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Mathematics. "Homogeneou~ linecu' dUfel'ential equations 0/ order 
two witfl !Jiven 1,elativn between lwo pal'ticulaJ' integrals" . (4th 

commllnieation). By Dr. M. J. VAN UVEN. (Oommunicated by 
Prof. W. KAPTEYN). 

(CommuDlcatcd In the meeting of Febl'uary 24, 1912). 

In the preeecling communications we have eliscussecl the pal'ity of 
fnnction I Ct) in connection with the pal'ity of ihe fnnetions x Cl') 
and Y (T). It the11 became eVident, thaI, the same function j (T) detel': 
mines t,wo llmtually semi-eqllivalent emves F (x, V) = 0 when lt is 
a univalent even function of T. 

Let us now suppose that 1 Cr) iE> delerm1l18d aE> root of 8\'e11 power 
out of a certain flll1etion of T, th en to the same curve J? (.1', V) = 0 
belong two opposite fUllctio11'3 I, from whieh enSlles tha,t F (:v, V) = 0 
is then seml-equivalent to itself. 

V'ie shall OCCllpy ourselves 111 the following, in ronnechon wiLh the 
l'emark made here, in partieulal' 'Nlth algebraical ClU'ves F (.1:, V) -= o. 

J nst as in equation (31) al1l1 (32) (1 st communicatlOn page 398) 
we haye expl'essed j in the integl'als x anel V, we shall now a]so 

. dI 
give j = - sueh a form. 

dr 

We shall make use of the following abridgments: 

l/J = l/J,/- Ji'y - l/Jy Ji~, 

l/J = (qJ)x Fy - (l/J)y F'x 
etc. 

Wlth the aiel of th is we can wriLe equatlOll (31) 111 the .1.'01'111 

G = F~ H - 3H}i~. 
We th en find 

. dI dm dy (n -1) Pz~ , "(n -1) li'} T 
I= -= Ix- + Iy-=----(Ia,F!J - Iyf.ia,) = . 

dl: eh dl' zi Hi .:-Z Hlz 

If we calenlate J;t and Iy out of (32), we shall finally find: 

dI (n-2)' - - = = - -
I = - =--- (4F~HF~H+2F}HH-6FzH~Fz-3F~2H2+3H2F~2). (51) dl' 2zFzH3 N. N N N 

Fot' 1 2 we C<tll 'write 

(52) 

In the supposltion t,hat ]i' (iV, V, z) = 0 is an algebraical equation 
we shall arl'Ïve lIy elimillat,ing the hOl11ogeneous variables x, y, and z 
out of (51), (52), anel j? (m, V, z). = 0 at a rational eq uatioll betweell 

1 2 anel j; 
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If tbe solution is 

cJ) (1\ 1) = 0, . 
we then find 1:' o,ut of 

f dl 
1:' - Ta = --- = .Q (I) . 

'IJl' (1~) 

and 1 (T) by l'evel'sing the fllnction SJ (1). 

(53) 

(54) 

As 1J! (P) is an algebl'aIcaJ fllnction 1:' is an algebl'aical integl'al-func
tlOn of 1, and 1 (T) is the l'eVel'fle of it. 

If we take 1 2 = X anel J = Y as l'ectanglllal' coordinates th en 

l/J(X, Y) = ° 
will repl'E'sent some algebl'aical ClllTe. 

We can conjugate tlle cl1l've (IJ (X, Y) = 0 to the system of all 
curves F (iC, y) = 0 wiJich are muiually equivalent. A curve Fl (x, y) = 0, 
which is semi-eql1lvalent to F = 0, detel'l11ines all opposite J, he11ce 
an equal X anel all opposite y: The Cl1l've F\ = 0 conjllgate to 
lP l = 0 is thus the image of lP = 0 with respect. to the X-axis. 

The cune lP = 0, which IS conjugate to a eurve F = 0 semi
equivalent ta itse(j, is thel'efore sym,metl'ical with respect to the X-axis. 

We shall now give a somewhat extensive treatment of the case 
in which F = 0 represents a conie. 

Er means of a homogeneous Jilleal' substitlltIon (lf lleCeóSal'y with 
complex coefticientó) we can always make one of tho points at mfi
nity to be in the directioll of the Y-axis. In th is case the equaholl 
F (:v, .11) = 0 is Iinear in y anel the equatlOl1 y = lfJ (,v) is l'ational, so 
th at operation with We equations (20),(21), and (22) (lótJ eOlllmunica
tion page 366) gÎ\'es rise to few algebralc cornplications. 

llowevel' as we have om fOl'muIae ready fol' 1 alld j .expl'essed 
by rneans of the implicit eqllation Ji' (.2', y, z) = 0 we shall, likewise 
with a view to greater symrnetl'y, make nse of the unsolved equation 
F(x, y, z) = 0. 

Eefol'ehand we rem ark that not all conics can be transfol'med into 
each other bj' means of homogeneous Iineal' substitutions. Fol', onIy 
those conics can be tranSfOl'llled into each otber by meallS of these 
substitutions where the anharmonic ratio ó bei ween 1he points SI and 
S2 at infinity alld the points of contact BI and B 2 of the tangents 
out of the origin have the same vaIue; Ül other words: eql1ivnlellL 
co nies have equal ó. 

We shall now fil'st expl'ess 1he value of (f in the C'oefficients of 
the!equation~F= O. 

The anharmonic ratio ó = (5 I S2 , B l R2 ) is the anharmonic ratio 
of the four rays w hich joill these points with a fifLh point ot' the 

67* 
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eOl1ie Ol' of the four pOllltS whiel! their tangents describe on a fif~h 

tangent of the eonie. Let tUi take as fifth tangent one of the tfLngents 
ORI om of 0, then the point of contact RI must be considel'eel as 
point of intel'section of 0 RI with itself. TIle sceOlld tl1ngent OR~ out 
of 0 intel'sects ORI in O. Let us lllol'éovel' cttll Sr', Sz' tile points 
of intel'sectioll of ORI with the asymptotes of Sla> allel S2"" then we 
ean wl'ite 

8'0 
The ratio 8 2

, 0 C,1n 110W be replaced by the ratio of the abscissae 
I 

ilJ2 anel ''/,I of S/ and S/, so that we fincl t1S simplest expl'ession 

(55) 

rrhe cOllie may be l'epl'esentecl by tbc equation 

p (,v,y,z) all ,v2 + 2al2 my + Ctl2y2 + 2als /z + 2a2sYz + a33 z 2 = O. (56) 

We noV\! put 

(tu' (t12 , (tu 

Ct12 , an , a23 =D.. 

aIS' a
23

, a33 

anel we inclicate the subeletel'minants of all ... a SJ respectively by 
All ... A33' The pail' of asymptotes is then repl'esent'eel by the eqnation 

(6ll ,V 2 1- 2al2 my + Ct2Jy2 + 2al3 ,vz + 2a2sY;; + (a33 -~) Z2 =0. 
A 3s 

The points of in(ersection of this pair of lines with the lme 
y=m.v 

through 0 are now cletermined by 

(Ct22m 2 + 2Ct12m + all ).v2 + 2(a23m + als)mz + (a B3 - ~) Z2 = O. (57) 
• AS3 

If the il1dicated 1ine through 0 is Lo touch the cOl1ic, thcn rn 
m nst sl1tis(y 

Ol' 

Ol' 
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(58) 

Out of (57) and (58) follows fol' bath root" ;'VI • ZI anel [Uz: Z J ot' 

''VI and a:2 : 

(il!l+'VzY (a23m-!-al ,)2 aa, C/13A31 --- == == ---- == , 
4'VI·1'~ 2 ~ (1:.) 1:. a,aA33- 1:. 

(C/ 221n +""aI21n-j-Ctll ) CtS3 - A- aas - -
• 33 A33 

hence 

(mi +.V2)2 a SSAS3 

(ml-mY -Z;-' 
and, on account of (55), 

From this ensues 

sa 

(I-Ó)2 _ a3sA 31 _ 2 

l+ó - 1:. - J •• 

l-J.. 
Ó--
1- 1-!-). 

1-6 
, l-!-ó:=-J.., 

(59) 

. (60) 

Sa we find as was to be expected two l'eciprocal values fol' Ó. 

Equivalent conics have cqual ó, thel'efore also equal .1.. Sa foL' equi
valent conics holds 

a3s A a3 
~- = constant. 

'ra investigate how the value of (f depenels on the farm of the 
conic and on its sitnation with respect to the origin anel of the line 
at infinity we can invert the relati ve sitnation of conic allel ol'igin. 
Sa we basa OUl' considerations on tl fixecl COntC and we have then to 
in\'estigate how the value of ó depenels on tile sttuation of the point 
o tilonght as varia bIe with respect to the fixed conie. 

Wc take fol' the conie of raference the hyperbola 

,v2 '1/ 
---=1. 
a2 bJ 

Ü laier on we wisll toAransfer om l'esllIts to ihe ellipse, we have 
but to suppose ó imaginary, 

If ,'Vo' Vo are the coordinatcs of point 0, and il.'!> VI anel ,'V2 , V2 ihose 
of lhe pointE. St' anel S2', thell holds 

082 ' m2-,vO Y,-Yo 
ó=---=---=---, 

081' ,VI-,VU YI-Yo 
so 

" 
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(1 +ó),'lJo = Ó,'lJ l +IV~ , (J +ó)Yo = ÓYl + 'Y2' 

Beeause (1'1' Yl) anel (l'J' YJ) lie OU the asymptotes and their midpoint 

(
lVI +,'lJ2 'fh +~) on the conic, we find 

2 ' ~ 

IV l Yl 
-

Cl b 
4, 

f,'om which ensnes 

Ol' 

, . (61) 

80 pOll1ts 0 of equal (f he on a eonie simIlar anel homothetie 10 

t he come of l'efel'ence. 
In tl1lS wa)' we eau re\Webent the values of ó in eonneetion with 

those of l anel Î. in the followmg plan: 

__ 1_1 1I IU YI V 

1 

VI VU=! 
- <+) > -0':, < 0 ° >0,<+1 +1 > + 1, < +00 
I~ 

-00 +00 
(-) 

+.x> < +0", > + 1 +1 < +l, >0 ° û', ° < )' <00 11X',+(1) ) 

I 
;J -1 > - 1, < 0 I ° > 0, < + 1 +1 e-z.!;,O<.!; <, -1 1 

~I--=-: < -1, > -001 < +00, > + 11 +1 I +!J I -1 -00 e ,0<lo<'1 
+ 

Fol' the pal'abola A33 = 0, hence Î, = 0, so always Ó1 = (f~ = + 1. 
Fot' the hypel'bola we fincl the following state of a,ffail's : 

1. At mfuüty fJ1=--1, ó 2=-lj 
11. 111 lhe elo111ain of the eOll-

.Jugate hypel'bola --1<ó1<0, -1>ó2>-- 00; 
UI. on the asymptotes ól =0 ! (f~==F ooj 

IV. bet ween the asymploLeE> and 
the curve 0«$1< +1 , + 00>ó2>+1; 

V. on the CUl've rJ t=+l, ó2=+1; 
VI. atthecOllCaveside ofthccmveff1 =e-1!1, 0<1/'<31', (fz=e+'i!I , ° <11'<.1l'· 
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{1"OL' tbe ellipse holds' 
VII. Ai mfinity á1=-1, ó2=-1; 
VI. ontslde the Clll've (f1=e-1li ,n>ll'>O, óJ=e+!li,.1T>~'>O; 
V. on the curve (jl=+l, ó2=+1; 

IV. inslcle the CUl've +1>(f1>O, +1<ó2< + 00; 
lIl. 111 ihe cenil'e (fl=O , ó2=+ 00. 

We shall now deteL'mine the form of the fundion J(7:). 
From (53) follows: 

Fa, =2 (a ll,v+au y+a13 z) , Fy = 2 (a12x+an y+a23 z), 

F~ = 2 (a 13.7J+an y+a33z) = 2g. 

2a ll , 2aa , 2al3 
= 

2al3 , 2a23 , 2a33 

l/z = l?x::Py - Fy.:Pa, = 4! al3-(al2,v+a22y+anz) -a23(all.7J,+aI2y+aI3z) 1 == 
= 4 (A 23 ,V - A13Y)' 

.Fz=(Fz)~F?/- (F z)!JF J.=8 !An(al2'v -t a22y+an z) + AI3(all.v+aI2y+alsz)l= 

= 8! (a ll Al3 + aaAn)'v + (a 12A 13 + a22A 23 )y +- (a H AI3 + anAH)z 1 = 
=8!-aI3 A 3S ,v - a23 ,1n y + (6 -a33A3S)z 1= 8 (6z - A 31g). 

" 32 .210 
• 6~(A28,V-A13y)2 9 (Au,v-AlSyY 

I -= ----::-~----:-::__--
210zg63 zg6 

. _3.2 11
• 6 2g (6z-A s3g) + 3.210

• 6,2 (A23.V-A18'V)~ 
[- - -

- 211zg6 3 -

3 
= -I:' ! (An,V- A 13y)2 - 2g (6z-A ssg) I· 

2zgw. 

We no~v find: 

(A Js ,v-AI3 y)2 + Aug2- 2b.gz = 

= (A2S2+aI12Ass) ,v2 + 2 (-AI3A23-\ Ctlsa21A33).vy + (AI,2+a2/A33);I/+ 

+ 2 (GUGS,AS3-6aIS) .vz +-2 (a23a13A3S- b.an)yz + (A33a332-26a33)z2= 

= (a33A33-6) (a ll ,v2 + 2alz iUy + a2Jy2 + 2al ,iUZ + 2aJ3 yz+ (/33Z2) - b.a33z2 

=(a3sA3S-6) F-6aS3z2, 

01',_ because (x, y, z) satisfy P = 0, 

(An.v-A13y)2 + Assg2_2b.gz= - 6as,z2. 

Hence we find 

(62) 

(63) 
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36 I~ =14 
-- 36P + 324 (1 _ aS~A83) , . (64.) 

Ol', on account of (59), 

36j2=(J2-18)2-182l~, ... (65) 

so 

6i=± VIP-18(1-t-2)IIP-18(1-l)l, 
Ol' 

r 6dI • 
T - T

o = ±J VIP -18 (1 +2)1112-18 (1-),)1' 
. . (66) 

80 I pl'oves 10 be an elliptic function of T, 

ff we in{l'oduce 1 2 = u as variabie we find: 

36 I2j2 = 1 6 
- 36 1 4 + 324 (1_),2) [2, 

Ol' 

thus 

fï 3du 
T - T o = ± . . . (67 

Vu lu - 18 (1-1-),)1 lu - 18 (I-i.)l 

The singular points are now UI = 00, U 2 = 0, Us = 18 (1+).), 
'1.6 4 = 18 (1--),). 

One of their six anhal'monic ratios is thel'efore 

u
4 

1-). 
-=--=(f1 • 

ua 1+2 
The anhal'monic ratio of the eIIipJic function ~t = f2 = Q(t') is 

therefore equal to lhe auhal'monic ratio of the fom characterisLic 
points SI 00 , 82

00
, Rl> R2 of 1 he cOllies F = 0. 

Evidently the invariant of this elliptic fnnction is: 
. 4. (ó2-ó+I)3 (1+3).2)3 (.6+3assA sa)J 
~ - - - . (68) 

- 27ó 2 (I-d')2 - 27 (I_),2Y 22 - 27aS3A33 (.6-asS A;gY 

Before transfol'ming {he elliptic integral we shall fil'st investigate 
in what case it degenel'l:\tes. Degenel'ation takes place, when the 

dil 
eqnation - = 0 has two coinciding roots. This OCCl1l'S: 

dr: 
1. When Î. = 0, t!Jus (f1 = (f2 = + 1; in this case either aas = 0, 

holcls Ol' Aa3 = 0, i.e. elthel' the conie passes througb 0, Ol' it touches 
Ihe line at infinity, in othel' wOl'c1s it is .\ parabola. These two types 
of cunes al'e not equivalent" but lhey are semi-equivalent: so tlJey 
luwe 0pposite functions 1. This now coincicles with the f'act, th at for 
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J. = 0 the form undel' the sign of tbe root ill (66) is l:l, perfecf sqltarc, 
so Lhat two sepamted fUllctlOJlS I appeal', To clislingllish the types 
a33 = 0 and A33 = 0 pl'opel'ly we shall return to the equatiollS (62) 
anel (63). For a 31 = 0 these take the following forms: 

so 

Ol' 

zb,p = 9 (-A31,q+2b,z), 

2zb,j = 3A33g. 

By elimination of g we find 

1:' - T' - f 6dl 
0- 18-P 

.I 
+V2. tan h-1 -_ 

3V2' 

(69a) 

1:'-1:' 
I = + 3V2 . tanlL __ 0. • • • • • (70a) 

V2 
If on the othel' hand we put A 33 = 0, then (62) anel (63) pass into 

,q12 = 18g - 9(t33z, 

2g1 = -- 3a31z. 

Elimination of g 110W leads to 

61= P -18, . (69b) 
from w hich ensues 

1:' - - 1:' = -f 6dl = - V2 , tan lL -1 ~ 
o 18 - 1 2 , 3 V 2 ' 

or 
1;'-17 

1= - 3V2. tanlL--o .. 
V2 

. , • nOb) 

2. A second case ofdegeneration appears when ).=+1(01').=-1), 
so fol' Ol = 0, O2 = C/)' Ol' til = c/), (IJ - 0; in this case we have f 

a33A 33 = b. or al3An + rtnA21 = 0; the geometl'ie l11eaning of this 
is thai 0 lies on 011e of the asymplotes (fol' the ellipse in the 
centre). The eqllation (66) now runs: 

so tlw,t 
f 

(ll . 6 
T' - T o = - IVP-36 = ± sin-

1 I' 

6 
I=±----. 

sin (1:'-To) 
(71) 

3. W"hen n,t fhe snl11e time rt 33 = 0 anc! A31 = 0 holels, i.e. when 
tlle ronic is ft pambola passing' thl'ough 0, Ihen tlle eqtHtlion (62) 
fnrnishes 

1=±3V2. 
This l'esnlt has fOl'l11el'lr been fonnel (see 2 1ld coml11m1ÎcaLioll page 590); 

we ean l'cgnrc\ it, as Lhe combinalioll of (70a) illlel (70b) fol' 1:'0 = C/). 


