl ;’!;2, a,l Loy & :LL, .’bl o%s 3

3 1 2
is the first row, whilst the other rows can be deduced from this one
by substituting for a,, x,,a, successively the quadratic forms in 2 of
a9, 2§D, o) corresponding to the different values of 7. Substitution of

1,0,0 for z,,®,,a, in the first row furnishes then the equation of
condition determining 7. If A is the minor of the determinant with
respect to a7, the equation of condition is A =0, the substitution of

1,0,0 in the first row annulling all the elements of this row with
exception of the first. The order of this minor in 2 would be

1
—n (n4-3) times 2n, or n* (n-+3), if ks, and %y, did not disappear

for all values of 7. Bul on this account the order has to be lessened,
as- we can divide the elements of columns 1 and 2 of the minor
by 2, those of the columns 3, 4 and 5 by 2%, those of the columns
6, 7, 8 and 9 by 7% etc. and those of the last n 4- 1 columns by
2, whilst the valne zero of 2, corresponding to the point of coin-
cidence B3 of the series, has to be discarded. So we have to diminish

n* 43y by -
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e

1 .
21 4+32-4+434+...+@RFD 72:—3—71(71,{-1)(11—{—2):2(71‘| 2?,;“

and find for p the value n* m43) — 2 (n+2), and therefore for the
order p 4 2n of (P)

1 2 : ;
n®(n | 3) ———gn(n-{—l) n+2) + 2n = ?71(71-{—1)(71-{—2)::.4(71 1-2),

So we bave got '):

Trroreym I. “The locus of the point P emitting transversals lying
on a cone C" to (n42), arbitrarily given pairs of lines is a surface
(P) of ovder 4\n+42),, of which the given lines are lines of multi-
plicity = and the pairs of transversals of the given pairs taken by
tivo single lines.”

For n=1 this result is contained in the paper quoted above;
for n =2 it admits of a simple check. In the special case of six
pairs of @fersecting lines any quadratic cone of the system must
fulfil with respect to the combination of the point of intersection
A, and the connecting plane o, of each pair (a.,a)) one of two
conditions, i.e. eilher pass through 4, or have a vertex lying ina,,
in which latter case the cone is 1o be counted twice, once for each
of the two edges lying in «,. So we find in this case the generally
known surface of the vertices of the cones passing through six given
points A; and besides this surface O* with 25 straight lines the six
planes o, counted twice, i.e. an ('® as the theorem requires.

Inverscly we find by means of the corresponding case for an
arbitrary n, i.e. of the case of (n42), pairs of intersecting lines:

Tanoxeu II. “The locus of the veitices of the cones (" passing
through (n-+2), arbitrarily given points is a surface of order (n-}-2),
of which the given points are points of multiplicity n.”

In the special case of (n-+2), pairs of intersecting lines the (J4(++2)
of the vertices of cones € consists of the (#-}2), connecting planes
«; counting n times and of the surface of the second theorem. So
the order of this surface is

4 (142 — 0 (14-2), = 4 (14-2), — 3 (12, = (1), -
As the lines connecting the (n-}2), points of intersection 4; by two
lie on O+ each of these points must be an n-fold point of this surface.

1) We remark that the number of poinls of the locus lying on an arbilrary
line can be found quite as easily by mcans of the method used above: in that
case the determinant itself, with its (% 4 2), rows each of order 2% in A, would
have beemr of order 6 (n-2); in A, and diminution with 2 (n42); would have
given the same result 4 (% +2);. This confirms that the given lines are #n-fold
lines of the locus.
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3. Have we been able to deduce untiil now theorems Holding for
an arbitrary value of 7, in proceeding to the determination of the
twisted curve ¢ forming the locus of the point P, emitting transversals

" 1 .
lying on a cone C to -2~n(n—{—3)+2 pairs of lines (a;, a'), (6,0"),

(e, ¢’) we are obliged to treat the cases n—=2, n=23, etc. separately.
We will indicate first what is the cause of this and restrict ourselves
then in this communication to the case n = 2.

The surfaces (P), and (P)., corresponding in the manner indicated
in theorem I to the systems (a,,a"), (b, &) and (ai, a;), (¢, ¢’), admit

1
as such the En(n—|—3) pairs of lines a;, i as common lines of

1 "1
multiplicity » and the 5 " (n+3) [—2— n(n+3) — 1J transversals

cutling these pairs by two as common single lines. So these
surfaces intersect each other still in a curve of order

4 1
Yy 2? (n4-1)* (n+2)* — n* (n 4 3) — ik (n +3) |n*+3n—2)

= 3_16. n (n41) (16n* 4 80n° 4 83n*—53n-}-54).

If now we had the certainty that each point P of this compleling

intersection was the vertex of @ cone C" with the transversals emitted
1
by this point to the ?n(7z+3)+ 2 pairs of given lines as edges,

the number indicated just now would represent the order of the
curve ¢ under discussion. This however is only the case for n =1
where the obtained result passes into a ¢'°, as it ought to do (see
the paper quoted). For in the case of higher values of n the com-
pleting intersection found above consists of two or more parts, one
or more of which do not belong to the locus. In order to show this
we must treat the two cases n =2 and n > 2 separately.

For =2 the two surfaces O}6 and 06 have siill in common

besides the ten common double lines and the twenty common single
lines the five twisted curves ¢*° — as we shall see immediately not
connected with solutions of the problem — which form the loci of
the point emitting complanar transversals to four of the five pairs
(ai, a';). Let P, be a point emitting to the four pairs (a,,a',), (a,,a),),
(a, @), (a; a';) four transversals lying in the plane e, and let 8, and
v, represent the planes of the pairs of transversals from P, to
(@, &), (6,0) and (a,,a'), (c.c'); then (e,B) and (e, y,) represent
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quadratic cones degenerated into pairs of planes with respect to the
two sextriples of pairs of lines (a,,a.), (6,6’) and (a;, @), (¢,¢’) and
therefore P, lies on 0})6 and O'6 without being vertex of a quadratic
cone with the transversals to the seven pairs (a:, %), (6,0"), (c,¢’)
as edges. So each of the quadruples ouf of the five pairs of lines
(a:, a';) furnishes a ¢'° common to O,fand 0!8 but not corresponding

to solutions of the problem; so the curve ¢'° found above consists
of these five curves 91!0 which are to be’ discarded and the locus
proper @ i

The result o'® is easily checked as follows. Starting from seven
pairs of @nfersecting lines for which 4; and e;, (¢=12,..,7)
represent the seven points of intersection and connecting planes, the
locus consists of:

1. the locus ¢° of the vertices of the cones contained in the uet
of surfaces (* through the seven points A;,

2. the section ¢* of any of the seven planes ¢; with the surface
O* forming the locus of the cones through the six points 4 with a
subscript different from ¢, counted #wice,

3. the lines of intersection of the seven planes «; by two, counted
JSour times.

So we find 6+ 7.4.2421.1.4=146.

The necessity of discarding a part of the completing intersection,
on ‘account oft the existence of a locus of points P for which the

146

cones (7, and C; corresponding to the systems (;, a), (b, b’) and

(2., @), (c,¢’) break up into a common part ,C” and two different

completing parts €3 and (7", presents itself in the case n = 2

only. For this locus puts in its appearance under the condition
[4p(p+3)+2] + d(r—p)(n—p+3) = [3n(n48)+1]

only; for then the locus of the point P for which ip’p4-3) <4 2

transversals lie on a cone C” furnishes a curve common to 0},6 and 0;6
the points of which do not satisfy the conditions of the problem.
As this equation reduces itself to p(n—p)=1 the only possible case
is p=1, n=2.

We now pass to a consideration of the cases n > 2 and take
n =3 as example. Here the two surfaces (P); and (P), corresponding
to the systems (a;:, @), (5,0') and (a;, @), (c,¢’), where ¢ goes from
one to nine included, admit besides the 18 common threefold lines
and the 72 common single lines a common twisted curve not con-
nected with solutions of the problem, ie. the curve forming with
the two groups of 18 and 72 lines the locus of the point P emitting
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to _the pairs (a., ) nine transveisals forming the base edges of a
pencil of cones (3 instead of determining a single cubic cone. This
particularity presents itself also for larger values of n. So we can
say in general that for n > 2 a twisted curve occenrs forming with
the two groups of lines corresponding to the value of n the locus
of the point P for which the transversals to the (n-+2),—1 pairs (a,, )

determine a pencil of cones C". If the order of this twisted curve
is found we also know the order of the locus ¢ of the point emitting
transversals lying on a cone C" to (n-2),4-1 given pairs of lines.
Though the theoretical determination of the order of the first curve
implies no difficulties the practical execution requires more room
than we have at our disposal here; this is the cause why we restrict
ourselves now to the case n = 2.

4. Now that we have experienced that the curve o' of the case
n=1 plays a part in the investigation of the case n =2 we may
conjecture that the twenty points with complanar quintuples of
transversals (see the paper quoted) will do hkewise.

Let D be a point emitling five transversals ¢, lying in a plane

d to the five pairs (@, @), and let / be a line through D not lying
in ¢. Then the method indicated in art. 2 furnishes in J with the
aid of the six reguli (/, @, @), ({, 0, ¥') six series of points in mutual
projective correspondence of which five lie on lines », and the sixth
on a conic passing through .. So the number of points common
to Z and O and different from D is equal to the order of the equation

| (1,02 + v1y)® (@ip 2+ v1g) (2 2 4 v20) eevy (usy 2+ vg)?

‘(f17-2+9,7-+7l1)2, (id% 9.4 )2 922 Do)y s (f52? +9,241)
in 2,1 e. 14. So D is a node’) of O)f. As the five curves o0

2

corresponding with four of the five pairs (@, a") pass through D
the tangential cone of O;% in D is determined by the tangents in
D to these five curves; so not only the point D itself but also the
tangential cone of 06 in D is entirely independent of the sixth
pair (b, ). So the surfaces O}% and 0% admit in the common node
D a common tangential cone But this implies that the complete
intersection of O}° and O!f passes through D with six branches.
For, if D is the origin and # a homogeneous form in ,y,z of
order £, the equations of the two surfaces assume the form

1) This result could have been predicled by remarking that the guadratic cone
with vertes D is indeterminate, as it consisls of 3 and an arditrary plane through
the transversal #. :
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bttt F b, =0 , ... F;=0

from which ensues that the total intersection lies on the surface

(t; —“‘t's) + (¢ _t‘4) AR UY _—t'la) =0,
admitting a threefold point in the origin. So the completing curve
dgjf niust pass once through D, the curves 01° doing this together
five times; moreover the tangent to gz:‘cﬁ in D lies on the common
tangential cone of O}¢ and O18 in D.

Besides the twenty common nodes D each of the two surfaces
admits 100 nodes wore, which we will represent by Z, and E..
The 100 poinis F corresponding by 20 to the pair {h,0") and four
of the pairs (a,a) lie on the curves ¢/® and therefore on O!S;
for the same reason ()¢ contains the 100 points Z. So the iotal
intersection of the surfaces O}6 and O'S passes twice through the

200 points £, and I, these points being nodes of one of he surfaces
and ordinary points of the other; as the five curves 0] pass together

once through these points, the completing intersection ¢;* must

contain the 200 points?).

5. In order to be able to determine the number of points emitting
transversals lying on a quadratic cone to eight pairs of Jines crossing
each other we still want to know how many poinis the curve g%

has in common with each of the 14 given lines (2., a%), (b, 0", (¢, ¢)
and with each of the 42 transversals of these seven pairs by iwo.
Evidently the first number is 16; for the surface 0 corresponding
to six of the seven pairs is cut by each line of the seventh pair in
16 points. Moreover by means of the-method of art. 2 we find for
the second number, represented there in general by p, for n=2
the result 12.

6. We now pass to the determination of the number of points
P, emitting transversals lying on a quadratic cone to eight given
pairs (ai,a%), 1=1,2,8,4,5, and (b, d"), (c ¢'), (d,d’). To thatend
we consider the three systems

1) It is quite natural that ‘the points E, and E, lie on p146 For if Es lies on pl°
the cotie with respect to O6 consists of the plane « thlough the transversals
t,,a, Bngs t,.“ te, and the -plane B through the transversals ta,y Bey whilst the cone with
véspect-to_O}% consists -6f «.and an arbitrary plane through ta,, for which we
can take g as well. - -

34
Proceedings Royal Acad. Amslerdam. Vol. XIV,
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(a;,a's)y (b,0" (@i, d%), (¢, ¢) (@,d), (d,d)

and the corresponding surfaces 0})6, 06, O, in order to propose
the question how many of the 2336 points of intersection of OlF
and ¢ 4 safisfy the conditions of the problem.

Here we must fix our atlention upon the following groups of points
which are to be discarded:

a. the twenty common nodes D of O}6, 0, 018,

b. the hundred nodes Ej of 0,% and the hundred nodes E of 0'S,

c. the sixteen points /' common to Q}:cﬁ and any of the ten lines a,

d. the twelve points G' commou to ggi’i and each of th(j, twenty

transversals of two of the five pairs (a;,a%),

¢. the forty points H common to any of the five surfaces 0¢
129

and the corresponding curve ol°.
We consider each of these five groups separately.

a. The 20 points D count thrice among the points common to
ol and O&G, for the curve touches in the node of the surface the

tangential cone of the surface.

b. Each of the 200 points K, £, counts once.

¢. A point F common to a, and 9}’:’05 counts for jfour points of
intersection; for the cone with vertex & corresponding to the six
pairs (@,,a.),..., (@, a), b,0) (¢c,c) cuts &', twice and F lies
on a double line of O!F. ‘

d. A point G common to #2 and ¢}* counts once.

1 4 10 3 146 1 i
¢. A point H common to 0% ;o and o[ lies on ¢}%5, as it emits

three complanar transversals to (a,,a',), (0,0’), (¢,¢’) and four com-
planar transversals to the other pairs (a,,d),..,(a;,@';). As the tan-
gential plane in H to O cuts the common tangential plane of Ol
and O in H according to the tangent in H to 919, the point H counts
for one point of intersection.

As all these groups of points admit the property that the cone
for 015 differs from the cone corresponding to 0% and O, they
must be discarded. So the required number is

2836 —3.20 —200 —4.10.16 —20.12 — 5. 40 = 996.

We can check easily the obtained result. In the special case of
eight_pairs of intersecting lines, where (4;, «;), t=1,2,...,8 indi-
cate point of intersection and connecting plane for each pair, we
find the following solutions:
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1st. the vertices of the jfour cones through the eight points 4;,

274, in each of the eight planes «; the vertices of the siz cones
through the seven points 4; not lying in that plane, counted iwice,

3'd. in each of the fwenty eight lines of intersection of the eight
planes «, by two the vertices of the four cones through the six
points A4, not lying in either of the two planes, counted four times,

4. each of the fifty siz points of intersection of the eight planes
a; by three, counted eight times. This gives

: 1.4.1= 4
8.6.2= 96

28.4.4 = 448"

56.1.8 = 448

996

7. We unite the results found for n =2 in:

TrroreyM ITI. “The locus of the point P emitting transversals lying
on a quadratic come to six arbitrarily ') given pairs of lines is a
surface O0'°. This surface passes twice through the 12 given lines and
once through the 15 pairs of transversals of the six given pairs by
two; moreover it contains the 15 {wisted curves ¢'° forming the
locus of the point for which four of the six transversals are complanar.
These [5 curves cut each other by five in 120 points for which
five of the six transversals are complanar; each of these points isa
node of 0" with a tangential cone determined by the tangents of
the five curves o'° passing through that point.”

“The locus of the point P emitting transversals lying on a quadratic
cone to seven arbitrarily given pairs of lines is a twisted curve o**
cutting each of the 14 given lines in 16 and each of the 42 trans-
versals of the seven pairs Dy two in 12 points; it passes through
the nodes of the surfaces O'-corresponding to six of the seven pairs
and touches in these points the fangential cones of these surfaces.”

“The number of points P emitting transversals lying on a quadratic
cone to eight arbitrarily given pairs of lines is 996.”

In following communications we hope to extend these consider-
ations to the cases n =3, 4, ete. and %o give polydimensional
generalisations of the problem.

1) We do not wish to enumerate different special cases here. It may only be
pointed out that the surface 0% becomes indeterminate if in order Lo obtain six
pairs- of lines we borrow three pairs of reciprocal polars of each of two linear

complexes. )
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