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Physics. — “Contribution to the theory of the binary miztures X V1.
By Prof. J. D. van DER WaaLs.

In the Proceedings of Oct. 1911, p. 421 Prof KueneN says that

he cannot agree with the view that in the point in which a plait
2

d
splits off from the transverse plait, the value of (d—l:) should be
& »

equal to O.
(ﬁll)——(f—v)h dmit lid, but he obj
The equality o ) \@a7), e admits as valid, but he objects
to the assumption that the double point at the same time would be
a point of inflection of an isobar. Now in the double point the equality,

which he wants to maintain, has strictly speaking ceased to exist.
2

d
In such a double point (—2) is infinitely great, because there the
X"/ bin

binodal curve consists of two line elements, which enclose an acute

or an obtuse angle. But leaving this aside as self-evident, it seems
2

- . e e d*v .
of importance to examine whether his opposition to F:O is
&
»

well-founded. This equation has namely enabled me to indicate ‘the
place where such a splitting up is possible — and it has even been
one of the reasons which led me to examine where points of inflec-
tion can occur in the isobars and to occupy myself with the locus
of these points of inflection *).

Kuvesen thinks he can justify his objection to the theorem that in
2

d . . -
the said double point d_Z:O by the observation that this splitting
Yy

up is assumed to take place inside the binodal curve. And this
observation is by no means conclusive. Inside the binodal curve the
surface is only partly unstable — there is also a stable part, in
which the surface seen from below, is convex-convex. And for the
circumstance that the splitting up be such that in the double point
A - . .
(T—U;:O, it is now only required that it lie (to express it briefly)
¢ {U"I;

on the convex-convex part of the surface — or expressed more
sharply, ihat a moment after the splitting up there exist a convex-

convex part between. The very consideration that properties of the

1) If the four branches of the hinodal eurve in the double point are reduced
3 2
to lwo branches, d—f) =(§-—2) can be maintained also in the double point
% ) bin dz r

and we are natarally led lo the insight that the value is there =0.
P
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surface at that place must decide about the possibility of the existence
of the assumed splitting up, whereas the position of the binodal
curve is also determined by properties of the surface in sometimes
very remote parts, makes us see that the circumstance whether a
point lics inside or outside the binodal line, cannot be decisive.
The first, and [ think I may say the well-known case of such a
splitting up of a plait, occurs for mixtures with a minimum value of 7%
(for mixtures taken as homogeneous). In this case also the binodal
curve of, this transverse plait splits up, and both parts of these binodal
lines can be realised. But it is by no means an absurdity to suppose
that in consequence of properties of the surface in parts lying very
far to the left this double point was covered, and unvealisable.
Then the binodal curves at the temperature at which the splitling up
takes place would be quite different ones and the already existing

one would also have remained covered for a great part.

. . - a .
That"at this well-known splitting up d_U?: 0 in the double point,
&

1
is, I think, also accepted by Kuenen, — and the admission that afler

the- splitting up the plaitpoints lie in such a way that for onc

d*v
(c_i_”) is positive and for the second negative, leads io the conclu-
5"/ bun ‘

o

‘ d
sion that in the double point d—v must necessarily be equal to 0. Such
22

a splitting up of a transverse plait into a righthand side and a left-
hand side exists and can be demonstrated experimentally for a number
of mixtares. Now for an explanation of other phenomena I was
confronted by the question whether a plait could also split up in
such a way that after the splitting up there can be question of an
upper and a lower part — or rather in a part with greater and in
one with smaller volumes. .That in this respect experimental investi-
gation is still very incomplete, is readily admitted.

Now with regard to the place of the double point three different
suppositions can be made; 1. outside the binodal curve of the trans-
verse plait; 2. inside the binodal eurve; 3. just on the binodal carve.
At the temperature at which the splitting up takes place (7,) lhe
transverse plait still extends over the whole breadth.

In the first case the splitting up can be observed experimentally.
If we inquire into the properties of the binodal curve for the equi-
librium liquid-liquid and liquid-vapour, we get 1. in the double point
two intersecting curves, 2. the already existing liquid branch of the
transverse plait,. of course slightly modified, and running through
the unstable part of what I-will call longitudinal plait.
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At somewhal higher temperature, so above that of the splifting
up, the convex-convex part of the w-surface has made its appearance
in the double point — a separate curve has split off either quite
closed or open towards the side of the limiting volumes, concerning
which I refer to former observations. And moreover the transverse
plait has got a branch plait with a plaitpoint at the side of the
small volumes. To close this branch plait a hidden plaitpoint is required
~— also in reference to this I may refer to former communications.
At still higher temperature the branch plait has retreated more and
more towards the transverse plair; the plaitpoint reaches the binodal
curve of the transverse plait, and then the liquid branch of this
binodal no longer runs through an unstable region.

But, and for this I also refer to former investigations, then too
the hidden plaitpoint still exists. And not before the temperature is
still higher does the hidden plaitpoint unite with the plaitpoint of
the branch plait that existed before. From the temiperature at
which this plaitpoint lay on the binodal curve there existed inside
the binodal curve a pair of leterogeneous plailpoints. But strictly
speaking if we do not confine ourselves to that part of the surface
Iying inside the lransverse plait, there exists such a pair of lLetero-
geneous plaitpoints already ai 7§,. And if the longitudinal plait on
the side of the small volumes is closed, there exists such a pair of
plaitpoints already before the splitting up. Only then at the spilting
up all at once substitution of quite another point talkes place for
one of the points belonging to the pair of plaitpoints, to which subject
I shall return mn a following communication.

This first case for the place which may be possible for the double
point, is nol known, and is certainly not realized in the mixture
examined by vaN prr Lru. And now it was my punpose to explain
the 2n¢ case in Contribution XV,

Not that there is a great difference with what I descubed above
— there is only a difference as far as the place of the double
point is concerned.

This double point mnight happen to lie exactly on the binodal
curve of the transverse plait, which I have refeired to above as the
third case. This would certainly have to be called a coincidence.
As I remarked above the property of the surface which leads to
splitting up, and the property on the vapour side of the transverse
plait which governs the place of the binodal curve of the transverse
plait to a high degree, would have to answer very special demands.
I consider the chance that this takes place as about zero.

Morcover the difference between this particular case and the 2nd
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is so slight that if the latter has been discussed, also the particular-
ities of the particular case are easily seen.

In the adjoined fignre I have represented the position of the
spinodal and binodal curves al a temperature somewhat above T,.
AB and CD denote two portions of the binodal curve of the trans-
verse plait, for so far it is to be realized. ZBP,CF represents the
binodal curve of that part of the longitudinal plait that has split off

A 3 P

and moves towards smaller volumes at rising temperature. P, is the
plaitpoint moving towards smaller volumes. By P, the plaitpoint
moving to greater volumes is represented. At 7" P, and P, coin-
cide. But now we know from former considerations and I refer
among others to these Proc. VIII p. 184 that there must also still
exist a closed binodal curve, of which P, is a plaitpoint, and that
there must be found one more (third) plaitpoint to close this binodal
curve. The points P, and P, together form a pair of heterogeneous
plaitpoints. At 7%, this hidden plaitpoint already exists, but P, and
P, do not coincide until at a temperature that lies higher (but how
much higher cannot be indicated here any more than in the cited
paper).

At a temperatare above that for which the above figure holds,
the longitudinal plait moving to smaller volumes has the plaitpoint
P, on the binodal cnrve of the transverse plait, which can then be
realised over its full width, and at still higher temperature it has
no longer any points in common with this binodal curve.

If figure 47 of Contribution XV (These Proc. XI p. 904) is
compared with the result of this discussion, we see that the tem-
perature of the point C of figure 47 is T,,, and that of the point
D the temperature at which the pair of heterogeneous plaitpoints
P, and P, coincide. Already in contribution XV I remarked about
fig. 47 that the righthand branch between £ and F may be omitted.
Then, however the point £ must be thought to lie at p = o, and
the point " at 7'=0. Since then I have not been confirmed in the
opinion that this branch should be omitted.

In fig. 47, however, a mistake has slipped in, with regard to the
closed curve which represents the concentration of the two liquid
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phases of the three phase equilibrium; it will certainly not bave its
highest point in C. My attention was drawn to this circumstance by
KonnsTaMM immediately after the appearance of contribution XV.
And this same error 15 expressed in words on p. 900, where itsays
that the point C lies on the binodal curve of the equilibrium liquid-
2

vapour, and that j—f and %ﬁ are equal to zero in the point C. So
these two sentences ought to be omitted, and when Kuznen does not
mean anything by his remark but this, I entirely agree with him.
But T read more mn s remark, and this 1s the reason why I think
I shonld make these observations. It namely seems to me that
KupxeN Le. means that the double point of the spinodal curve
(which is naturally always also a double point of the binodal
curve) would always have to lie oufside the binodal curve of the
transverse plait. This will, indeed, be probably possible; then the
pomt where the plaitpoint line ECDFK intersects the: line of the
three phase equilibria, must lie between C and D of the fig. 47 of
contribution XV. Only by way of exception it could have risen as
high as the point D). Compare also these Proc. VIII p. 184,
where 1 shll harboured some doubt, but finaily arrived at the con-
clusion that I had to locate the intersection of the plaitpoints line
with the binodal line before D.

But at least as often, if not oftener, the case will occur that the
double pomt lies inside the binodal curve of the transverse plait; in
this case the endpoint of the three-phase pressure lies on the branch
CE of the plaitpoint line. The foregoing remark may also be expressed
thus. Kortuwere’s theorem that the comcidence of two heterogeneouns
plaitpoints must always take place inside the binodal curve, isinter-
preted by Kuenen thus, as it seems to me: “The coincidence of two
homogeneous plaitpoints must not take place inside the binodal curve:”
This would mean in fig. 47: “As the point where the plaitpoint
line enters the binodal curve, cannot lie on the right of D, it cannot
lie on the left of C either”. This would have certainly called- for-a
proof, for these two tlieorems are certainly not identical.

Or 1f I had to comprise my defense against the objection in one
phrase, it would run: When a theorem is true, 1t-does not follow
that the reverse of this theorem is true. KorTEwEG's theorem is true
and can be considered as self-evident, namely, if we- understand- by
bmodal lne a lne wlich can be realized. But-it does>not follow
from this that every double plaitpoint inside the binodal cuarve: IS a
heterogeneous double plaitpoint. . .

Besides 1 have nowhere asserted that the, binodal:curve could- be



( 509 )

entirely realised at T,. This, is_only the case at highertemperature.
At 1) below, T, there is connection between the unstable part
of the transverse plait and of the longitudinal plait. So the higuid
branch of the binodal curve of the transverse plait has a metastable
and an unstable part. This is also the case at 7y,. Not until higher
temperature, i. e. when the plaitpoint of the longitudinal plait lies on
the binodal curve of the transverse plait, this birodal curve is entirely
to be realised. But KurNEN’s objection makes me doubt whether I
have expressed my meamng clearly enough.

i
S W e o 22w

& -
A . simple , proof for. the theorem that (d U) =0 at the double
»T

pomt i85 furmshed when the spmodml curve is represented by the
.ald of the ¢ funchon by-’ ~

N

d?
- - __Q = 0.
.2 < - Nda® JpT

" The- differential quofient-is then:
d&? A d
" " 2 . g + ( g p 0
. dar’ dp*dp JpT da

- - . a5
ol |
In cage of splitting up both (——dm“)ﬂv (dw"dp) ’ is equal

d;
0 zero, and then f cannot be determined,from this equation, but
"

) di
must be found from a quadratic equation. Now (;-) =, and
- P/ T

i [ > 3

. : a’t : iy
at a double point the two relations (d_5) =0, i.e. the condition
%" JpT

of a p]aitpoint, and Cj—?;) T:O hold. At an ordinary plaitpoint
\ 2 beta ,)

2
(d—3> is not equal to O, but then ‘—iz—oz—_O.

dz’ /7 dz

My conclusion is.this. At the temperatares at which the splitting
up, takes place the double point can lie inside the joint realizable
binodal curves of the longitudinal plait and the fransverse plait. That
this is impossible has never been proved as yet, and is not to be
proved in my opinion.

Above T, the Jefthand and ‘the righthand convex-convex part of
the su}face that,hes within the binodal curve, have united.
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