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Physics. - "Contribution to tlte t1te07'y of tlte binary mia:tures XYI." 
By Prof. J. D, VAN DER WAALS. 

In the Proceedings of Oct. 1911, p. 421 Prof KU.ENl~N says that 
he cannot agree with tbe view that in tbe point in which a plait 

splits oir from the transverse plait, the valne of (d2~) should be 
dte p 

equal to O. 

Tbe equality (dd2~) = (dd
2
:) he admits as valid, but he objects 

IV bm IV p 

to the assumption that the double point at the same time would be 
a point of inflection of' an iso bar. Now in the double point the equality, 
which he wants 10 maintain, has strietly speaking eeased to exist. 

In snch t;\, double point (d2

V) is infinitely great, beeause the1'e the 
dtlJ~ bil! 

blJlochtl ClllTe consists of' two line elements, which enelose an acute 
or an obtuse allgle. But leaving this aside as self-evident, it seems 

f I h h 
- . . d2 v 

o' importançe to examine w let er is opposlhon to - = 0 is 
d/JJ 2

p 

wcll-foundecl. This equation has namely enabled me to indicate -the 
pJace w here sueh a splitting up is possible - and it has even been 
one of the l'casons whieh led me to examine whe1'e points ofinflee
tlOU can OCCUl' in the isobars and to occupy myself with the locus 
of these points of inflertion 1). 

KUENEN thinks he ean justify his objection to the theorem that in 
d2v 

t11e saie! double point - = 0 by the qbservation that this splitting 
d/JJ 2p 

up is assumed to take plaee inside the binodal cun'e. And this 
obsernttion is by no means eonclusive. Inside the binodal eune the 
snrfacc is only partly unstable - the1'e is also a stabie part, in 
'which lhe Sllrface seen from below, is convex-convex. And fOl' the 
ril'cumstance that the splitting up be such that in the double point 
(l21J 

-. = 0, it is now only 1'equi1'ed that it lie (to express it briefly) 
d,v'p 

011 tile COllvex-convex part of the surface - or exprcssed more 
shul'pJy, that a moment aftel' ihe splitting up there exist a convex
COllvex part between. The very consideration that properties of the 

l) Ir the foul' branches of the binodal curve in the double point are reduced 

lo lwo branches, (d2
V) = (d2

1J) cao be maintained also in the double point 
d1lJ2 bill dm2 p 

allel we are naturally led 10 thc insight that the value is there =0. , 
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surface at tbat place must decide about the possibility of the existence 
of the agsumed splitting up, whereas the position of the binodal 
curve is also determined by properties of the surface in sometimes 
very remote parts, makes us see that the ril'cumstance whether a 
point lies inside or outside tbe binodal line, cannot be decisive. 

The first, and I think I may say the well-lmown case of such a 
splitting up of a plait, occurs fol' mixtures with a minimum value of 'TTc 
(for 'mixtures taken as bomogeneous). In this C'ase also the binodal 
cune of, tbis transverse plait splits up, and both parts of these uinodal 
lines can be l'ealised. But it is by no means an absurdity to suppose 
tlutf in consequence of properties of the surface in pal'ls lying ver.r 
far to the left th is dou bIe point was covered, and ul1l'ealieablo. 
Then the binodal curves at the temperature at which the spliiLing up 
takes place would be quite different ones and the already existing 
one would also have remained covered for a great part. 

d~v 

That' at this well-known splitting up - = 0 in the double point, 
d,'lJ2/J 

is, I think, also accepted by KUENEN, - aIÎd tbe admissiCln thaL aftel' 
the' splitting up the plaitpoints lie in such a way t!lat for ono 

( d
2

:) is positive and for the seeond negative, lends to the conc1u-
dm blll • 

d2v 
sion that in the double point -. must necessarily be equal to O. Snch 

dm-p 

a splitting up of a transverse plait into a righthand side and a left
band side exists and ean be demonstrated experimentally for a numbel' 
of mixtures. Now for an explanation of other phenomena I was 
eonfronted hy the que&tion whether a plait cOllld also split up in 
such a way that aftel' (he splitting up there ean be question of au 
uppel' and a jowel' part - Ol' mther in a part with greater alld in 
one with smaller volumes .. That in this respect experimental iJlvesti
gation is still very incomplete, is l'eadily admitted. 

Now with l'egard to the place of the double point thl'ee different 
suppositions can be made; 1. outside the binodal curve of the teans
verse plait; 2. inside the binodal curve; 3. just on the binodal curve. 
At the tempet'ature at wbich the splitting up takes place ('1:/1) the 
transverse plait still cxtends over the whole breadth. 

In tbe first case the splitting up çan be observed expel'illlentall.r. 
If we inquire into the properties of the binodal curve fol' the equi
librium liquid-liquid and liquid-vapol11', we get 1. in tile double point 
two intersecting curves, 2. the already existing liquid branch of the 
transverse plait" of COUl'se slightly modified, and running through 
the unstable part of what I· will eaU longitudinal plait. 
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At sOl1lewhal higher temperature, so above tlJM of the spIitting 
up, the convex-ronvex part of tbe tp-surface bas made its appearance 
in the double point - a separate curve !Jas split olf either qllite 
closed or open towards the side of the Iimiting volumes, concerning 
which I refer to former observations. And mOt'eover the transverse 
plait has got a branrh plait with a plaitpoint at the side of the 
small volumes. To close this branch plait a hidden plaitpoint is requil'ed 
- also ill reference to this I may refer to former communications. 
At still higher temperature the branch plait has retreated more and 
more towards the transverse plair; the plaitpoint reaches the binodal 
curve of ihe transverse plait, and then the liquid bra,neh of this 
binodal no longel' runs through an llnstable region. 

But, and fol' this I also refel' to former i~Yestigations, then too 
the hidden plaitpoint still exists. And not before the temperature is 
still higher does the hidden plaitpoint unite wIth tbe plaitpoint of 
the branch plait th at existed bcfore. From the tel1lpel'l1ture at 
which this plaitpoint lay on the binodal curve there existed inside 
the binodal curve a pair of heterogeneous plaitpoints. But stl'ictly 
speaking if we do not ron fine oursel vcs to that part of the snrface 
lyll1g inside the Lransverse pIa.it, thel'e exists sllch a pair of hetero
geneolls plaitpoints al ready at 1~", And if the longitndinal plait on 
the side of the small volumes is closed, there exists sllch a pair of 
IJhLitpoints ah'eady before the splitting up. Only then at the spiiting 
up all at once substitutio11 of quite anothel' point takes place for 
011e of the points belonging to the pair of plaitpoints, to which subject 
I shall l'eturn In a following communication. 

This fil'st case for the place which ma)' be possible for the double 
point, is not lmow11, and is cel'tainly not realized in the mixture 
examined by VAN DER LEE. And now it was my plll'pose to explain 
the 2nd case in Contribution XV. 

:Not that thel'e is a gl'eat difference with what I descl'ibed above 
- there is only a diffel'ence as far as the plnce of the double 
point is concerned. 

This don bie point might happen to lie exactly on the binodal 
curve of the transverse plait, which I have refell'ed to above as the 
third case. This would eertainly have to be called a coincidenee. 
As I J'emat'ked above the property of the smffLce w hieh leads to 
splitting up, and the property on the va,ponr side of the transverse 
plait which governs the place of the binodal curve of the transverse 
plait to a high degree, would have to anSVITer very special demands. 
I consider the chance that tbis takes place as abollt zero. 

lVIol'cover the difference between this particular case and the 2nd 
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is so sIight that if the latter has been discussed, also the particular
ities of the particular case are easily seen. 

In the adjoined tigllre I have represented the position of the 
spinodal and binodal curves al a temperature somewhat above Tsp ' 

AB and CD denote two portions of the binodal curve of the trans
verse plait, for so far it is to bE' realized. EBP1 CF represents the 
binodal curve of that. part of the longitudinal plait that has split oir 

.tI ___ E_,,-;-o:.....' /F 
B----_~P,~--c --- n 

and moves towards smallee volumes at rising temperatnre. PI is the 
plaitpoint moving towards smallee volumes. By P2 the plaitpoint 
moving to greater volumes is l'epresented. At l~p' PI and P 2 coin
cide. But now we know ft'om former considerations and I refeL' 
among othe1's to these Proc. vnr p. 18-:1: that there must also still 
exist a closed binodal curve, of which ]>2 is a plaitpoint, and that 
there must be found one more (third) plaitpoint to close this billodal 
curve. The points P2 and P3 together form a pair of hetel'ogeneous 
plaitpoints. At l~p th is hidden plaitpoint all'eady exists, but P2 and 
Pa do not coincide llntIl at a temperature that lies highel' (but how 
much higher cannot be indicated here any more than in the cited 
paper). 

At a temperatllre above that for which the above figure holds, 
the longitudinal plait moving to smaller vohunes has the plaitpoint 
PIon the binodal Cllrve of the transverse plait, ,vhich can th en be 
:rea.lised over its fuil width, and at still higher temperature it has 
no longer any points in common with this binodal curve. 

If figure 47 of Contribution XV (These Proc. XI p. 904) is 
compared with the result of this discussion, we see that the tem
perature of the point C of figul'e 47 is Ts/" and that of the point 
D the temperature at which the pair of heterogeneous plaitpoints 
P2 and Ps coincide. All'eady in contribution XV I remarked abollt 
fig. 47 th at the righthand brunch between E and F may be omitted. 
Then, however the point E must be thought to Jie at p = 00, and 
the point F at T = O. Since 1hen I have not been confirmed in the 
opinion th at this branch should be omitted. 

In fig. 47, ho wever, amistake has slipped in, with regard to the 
closed curve ~hich l'epl'esents the concentration of the two liqllid 



- 6 -

( "508 ) 

phase'3 of the tl11'ee phase eqmlibrllllU; it wiJl certainly not hav.,e îts 
highest point in C. My attention was drawn to this circumstttnce by 
KOHNSTAMl\\ immediately aftel' the appearance of contribution XV. 
Anel this same error IS expressed in words on p. 900, where it.says 
that the point C hes on the billodal curve of the equilibriumJiquid-

d 1 dp d d
2
p I . h .J. C' S vapollr, an t lat - an - are equa to zero m t e pomt . 0 

d,'I] dm 2 _ 

these two sentences ought to be omitted, and when KUENEN does not 
mean anytlnng by lus rem ark but thlS, I entirely agl'ee with him. 
But I read more ll1 Ins remark, nnd thlS IS the reason why I think 
I shollld make these observatlOns. It namely seems to me that 
KUEN1N l.c. means that the duuble point of the spinodal curve 
(whiel! is natnrally al ways also a double point of the binodal 
curve) would always have 10 lie outside the bmodal ('urve of the 
tl'ansverse platt. This wIll, inc1eed, be probably possible; then the 
pomt where the plaitpoi~f lme ECDF]( intersects thei line of the 
three phase eql1ihbria, must he between C and D of the fig. 47 of 
contrlbution XV. Only by way of exception it could have rlsen as 
11Igh as the point D. Compare also these Pl'oc. vnr p. 184, 
w here 1 slIll harbolll'ed some doubt, but finally nrrived at the con, 
e1l1SlOl1 that I had to loeate the intersection of the plaitpoint1lme 
w1lh lhe binodal line before D. 

But at least as often, If not oftener, the case will oecur that 1he 
double pOlJ1t lies inside the bmodal curve of the transverse plait; in 
tbis case the end point of the tbree-phase pressure lies on the bl'anch 
CE of the plmtpoint 1111e. The foregoing remark mayalso be expressed 
1h us. KOHT:MVI~G'S theorem that the cOlllcidence of two heterogeneous 
plaitpomts must always take place inslde the binoàaI curve, is inter
pl'eted by KUENJ!lN thus, as it seems to me: "·The coincidenee of two 
homogeneous plaitpomts must not take place inside the binodal curve:" 
ThlS would mean in fig. 47: "As the point where the plaitpoint 
lIne enters the binodal curve, cannot be on the ri~ht of D, it cannot 
he on the 1eft of C eithel'''. This would have certainly called· for ,a 
proof, fol' these two theorems are certainly not identical. 

Or If I had' to comprise my defense against the ob,jection 'in one 
plu'ase, it would run: When a theorem is true, It ·doe& not follQ'w 
ibat the reverse of this theorem is trne. KORTEWEG'S theol'em is tl'ue 
and- ean be eOllsidered as self-evident, namelYl If we· llndel'staJad- by 
bmodal Ime a lme wInch can bo reahzed. But- it does: not fQllöw 
from tlüs that evel'y double plaitpoillt inside tlIe binodal curve' is a 
hetel'openeous double plaitpoint. T 

Besides I have nmvhere asserted that the. binodal l cul've could, bè 
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entirely realised at Tsp • Thi". is "only the c~se at high~:r.:teroperatulê. 
At 1: below, Tsp the~'e is connection between the UI~stable part 
of the transverse plait and of tbe Iongitudinal plait., So the hquid 
branch óf the binodal curve of the transverse V1a:it has a roetastabie 
and an unstable part. This is aIso t1e case at Tsp • Not until higher 
temperature, i. e. when the plaitpoint of the longitudinal plait lies on 
the bmodal curve of the trans\'el;se V1ait, th is binodal curve is entirely 
to be realised. But KUI!.NEN'S objection makes me doubt wheth~r I 
have expressed roy meaning clearly enough. ' 

, 'A,' 5i~ ple ,p,l'oof för."the I theorem th at (d2 

:) = 0 ~t the don bIe 
., dm- ,T 

, c I 

poirlt, is füènished-,vhen - the spinodal 'curve is represented by the 
,aid of~the'; lunctionj by ; . '. ,,' 

" (d2
;) -- -0 

otdm 2 pT - • 
I ! 

, The' ditferential quotient· is then: 

. (d3

;) + (~) dp _ 0 
.d,'/) 3 pT ,dp2dp pT d,'/) -

'I~ -case of ~plitting up both (~3~) and (d:;) is equal 
, • WIJ pl' dm dp pl' 

~ ! 

'ltO zero, and then - callUot be determined from this equation, but 
dJ] 

~ (~) must be found from a qnadratic equation. Now - = v, and 
, ~d 

lat a (dOllbl~ point the two relations (d 3

;) = 0, i. e. the condition 
dm3 pT 

c~i a' plaitpoint, and (d~:) = 0 hold. At an ordinal'Y plaitpoint 
• I iJ,'/) I'T 

( d
2
V) is not equal to 0, but then dd'P = 0. 

dJ]~ pT J] 

My conel usion is. this. At the temperatm'es at whieh the splittillg 
up takes pJace the double point eau lie inside the joint realizabie 
bi~oäal curves of the longitudmal plait and the transyerse plait. That 
this is imposslble has never been proved as yet, anà is not to be 
proved in my opinion. 

Above Tsp the ieftha~d ahd \th-~ l'ighthand convex-convex part of 
the surf ace that lies within the binodal curve, have united. 

• _ J 


