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Physics. - "On tlw vatue of SO?l/fJ differential q~6i)tients in t/w 
critical point, in connection with the coe;dstinlJ phase,: in the 

-' neighboudlOod of llwt point and with the f01'1n of the equation 
of state." By J. J. VAN IJAAR. (Oommunicated by Prof. H. A. 

LORENTZ). 

1. In some pl'evious papers we showed that the densities dl and 
d~ resp. of the Iiqnid and vapoUl' phase in t11e immediate neighbour
bood of tbe critical point are represented by the expressions 1) : 

dl = l + a Vl-m + (1 (1 - m) + y (1 -- m)% + d (1 - mY + .. I 
dl - l-r,Vl-m+(1(1-rn)-y(1--m)3/! + (f(1-m)2- .. ~,(1) 
sa that for vallles of In = T: Tic nenl' j the quantities dl - 1 and 

1 - cl2 are of the order of magnitude V 1--m, and not of the order 

tv1-m (VAN DER WAALS, These Proc. XIII, p. 116 and J259) orof 

JYl-m (GoLDRAl\Il\lER, Z. f. phys. Ohem. 71, 577 (~910)). 
In his "ThermodynamIsche Theorie der Capillariteit" (1893) VAN DER 

WAAL" also gives the COl'rect expl'essions (see p. 44), and finds the 
vaille 2 fol' ct witb the ideaJ equation of state, anel the vallle 3,.5 
fa]' real (normal) sllbstances - quite in accordance with what we 

, fOllnd fol' them (loc.rit., cf. 1.'hese, ProC'. XIV, p. 437) where the value 
3,6 is given). For Fillorbenzene re may even be pui 3,9 (see fUl'thel'). 
Also MA'l'ITIAS (Ann. de Tou]onse V) gave as empi1'ical fOl'l1ll1lae the 
theoretically correct 0110S. 

Fol' substances fOl' which the ideal eq"ation of state would hold, 
we find loc. cit. 

2 
(3=- j 

5 

13 
'Y = - 25 j 

128 
(f=-' 

875 ' 

1359 
8=--17500 . 

The coefficient {t illelicnJes ihe divel:qli1u:e of ihe phases in the crüica1 
point; the coefficient /1 is nothing buL 1he coefficient of dit'ection of 
the so-called straight diameter l/2 (dl + cl2 ) = f(m) in that same point. 

Whe11 we pass 1'1'0111 the Ideal eqllalion of state to the rea1 Ol1e, 
(1 increases fl'om 0,4 to about 0,9, whel'eas ct incl'eases from 2 to 
about 3,9. . 

2. We shall 110W demonstl'ate Lhat the expres&io11s (1) wW hold t'or 
an,)' form ofthe possible equatiOllofstate, and thai cll -1 anel 1--cl2 

wou lel only be of thc Ol'del' lY1-m, when in the critical point not 

1) See among othCl'S The~c Proc. XlV, p. 438 ct seq., 563 el seq. and 574., 
. 72>'· 



- 3 -

( 1092 ) 

~ ~ ~ ~ only - iLnd - al'e equal la 0, bul, also and -. And as tbè 
. dv dv~ dv 3 dv 4 

hUer is evidentlJ an impossibility (fot' then there would be 1'elatiol1,S ~ 
bei ween the coefficients of the equaliou of sta,te), dl -1 can neVel' 
be of tIJe ordel' of l11iLg'nitllcle JY 1-m eithel'. Other exponenLs, like 
lY 1 -m, al'e of COl1l'se q uite excluded. 

Fa!' if we pUL qnite generally 
p=f(v, T), 

we 11 ave, when c, 12, and m l'epresent resp. "l'educed'" pressure, 
vohul1e and tell1pel'atul'e, in the neighbourhood of the critical point: 

a = 1 + [l-IV (n-I) + a't (m-l)] + [~a\2(n-I)2+ a"v,t(n-I) (m-l) + 

+ ~a/ft2(m-I)2J + [~al"v3(n-I)3+ etc.] + etc. 

In this a'v l'epresents (~a); e't l'epresents (:a); e"u~ l'epresents 
un 7.1' um 7Cl 

(
à

2

a
2
); et<:. 

àn ftJ' 

The cletermillation of' the coeffirÏent a vvill l'eqllit'e no othel' diffe
rential quotients ihan the above ll1entioned ones. In this e'v and a"v~ are 
both = 0 at tbe critical point, sa thai b,r equation of tbe va]ues_' 
of c in the two roexisting phases 

a",.,f(r~-I) [(n2--I)-(?1 I-l)] + }a"'t{(n~- 1)a_(n1-1)s] + .. = ° 
remains, because also the terll1s with only m-1 and (m-l)~ vanish 
in conseqnence of' the equality of' the temperatnre. 

If' 'we now put: 

n2 = I + CtT: + {3/T 2 + .. ; n l = 1 - aT + {3/l;s + ... , 
in which 'l' l'epresents a power of 1-m as vet un1cnown, we get 

11 2 - 1 = ((l; + {3/"f;2 , •• = 8 2 ; ;11 - 1 = - (al; - (3/t;2 •• ) = - 8 1 , 

and hence: 
1 

a"v,t (m-l) (8 2 +01) +"6 a'''.3(8~2+8\) + ... = 0, 

Ol' 

// 1 III 8 3
2 + 8 3 

I 
a /'1 (l-m) = -a La ---- + ... 

, ~ 6 . O~+{)I 

Now evic1enUy (the highel' powers we shall want pl'esently): 

e, + (J I = 2ar .. ; (J22 - 8 2
1 = 4a{3'T~ •• ; fP 2 + 0 3

1 = 2 (X3l;3 •• / 

()3 ~ - fP 1 = 6a2t3't"~ .. ; (t 2 - 8 4
1 = 8a3

{3/l;Ó •• ; 0"2 + (Jó 1= 2((6t;6 •• 1 ' 
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so that 

Hence we get: 

1/ I lil • Z ' 
li t',t (I-'m) . 6"li 0 3 (en' .. ) T ." . (Ct) 

so tbat it now fippefil'S with thc II Ll1l0St clearness thai 't
z ll1L1ót be 

of the ol'der i-m, find sa T of ihe order V l-m. 
Even if n 2 weee = i + Ct T .. , n 1 = l-dT .. , in which a' is not ' ct 

(which, howevcl', is impossible: óee also These Proc.' XIV, p .439 and 

440), even th en T would appeal' to be of the order VI-m according to 
the above, For then &~ + &1 would be = (ct + a') T .. , &32 + 0\ = 

. ()3 + 0 3 

= (a3 + a'3) T'I." and hence 2 1 = (aZ - aa' + a'2) T
2

, so that 
&2 + &1 • 

the conclusion would l'emain the same, 

OnlJ{ when also li '11
03, i. e. (a a

3 

:) were = 0 - but. then 8/1/1t'4 would 
n kJ' 

also have to be = 0 on aCCoullt of the form of the cl'itjcal isotherm 
(which of course runs from 1J = CJJ to lJ = 0) - on(y theu we 
should have: 

lil/v,t (m-I) (&2+01) + ~[3lil/lv~,t è1l1-I) (02 2 -fJ2J +,.] + 
+ IA [4E:/I/1v't (m-1) (61\+61\) + .. ] + _1_ li JI vG (0\ +61\) + etc. = 0.-

2<r ' 120 

But fl'om this would follow: 

(m-I) [al1v,t, 2e1T'.J + " + l~O li VvG(2ér:G
• ,) + ., == 0, 

anel so I-m woulel be of (he order T 4, i. e. T of the order }}/1-m. 
80 for thi~ the (impossible) supposition t;lIfv3 anel lillflV1 == 0 would be 
l'eq uired 1). 

3. I.Jet us pl'oceed aftel' these cOJlsidel'ations to the expl'essions fol' 
the coefficièn ts a and (jl. 

As now henceforth 7'2 eau be l'e)Jlacecl by i-m, (a) ptlSSes illtO 

" 1 /11 ~ 
8 v t = - E vsa , . 6 

aftel' equation of the coefficients of the diffeeent powel's of 1-m; 

111 1 "" . 1 r 
J) If only ~ v3 = 0, we should have gat 24 Ev4 (612-64

1) Il1stead of _120Ev.c2~5 'J'5 .. ), 

hence as 6\j-64
1 ==S,,'lWr 6, l-m is again of the order 'T', 
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68" ~ v,t 
a =-'11-' 

I: vs 
(1) 

being the quite general fOl'mula fol' ihe coefficienL a, whaiever ma}' 
be the farm of tbe equation of state I: =f(m,n) 1). 

W hat follows 111,1,Y serve as a conü'oJ. The ideal equation of state 
Rl' Ct 8m 3 

p=---- Ol' 1:=----
v-b v~ 3n-1 n2 

gives fa!' Lhe different cliffel'entialquotients: 

al: 24m 6 I à~1: 144m 18 1 aal: üX144m 72 
On = - (3n-l)2 + na on2 = (3n-I)3 - n4 On 3 = --á3~-1)4 + n5 

àll: 9 X 12 X 144m 360 1 021: 24 I à3
l" - 144 

àn 4 = (3n-l)" - 7 ànàm = - (3n-l)~ àn~àm = (3n-1)3' 

8.0 this becomes fol' Tic : 

e'v = - 6 + 6 = 0 1 (/'1J~ = 18 - 18 = 0 le'''ol= -- 81 + 72 = -- 9 
el/I/vl = 486 - 360 = 126 IIJI/v,t = - 6 1 ell/v",t = 18. 

Thus we find fol' fiJ. accol'ding to (1): 

6x-6 
{/~=---=4, 

-9 
hence Cl = 2, as It should beo 

H in (ti) we also take tbe terms with t'4 into account, we get an 
eCl'lè1,tion bet ween the coefficients a, (3', anc1 y'. 80 we cannot detel'
mine (3' fl'om ihis. Fal' this we 8ha11 have ta find the relation of 
coexistence beL ween tbe t wo phases. This is fOllllcl from (ec denotes 
the pl'eSSlll'e of coexistence) 

With 

I: = 1 + e't(m-l) + [I:"v,t(n-l)(m-l) + ~el/t2 (m-l)2] + 

1 1 /11 1 

1 ] 1 + 6'e'l/t3 (m-l)3 + 24 el/
ll
v4 (n-l)4 + .. 

this becOl1les: 

1) Cf V. D. WAALS, Capillariteit, p. 4.4. 
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+~ s'''s (m-l)3J+~s'''' 4 ()G2+
8

1
5 
+ .. 

6 t 120 1) & + & 
2 1 

as (n,-1) - (nI-i) = 82 + &1' (n2-i)2 - (nl--1)2 == &\-f}\, etc. 
(see above). 

If in (a) we substitute successive1y n 2 and n 1 fol' n, and then take 
half the sum, we get: 

Equation of (b) al1l1 (a') now yields ,~:ith 1 - 117, = - Cm-i) := .. ~ : 

IT [1 &/-()12 
-[f v,t 2 8 +() 

2 1 

1 "IT [1 8/+()/ 82
4 +81

4
] 

+ 24 E v
4 5" &2+&1 2 + .. =0. 

With ihe yalues of &j + &1' &2~ - &\, etc. given above in § 2 
this beeomes (the coefficieuti:l of [f'/v,t allel E,/lvj! are evidentI,)' = 0): 

~ E"'v3 [az f3'T~ - 3 a2 fl'T 4 .• ] -} E"'v2,t .. 2 [~a~ t:~-a~ T~ • .] + 

+ -E"" 4 - a 4 1:'4_a4 T 4 = 0 1 [1 ] 
24 IJ 5 ' 

because evidently (&\ + &4J : 2 = ér4. In this way we on1y get 
the terms with 1:'4, and nncl: 

hence nnally: 
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(2) 

in which a2 is given by (1). 
So the expl'ession derived by VAN DER W AAJ,S (Capillaritelt, p. 44), 

viz. p' = 1:'lIv2,t : 1:'lIt1, iA illaccurate on account of the neglect of the 
term with 1:1/111'1. Besides, ihe control by rneans of the ideal equation 
of state cOl1fil'tlJS this. As we put n2 = 1 + ar + [3''1:' .. , d

2 
= 

= 1 - ar + [3r:~ . " evidently 

[3= a2 
- [3', 

because d2 = 1 : n2 • 

Now by llleans of the above given values of the diifel'ential
quotients (a 2 = 4) we find from (2): 

2 
18 - -.126 

/ 5 28 3 
{1 = -9 =-2+ 5 =3 5 , 

3 2 
giving [3 = 4 - 3 - = -, in accol'dance with what we fOlmcl befare 

5 5 
(see § 1). 

V AN DER WAAI"S's expl'ession woulcl have given an eJl'til'ely e1'1'O
neous value for [3. 

4. 1'he vul'lte of the chrl1'l1Gtm'istic junction. 
If we put 

~ dl:~-I 
I: dm - , 

we sball unclerstand by the "chal'acteristic function" rp the "alue of: 

/-1 8 
rp=--.-, 

ftc- 1 dlds 

of whieh we know tbat it is equal ia 1, when the quantities cl alld b 
of the eqnalion of state do not depend on the temperatnre T (Ol' 

Cl only lineal'ly on 1'). BuL in any othel' case 'f! will 110 langer be 
= 1, but it will be l'ejJresented in ihe neighbourhood of (he critical 
point by 

rp = 1 +), (l-m), 

i IJ which we shaIJ detel'mine the coefticient ). 
111 0111' pl'evious p.apel' (These Proc. XIV, p. 777) we have viz. 

all'eady shown, Ihat when the said suppOSitiOllS are fnlfilled, fOl'l11ula 
(8) given tbere holds, viz. 
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i. e. 

f= ~ dec = 1 + _u_ cl1cl" 
" e dm P7ct'lc~ e 

when e~ cleno(cs the pressul'e of coexistence, thl'ough which \ve 

distinguish "~:~ from (~:}I' SA IVC ha\'e a]so: 

a 
jic=l +-.. 

PkVk" 

hellce 
J-I 

-ik-I 
in other .wol'ds rp = 1. _ 

H, howevel', a anel ó al'e aiso fnnc('ions of the tempel'atul'e, we 
have generall,)' tJ,rcording to lb) of § 3, taking the values of (J2+8y, 
etc. into account, anel disl'egal'ding all the powers of In-i highel' 
than tile second: 

e~ -:::: 1 + e't(m-I) + [}ellv,t. 2(3'-,;'(m-l) + }ëlft2(m-1)Z] + 

[
1 1 1 1 ] 1 + - e'" 3. 4Ct~ Î-I,;4 + - e" ~ . lt 21;'(m-1).. -t. - 13"" 4 a41;{ 24 v P 6 v,t 120 v' , 

. -
Ol' us .z=1-m=-(m-l): 

c,c = 1 + a' t (m --1) + [- a"!',t (3' (m-1)~ + ~ e"t2 (m-1)'] 1-

+ [~a'fI~J[!2 {i' (m-IY -~ a'\2 t ((2 (m-Il~ .] + _1_ a""t4 a4 -(m-l y. 
6 6 ' 120 

Fl'oll1 this follO\vs: 

(Ü:~ , [2" , (1 " )] -=êt + a v,t(:1 -111) - E t2 (l-m + 
dm 

L [ 1 '" 2[:1' (1 ) + 1 '" • 1 ) ] 1 /lil 4 (1 ) -r: -Sa LH'!.) -m S13 ,I,tll" ( -m -
60

l: <1lt -m, 

i. e. 

dEc , (1 ) l" 2 /I 1 111 , R' 1 111 ft + ' 1 "11 4J -=Et - -m a t2 - a-v !,,- -f --13 t3Ct t-" --l: v2ya' -13 v4 Ct • 
dm '3 3' 60 

In this - 2 E"V,1 (3' + ~ EII/vs (/2(3' = 0 accol'cling to the formllia (1) fol' 

c;' del'i veel a.l:lo\'e) 80 thal we keep: 
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dec , (1 ) [ " 1 2 ( ", 1 2"")] - === St - -m S t~ - - (t a c2 t - - a S v~ . 
dm 3' 20 

Furthel' accol'ding to fOl'lllula (2) we have: 

1 111 
- _a2 s""v1 = - e'''v 3 p' -=:: - e"v2 't, 

20 2 2 
so that we get: 

dcr , (1 ) [ " 1 2 (/I' R'+ 1/ )] -=J!t- -m St2--a Sv31J Sv2t , 
dm 6 '. 

or as a2 e'''vs === 6 S"t.lt according to (1), also 

dsc , (1 ) [ " 1=1' " 1 ~ 11' ] ' (1 ) dm = S t - -m e IJ - I" S v,t - 6" Cl e f)2,t = S 1-- W -m , . (3) 

in w hich 13' t = (aaS) . [Wïth the ideal equation of state, 
In Tcr, _ ' 

where 

(see above; e"t2 = 0, e"",t = - 0, F'llv2,t = 18, w becOlnes === 

=0 --(-6) --.4 18=--12=9- . 
'18 1 108 3J 

5 G 5 5 

(
m dSc) (dSc) 80 fol' IIc = -- = -d === ,:, we find propel'ly: 
e dm Tcr. m lc!'. 

fk=t::'=S't. 

8 
Tbe value of tbis is = ---- = 4 fOl' the icleal equation of 

3nk-l 
state, anel becomes = 7 fol' all ordinal'y norm al substances. 

As 111, = 1- (1-m) allcls=1-s' (1-m), we no\Y get, fol' (f!: 

1 --:- (1--m) [e't _ W (l-m)] _ 1 
1 --S't (I-m) , 1 - S't (l-m) 

(P elt - 1 )<, 1- (a2-2(j) (l-m)' 

seeing that cll clz = [1 + (( V l-1Jl, + (j (l-m)l [1 - a V 1 - m + 
+ ~(1-m)J = 1- (a 2-2{:1) (1 -m). 

or 

Aftel' some l'eduction this becomes: 

e't - W (l-m) - 1 1 
(fJ=, X , 

St -1 1 -(a2 -2(j)(1-m) 

w 
1 -- -,-- (I-m) 

St -1 
~= l+À~-~, 

1 - (aZ - 2{3) (l-m) 
(4) 

As now ). = 0 with the ideal eqnation of state, i.e. with that in 
which a and bare no functions of T (or a only depends linearly 
on T), in ihis limiting case mu&t hold: 
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w 
-- = al - 2{j. 
(/t-1 

(d~Ec) f' = -2 = /" w'e may 
dm lcr 

f'k _ 2 2R --_lX - p, 
fk- 1 -

aIso write fol' this: 

w hieh reJafion was del'ived in l11y pl'eeeding cOlllmunicatioll (These 
Proc. XIV, p. 779). But in all ofhel' cases ). is not equal to 0, 
and we have: 

(5) 

Fl'om (4) we see also thaL lP cannot be = 1 + V 1-171 1/2 
(1 - 1n), i.e. of the order v' 1 - m neal' '1", but must be of the order 
1-m. I pointed this all'eady out in my pl'eceding eommunieation 
(loe. eit. p. 778, footnote). So though the empiricaI f01'l11ula fol' rp 
c1l'awn up by V. D. W HLS very weU rellelers the values following 
fi'Ollh YOUNG'S t,abJes - theoretieally it eannot be upheld. 

5. Aftel' the above del'ivations we ma.)' pl'o~eed to determil1e the 
mInes of some differential quotients fol' a nOl'lllal snbsLance as e.g. 
FJuorbenzene. From YOUNG'S tables (Dublin Soc. June 1910), the 
following values of in, E, dl' d2 , 1/2 (eli + d~), 1/2 (dl - d2 ) and (p 
have been ealeulaLed. (See p. 1100). 

Fol' 'J't. has been found 286°,55; fol' ]Jk YOUKG gives 33912 111111. 
of mel'eul'.)'; for die t.he vaille 0,3541 has been assL1luecl. The values 
of F ,are those which can be calclliateel fl'ol11 the "apou!' preSSLll'e 
fOl'mula 

l-m 
- log Ec = P -- • 

m 

of f= _
E dEc 

The yalues have been calculated as follows. From 
mdm 

1he above fOl'll1ula follows: 
1 dEc' F l-m dl? 

---=--+---, 
E dm m 1 

In dm 

so that we get: 
• mdEc F dF 
j=-- =-- (1- m)-. 

E dm In (lm 

A 111111ll1l11111 (F = 6,(7) is observeel in the values of F at m=O,77. 
If we had continueel the table up to 111 = 0,45, F would already 
luwe i11cl'eased again to 7,11. Tile vaJue of rp at first l'apidly in-
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-
m 

0.6309 0.01902 2.682 0.008144 1.345 1.337 6.773 10.80 lAl 

0.6488 0.02604 2.645 0.01086 1.328 1.31'7 6.740 10.44 1.41 

0.6667 0.03471 2.607 o 01422 1.311 1.296 6.723 10.11 1.41 

0.6845 0.04547 2.569 0.01844 1.294 1.275 6.706 9.822 1.40 

0.7024 0.05865 2.529 0.02357 1.276 1.253 6.694 9.547 1.39 

0.7203 0.07460 20488 0.02974 1.259 1.229 6.685 9.293 1.38 

0.7381 0.09354 2.447 0.03716 1.242 1.205 6.678 9.053 1.37 

0.7560 0.1159 20406 0.04600 1.226 1.180 6.678 8.837 1.35 

0.7739 0.1424 2.362 0.05625 1.209 1.153 6.672' 8.617 1.35 

0.7917 0.1722 2.317 0.06814 1.193 1.124 6.685 8.425 1.34 

0.8096 0.2066 2.270 0.08221 1.176 1.094 6.705 8.270 1.33 

0.8275 0.2470 2.2HJ 0.09873 1.159 1.060 6.708 8.095 1.32 

0.8453 0.2919 2 166 0.1182 1.142 1.024 6.728 7.937 1.30 

0.8632 0.3426 2.112 0.1403 1.126 0.986 6.7ó!:l 7.804 1.30 
-

0.8811 0.3996 2.052 0.1668 1.109 0.943 6.797 7.690 1.29 

0.8989 0.4637 1.987 0.1987 1.093 0.894 6.833 7.579 1.28 

0.9168 0.5355 1.917 0.2373 1.077 0.840 6.882 7.487 1.26 

0.9347 0.6165 1.837 0.2847 1.061 0.776 6.921 7.388 1.24 

0.9525 0.7065 1.740 0.3463 1.043 0.697 6.972 7.305 1.22 

0.9704 0.8069 1.621 0.4335 1.027 0.594 7.036 7.250 1.18 

0.9883 0.9205 1.450 0.5744 1.012 0.438 6.98<1 7.071 1.11 

1.0000 1.0000 1.000 1.0000 1.000 0.000 - - 1.00 

Cl'eases from 1n = 1, but thel1 more slowly, and it seems to approach 
asymplOtically to about 1,5. lts course is vel'y weU l'epresentell by 
VAN DEH WAALS'S fOl'mula" _but as we a:lreacly stated, neal' 1,u rfJ-1 

is noL of the order Vi-m, but of the order 1-m. 

How closely the empirical formllla rp=1 + V1-m-1/2(1-m~ 
l'enclers nle COUl'se, may appeal' from the following Labie, p. 1101. 

Whereas the agreement bet ween the calculatcel anc! the fonnel 
\'alues of rp-1 at 111=0,70 and 0,86 is perfect, the discrepancies al 
m=0,97 and 0,99 amOllnt to aboui 10%, 

From the val nes of m aÏld E occul'l'ing in (he labie, we can 110W 
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m Found \ 

° 1 + 1 -0.50 = 1.50 

0.7024 1 + 0.543 - 0.149 = 1.394 1.39 

0.8632 1 +0.370-0.068= 1.302 1.30 

0.9704 1+0.172-0.015= 1.157 I.IB 

0.9883 1 + 0. 108 - 0.006 = 1. 102 1.11 

easily calcl1Iate, making use of the six valne5 of 1n from 0,8632 to 
0,9525 (the ,last included): 

Ec= 1 - 7,065 (1- m) + 19.8 (1 - my - 24,0 (1 - m)3, 

sa that we have: 

/1.=E' =E':= 7,0(5) f'k=E"(= (d~E~) =w) = 39,6. 
, dm b. 

80 6,6 is found fol' ~. [~ith the ideal eqnation of state this 
A-I 

. 9,6, ] 
valne IS = -- = ~,2 . 

4-1 
Let us now determll1e the "alues of the coefficients ct and [j in 

the expansions into series for dl alld d2 • 

With 1/2 (dl +d~) = (j (1-m) + (f (1-;--171)2 we calculate fl'om the 
table fol' 1n = 0,8632 etc. the following values 

[j = 0,913 I rJ = 0.055. 

Anel ti'om l/J (dl - dj) V (e + 1-m l' (1- m) + E (1--111)' we 
('an calculate: 

a = 3,9 1 l' = -- 15,3 I E = 48. 
No\V the value of {1' = a J 

- {j (fj' is the coefficient of 1 - 1n in 

n2 = 1 + a 1/1-m + [j' (l - m) + ... , sec a,bove) becomes: 

{l' = 15,2 -V,9 = 14,3, 

which 1'01' the ideal eqnaiion of state = 4 - 0,4 = 3,6, sa exactly 
tlle fomth part. 

And fOl' (2 -- 2{l we linel 15,2 -1,8 =:1:3,4. L Wïth the icleal eqna
tion of state 4 - 2 X 0,4 = 3,2 is fOlWd fol' Ihe valne of a2 

- 2[jJ. 
Fot' ), wc fiud nov,r according to (5): 

Î. = 13,4 - 6,6 = 6,8, 

80 thaL nccol'ding 10 (4) close 10 Tc: 
(f! = 1 + 6,8 (l--m). 
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So for 1)), = 0,9883 (/ wOlllcl be = 1 + 6,8 X 0,0117 = 1,08, allel" 
fol' 111 = 0,9704 '/, ,"vould be = 1 + 6,8 X 0,0296 = 1,20 (follnel1,11 
1,18). So k= 6,8 is possibly still somewhai too low, bnt it is also 
possible - anc! this I think more likoly: .. - thai the vallles of dl 
anel dz, fOllnd experimelltally neat' t.he cl'itical point, al'e not qnite 
accurate, in consequence of which (p is founcl too high. So most 
likely the value of the prodnct dl cl2 iR too ]ow, on account of tIJe .. 
density of tbe liqnicl phase being measUl'ecl too small in consequence 
of imperfect homogeneifJ (pl'esence of vapollr bubbles), Ol' becanse 
the thickn~ss of the capillal'y layer, which is of measurable dill1ellSions 
aj, the critical poiut, has not beelJ taken into account, in wbich layel' 
the density is of cönrse smaller than in the homogeneous !iquid phase. 

In consequence of this the locus 1/2 (dl + d2 ) = f (m) cleviates 
seemingly too much to the liql1icl sicle quite near the critical point, 
an.cl accordingly 1he abrllpt eleflection of this locus close to 1~, found 
by YOUNG, OARDOSO and others, woulcl disappear, when the clensity 
of the liquic1 phase conlc1 be measurecl more a(,cUl'ately. 

6. The "alne of the differentialqnotients l:'/v,t == (ad
a
2

l: ) allel 
n rn 1~1' 

l:'"v2 t = (a a3

al: ) may be calculaled from data of isotherms ql1ite 
n 2 m kJ • 

11ear the critical iemper~tLlre. Those for CaH5F not being at m'y 
c1isposal, I conlcl only make llse of DORSllIAN'S data (Thesis fol' the 
Doctorate) fol' CO2 • Por 33°.1 he finds e. g. 71 = 75,30, 76,10, 
77,75 resp. fol' v = 551, 449 allel 343. Frol11 this ,ve can calClllate 

tbat dp fol' v = 438 (the vohlme on tIJe isotherm of 33°,1 th;t agrees 
dv 

with the critical volume) lias the \'alue - 0,0124:5. Prom this the 

value 438 X -- 0,012411 = -- 0,0747 follows fol' (aal:) (the critical 
73 n 33,1 

pressure is viz. = 73). 
So we have (31°,1 is tIJe rl'iticaI tempel'ntul'e): 

(aal:) = ° (~l:) = _ 0,07 -17 (both fol' v = Vk). 
n 31,1 un 33,1 

Hence (the absolute tempel'ature at t = 32°,1 is 305,2) 

" ( a2 l: ) 0,0747, 
8",t= -a à = - -2- X ö05,2 = -11,4. 

n rn !.-I' . 

We saw above th at tiJe ic1eal eqnation of state gives fol' this -6. 
From tlle same dnta, the "alue 0,00007432 can be clerÏ\'ecl tOl' 
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d2p 
- at v = 438 anel 33°.1 [The elata can viz. be I'endel'eel bJ the 
dv 2 

formnla p = 76,10 - O,OJ 163 (v -- 4J9) + + 0,00003716 (v - 449)\ 
. dv d 2p 

fi'om whieh easily - anel - fol' v = ,*38 can be dm'h·ed]. 
elp dv 2 

ale (4313)2 
80 fol' ~ we tind -- X 0,00007432=0,1953. Hence we have: 

un° 73 

(a
2e) _ ° an2 :31,1- (aa2~) = 0, 1953 (both fOl' v = 1)k), 

11" 33,1 

anel from titis folloWR: 

"' ( a~E) 0,1953 e v'!,t = îl::l" = -- X 305,2 = 29,8. 
Ull um 1.r 2 

li'or the ideal equation of state we find 18 fol' this. 
Now in virLne of consiuel'alions which wlll pl'esently be explained, 

we sha11 l'aise the valnes -11,J allel 29,8 to --12 and 36, as 
these values Call110t diffel' ll1t1ch from double the values in case the 
ielea,l eqnation of state is nseel. It follows also fl'om the nature 
of the' above incbcatecl calenlation, thai tbe found values -11,4 anel 
29,8 cannot lay claim 10 vel'y gl'eat acel1l'acy. 

Now we can also find the values of e"'v3 anc1 e""vl. From (1) 
follows viz,: 

'" Ge"v,t 
E v1=-,

a" 

6 X (-12) = _ 4,7. 
15.2 

Tbe ic1eal eqnation of state gives about double the vnjne, viz.- 9. 
Wc finel furthel' fl'OIl1 (2): 

l1u (l
2e"'v4 = e"'v2,t-fJ'e"'v1= 36-14,3 X (- 4,7) = 103,2, 

Itenee 
e" 'Vi = 103,2 : 1,52 = 67,9, 

. fol' whicb with tbe ideal equalion of state also abont double tbe 
value is fOllUcI, viz. 126. 

Finally we can calculatc E"!~ = (Ua
J

l:
2

) fl'om 1;" = w = 39,6, in 
1n '"I" 

which w is l'epl'esenLeci accol'cling to (3) by 

So we fincl: 
!:"tJ = 39:6 ::+- 14,3 X (-12) -I- 1/6 X 15,2 X 36, 

OL' 

l;"t2 = 39,6 - 171,6 + 9\,2 = - 40,8. 
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The vaIlle of Ihis cliJfel'entialquotieni is = 0 with Ihe ideal eqnadon
of state. The gl'eat negative value of 8"t~ fol' rea 1 substances points 

d~a 
as we shall pl'esently see - to a great positive value of -. 

~ dt2 

We have now the following survey (all ihis ai Tk). 

3.9 0.9 143 7 -41 39.6 -12 36 -4.71 68 13.4 6.6 - 6.8 

[2 0.4 3.6 4 0 9.6 -6 18 -9 1126 3.2 3.2 0] 

The 10wel' series of valnes refers to the ideal equation of state. 
We may add the following l'emal'ks to what precedes. According 

to· (5) we may write for À: 

À 
(C!~-2j3) (fk- l ) - l,. 

jla- 1 

The numerator ofthis is = (a!-2iJ) eh-I) - (8/1t2-iJIF"v,t_l/6C!;8"'V~.t), 

as /'k(=8")=W. But as jk=8't, and iJ'=ct~-{J, we may aIRo 
write fol' this: 

- 8"t2 + a2 [(E'c-1) + 8"v,t + 1/~ 8'''v2,t] - iJ [2 (8't -1) + 81/v,t] . 

Now with the ideal eqnation of state J. = 0 (see. above); anel this 
is what we expected, fol' then the above form becomes: 

o + a 2 (3--6+3) - iJ (6-6). 

Both 8"t2 and the coefficients of a2 and ti are (hen, namely, = O. 
But with the reaI equation of state tlle value of this f01'm is: 

\ 41 + et' (6-12+6) - iJ (12-12), 
so that the coefficients of a 2 anel i1 wonld be again = O. Tt is not 
difficult to find a canse fol' ibis. 

ab (ab 7. If viz. 0]'= b't is verysmall jnst as Uv = b'v is Slight), we 

. . op . " RT Ct 
ma)' wrIte for 01" followlJ1g' from p = v- b - J' 1. e. 

-=-+ ---b't-- : 
op R [Rl' al] 
oT v-b (v-'W v~ 

op R a' 1 [ Ct- Tal] 1 ( A) 
ol'=v_b-:;;;='T '0+--;;-,- =1' p+;;; , 

so thai 
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2A O"P GA 
'Tv 3 ' ov2ol' = 1't,4' 

(fu " 
whiel! 11 = a-'1'a', nnel a' re)WCsellts -. Hence we Iltl,ve at '] I.: 

dl' 

E't = (?~) =(~'Ol:,) = 1 + AI: , 
Om /.,,. 'P a1 b' pkV·,c 

nnd &0 !lle weil known relation (only 110W we have All intllencl of Cll.) 

Ale 
8't- 1=-2-' 

]JkV Ic 

But. at '1\ we have also, accol'ding 10 wlliLt we fonnet juSL lIOW 

, ( a2
E ) 2Ak' li.VJ.; 211/.; , 

I;'vt= ~ =---.--=---=-2(Et-1); 
, ànàm KI' 'llcvJIc prc P,"V2 /c 

11'., _ (~) _ GAk 'l;, v2
1c _ GAlc _ 6 ( , ~1) 

I; v',t - ;:, 2 -, I • - 2 - Et· 
'un am k,. llcV I, Pk pkV Ic 

80 the coefficient of a2 in the llllmeratOl' of the above expl'essioll 
fol' ). passes (with small valne of b't) really into 

(e't-I) - '3 (E't -1) + (E'~ -1) = 0, 

(he coefficient of (j then also passing into 

2 (E't -1) - 2 (e't -1) = 0 

Tbat the qllantities e',-I, e"!·.t anel e"'1,2,1 have double t11e ya!ue of 
tllose fol' the idea! equation of state, is owing to this tbat where the 
cl'ilical pl'essul'e is always auolt! 1/27 ak ; b,/, E't - 1 with Vk = 1'b/.; 

passes inlo 

In this AI.: (IJ. = 1- ('11. a"e: al.;). If now nJso '1'1. a'I, is 8111n,11 

cOlllpal'ed wiLb af.:, unit)' lIla,)' be written fol' Ak : ale b,)'. approxi. 
maliou; so that then 13'( - 1 wou!cl become = 27 :)'2 for the rea1 
equation of state wUb I' = 2,114 = 27 : 4,5 = 6, and = 27 ; ~ = 3 
fut' Ihe ideal eqllatiol1 of state. And as reaJIj' the va!lle 6 is fount! 
f'0L' E't -1 =fi.· --1, a',v (aJl(! also b't) must l'ea.lly be cÀceedingly smalt 

In Uil.\' case (fOI' smal! bit) EllV,! = - 2 (elt-l) IJy high appl'oxillla
lion, and hence = - 12, ",hich is lhe l'eason thai above we mised 
thc vaille -11,4 l'ollnd fol' E"v t from eXpel'illlentu! data Lo -12. 
H.evel'se!y the sligbt cl i ife l'en ce between the two values justitles Ihe 
sllpposition that b't is l'eallj' vel'y smal!. But as thell Loo e'''v~,t = 
= 6 (fIt -1) = 36, wo have t'Ollllcl tt sufficiell( gl'ol1l1cl in this to l'aise 
the vaille 29,8, i.e. 30, which was calclliatecl from only few expe· 
l'imental data, to 36. 

73 
Pl'oceeJm~s Royal Acad. AmsterdaJll. Vol. XIV. 
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T11e nlllllel'atol' of the expl'ession À now passing into - fj"t~, we 
get simply : 

fj"t 2 

1.=--
j' l' ,tlc-

fl'olll whieh then ).=40,8: 6=6,8 follo\ys, as above, 

8. As fOl' smaIl b't we llJay wrije ~ - a' fol' ~j7?' (see abo\'e), 
v-b v2 v 

a" 

v2 
(if Jlamely (/'t is also smalI), lWllce 

" (à 2E) a"" 1i/ EI"- - -----:- am2 kl' - v~Tc P/~ . 

So we gct rOl' J, wiLh }1.-1 = Et-J = Ale: ]J1.V2k (see above) : 
Ji/a"lc 

1.= l' I' 
a/c- I. a k 

",l1en we sllbslitnte its vaIlle fol' Ak. If we put 
TI.2a"lc: alc = a"" , J't.a'k: ale = a'l" 

we gei: 

becanse le' (. llluSt lie exceeclingly small (see above), As now the val ne 
6,8 was fOllnd fOl' )" this comes Lo this thai d'l. is aImost 7, so 
,<J1wd positive (i. e. 1'// X (a"/.; : Ctk)). 

Slltnlllal'izing eveJ'ything tha1 we investigated iJl the above anti in 
pl'e\'iolls papel's, we cOllie to tftis concInsion tllat the eleviatiolls fl'olll 
Ihe idenl cqnntÏon of stale chiefl,v find Lheir explanation, besicles in 
tlle tlssociation of the molecules, in the following circllmstallres: 

ab a2b 
1, Thai wilh small valne of -a the vnlne of -a is gl'eat, In con-

v v2 

sequencc 
volume, 

of this Vl. becornes = 2,lbk insteacl of Vle == 3b" fol' tlle cl'iticnI 

. àb à2b da 
2, Thai "with small vallle of ~, -, and 

vt ()t2 

is {!'lWlt. This ncronnts fol' tbe greM inCl'ease of the chal'actel'istic 
fnnciion (fJ (wh1rb bas Ihe value 1 at 'TIr) in the neighbolll'hood of Tic, 

In cOllclllsion we point. oui l!Jat fOl' the çletel'mination of the mInes 
of [;'IIV1 anel E""v4 the knowleclge of the vallles of' b'lIv and bil/Iv is 
l'cquil'ed, and so without the complete knowleclge of the quantity b 
as flluc:tion of v we Callnot pOS5ibly pl'edirt anything regal'cling the 
values of I:"'v' allel EII"V1, Thai these valnes are a.bout hali' Alle ieleal 
valIIcs - fl'om tbis would follow amol1g others thai vl/b'llf! would be 
BOt fal' [rom i, Cla1'ens, March 1912, 


