
- 1 -

Huygens Institute - Royal Netherlands Academy of Arts and Sciences (KNAW)
 
 
 
Citation:
 
Kapteyn, W., On partial differential equations of the first order, in:
KNAW, Proceedings, 14 II, 1911-1912, Amsterdam, 1912, pp. 763-771 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This PDF was made on 24 September 2010, from the 'Digital Library' of the Dutch History of Science Web Center (www.dwc.knaw.nl)

> 'Digital Library > Proceedings of the Royal Netherlands Academy of Arts and Sciences (KNAW), http://www.digitallibrary.nl'



- 2 -

( 76:3 ) 

issuing' from his lips when louclly sonneling "a" amounted to 2.35 
megaergs pel' serond. AccOl'ding Lo tbis standal'd the effnsion of sound 
fL'om the otheL' pal'ts of tbe bead may be detel'!llineu. This is set 
forth in Table V. 

T A-B LEV. 
Acoustic energy emitted by the head per second whilst "a" was pronounced 

with chest-voice. -
Energy per Extent Ofl Total energy 

Regiones cM~ in the s~r- in megaergs Remarks. 
megaergs fa~~2~n \ pe~ sec. 

Nose 0.131 1.1 0.144 both nostrils together 

Mouth 0(524 4.4 2.306 

Ears 0.000297 0.475 0.00014 both ears together 

Bony parts 0.0000297 2233 0.066 

Soft parts 0.000297 559 0.166 
2.68 

Tbo total effusiol1 of sound amollnted tbel'efore in the abo\'e 
experiment to 2.68 Megael'gs per serond. Of this tIle greatel' part 
viz. 2..45 lVIegaers left the head by the mouth alld the ears, an 
extremely smaJl part by the auditory passages and about' 1/10 by 
the hard .and soft parls togel hel'. These data we offer uncol'l'ected 
i. e. without an estimatc of the efficiency of a well-regulated Ol'gari. 
pipe. Not all the enel'gy iqlparted to the pipe is transformed into 
sonnel. Some of it is lost in t he vortiees of ait'. Heilce our values 
are gl'eater than the real acoustic values. Though the latter accol'cl
ing to a l'eceut pu blication by ZImNov 1) may be esteemfld of about 
the same order, yeL it see!llS to me Lhat the impol'tanee of Dl'. p, 
Nfi,J1èOROWSKY'S figm'es ]jes in tbe mntual relatiol1 of eifnsions wbich 
cliffer Lopogmphically. 

Mathematics. - /, On ]Jm'tia I dU'jel'ential equations of t!te ,fitst onZel"', 
By Pmt'. 'v. KAPTI<;YN, 

1. Wben a pal'tial c1irrel'enlial CCjIHttion 'of tbc nl'st orde!' 
fi' (tIJ,!) z,p,q) = 0 , _, (1) 

is Lt'allsfol'mecl by a tangential j I'ansfol'lllation, t he new ctluat,ion wil! 
gcncrally show t he same f01'111. Somcli mes howevcr I he tl'ansfol'med 
eqnalioll \Viii be lill~al'. In 1his case the complcte Iwimitivc of the 

1) Zr:RNOV, Uebet' absolule Messullgen del" Schnllinlen<;iliit. Die Rnylcighsche 
Scheibe, Ann, u. Physik. (4), BL!. 26 p. 79. 1908, 
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ilon-Hneêtl' equaLlon and the integl'alsmface passing tbrougb a glvell 
curve (the problem of UAUCHY) may be obtained from the tl'ansformed v 

linear equation. 
The object of this papel' is firstly to cletel'mine the neeessary alld 

suf'ficient eonditions whieh must be fllifilled by tile equation (1) whell 
it may be recluced to the linear form by Ol1e of the t wo knowIJ 
tangential transfol'mations of LEGENDHE anel AMP.1RE; secondly t0 
show bow in these cases tbc problem of CAUCRY may be solvcd. 

2. If the tangential transfol'mation of LI~GENDRE 

.?: = P, y = Q, z = PX + Q Y - Z, P = X, iJ = Y . (~) 

l'educes (1) to the linear equation 

A (X, Y,Z) p. + B (X, Y,Z) Q = C (X, Y,Z) 

where A, B anel Care arbitl'ary functionsJ the former evielently 
lUust be equivalent with 

arA (p, q, p,1] + qy - z) + yB (p, q, pi/J + qy - z) = C (p, q, pil] + IJY - ). 

Thel'efol'e, writing 

A (X,Y,Z) P + B (X,Y,Z) Q - C (X, Y,Z) = t', (X,Y,Z,F,Q) = 0 
~ 

we have 

à~ à~ ~ 
àP = A (X, Y,Z) , àQ = B (X, Y,Z) 

anel 
à~'lp c)2tp a't/, 

'ÛP2= aPàQ=8Q~ = O. 

Inversely, these conditions being fulfllled, tI' l'eprcsents a lineal' 
form with regal'd to the variables Pand Q. 

These C'onditions may be tmnSfOl'llled in the followiJlg wa.)' 

tbel'efore 
]i' (.v,y,z,p,q) = ti' (X, Y,Z,P,Q) 

àll' ûF 7 àF à~ aF aF 
àP = a,v + x àz ' àQ = ay + Y àz 

a2 tp à' F à2!!, a' F 
àP' = ài/J2 + 2X à,vàz + X~ àz2 

a2'lp à'F a~F a'F à'F 
àPàQ = à.vày + Y c),vàz + X à,yàz + X Y àz2 

a'tl' a2}i' a~F a'F 
-=-+2Y-+Y~-
aQ' a,'1/ àyaz àz2 

80 the necessary and sufficient conditions, in ihis case, may be 
written 

--------
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à2F à2 ]? (J~F \ 
àx~ + 2p (J.'/)(Jz + p2 (JZ2 = 0 / 

à'F (J~]? (J']? (J'F 

à.~(Jy + q àx(Jz + P (Jyàz + pq .àz2 = Ol 
(J'F a'F (J2]? 
ày2 ~ 2q àydz + q' (JZ2 = ° 

. . . . (3) 

In 1he same way, considering the tangential transformation of 

AMPÈRE 

x = X, 'y = - Q, :; = Z - YQ, P = P, q = Y 
we obtnin the necessary and sufficient conditions 

à
-=O 

- 'P 2 
(J']? I 

à!]? à2]? 

ày(Jp + q àzdp = ° I' ~ . . . . . (4) 

(J'F à2F , (J']?_ 
(J-;- + 2qà-à + q -(J 2- 0 
Y Y z z 

3. Assuming 'now that the equation (1) has been tl'ansformed by 
the tram,formation of LEGENDRE in the linear form 

A(X, Y,Z)P + B(X, Y,Z)Q = C(X, Y.Z) 

we will pl'oceed to examine how the integl'alsul'face of (1) which 
passes thl'ough the curve 

y = 9'(.'/) , Z = t/,(.11) 
may be obtnined. 

Let the integraIs of the system of ordinal'y differential equations 

dX , dY dZ 

A(X, Y,Z) B(X, Y,Z) - G(X, Y,Z) 

be 

U(X, Y,Z) = a, V(X,Y,Z) = b 

where a and bare al'bitrfiry constants, the difticlllty of the problem 
consists soIely in the determination of the relation Ol' the relations 
which must exist between the constants (l and b. 

Designing a point m, y, zand a plane passing through th is point 
with angular coeliicients pand q by the name of element, the 00 2 

elements which are l'elated by the th1'ee conditions 

Y = lf)(.'/), z = t/'(x), dz = pdx + qdy 
are transformed in the 00 2 elements (XYZPQ) which satisfy the 
three cOl'lditions 

51 
Proceedings Royal Acad. Amsterdam. Vol. XIV. 
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Q = lf(P), PX + QY-Z= rep), tIJ'(P) = x + Yq/(P) 
or 

Q = q:(P), XP + Y<j(P)-Z = l~'(P), X + YIf'(P) = tp'(P). 

These elements are precisely the elements of the developabIe Sllr

face generated by the pIane 

Xt + Y cp(t)- Z - tp(t) ::= O. 

For th is deveIopable is obtained by eliminating t from 

and deterrnining 

.Kt + Y <jet) -tp(t) = Z I 
X + Y tp'(t)-tp'(t) = 0 l~-

az at -
ax ::= t + {X + Yq/ (t)-tlJ'(t)j àX = t 

az at 
ay== (p(t) + {X + Ycp'(t)-tp'(t)l ay = (f(t) 

--
(5) 

it IS evident that the anguIar coefticients of the tangent plane through 
the point X, Y, Z of the developable surface are related by 

Q = lj(P). 

Hence the constants a and b must be sueh that the curve 

U(X, Y,Z) = a, V(X, Y,Z) = b 

touches the surface (5). _ 
ThlS condition leads to two or one relati-on between -a and b. 
In the first case we have -

U(X,Y,Z) = m, V(X,Y,Z) = n 

wh ere In and n represent the values found. 
If now we tl'ansform again-X, Y, Zin~, y, z. p, q these reIations give 

U (p, q, .'Vp + yq - z) = m, V(p, q, .vp +- yq ~ z) = n 

and by eliminating pand q from these and 

F(x,y,z,p,q) = 0 

we obtain the requil'ed integral surf ace. 

In tbe second case, which is the general one, Iet 

b = &(a) 

be the only l'elation bet ween the constants a and b.1 Fro~ these 
I 

we dedllce , _ 

V(X, Y, Z) =_& [U(X, Y, Z)]. _ 1 __ 

Diffel'cntiating with regard to X and Y, we have 
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àV av _ , (au au) 
ax + P az = (). ax + P az 
av av , (au au) 
a Y + Q az _ &. a Y + Q az . 

Transforming now te, y, Z, p, q and eliminating pand q from 
thesE', we get the iutegralsurface pa&sing through the given curve. 

J. The th'st case presents ltself in the following problem. 
Let 

z=pq 

be the given àifferential equation wlü~h satIsfies the conditions (3) 
and let it be the question to determine the integralsurface passing 
through the curve 

y = 1, Z == l1J2. 

Transforming the differential equation, we get 

XP + YQ -= Z + XY 
and 

y 
u (X, Y, Z) = -; == a, ::.x 

Z-XY 
V(X, Y, Z) = -x-- = b. 

The developable sUl'face (5) beillg 

the curve 

will touch this surface if 

X2 

: Z=y+-
4 

y _z-XY 
-=a, ---==b X X . 

4a - 1 = 0 and b - a = O. 

The solution of the linear equation is therefore 

4Y - X _ 0, 4Z ~ 4XY - X = O. 

which transformed to x,y,z,p,q gives 

4q - P = 0 4 (-Z+PiV+qy) - 4pIJ - p = O. 

Joining to these 

z =pq 
and eliminatÏ!Jg pand q we obtain the required solution 

16z = (4a:-/-y-l)2 

which satisfies the diffërentîäî equation and passes through the curve 

y=1,z=x2
• 

The second case will be met with by taldng the same differential 
eq uation with the condition th at the integl'al passes through the line 

51*" 
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y = 2.11 Z = 2,v. 

Here U find Vare the same as befol'e, but now the 00
2 elements~ 

(X YZPQ) must satisfy the conditions 

Q=2P, (X+2Y-2)P-Z=O, X+2Y-2=O. 

or 
Q=2P, 

Here the developable surface reçluces to a line and the 00
2 ele

ments con sist of all points of this line with all planes passing through 
this line. For representing these planes by 

Z=k(X + 2 Y -2) 

it is evident that whatever 1.; be, we have the relation 

Q=2P. 

Expressing now that the curve 

X Z-XY 
y=a, X =b 

meets the line 
Z=o, X-1-2Y-2=O 

we find but one l'elation bet ween a ano b, viz. 

2a + b (1 + 2a) = O. 

This gives the solution of the linear equation 
. 2XY 

Z-XY:=---
X+2Y' 

-
and by diffei'entiating with respect to X and Y 

4YS 
p-y=--

(X+2Y)2 

2X: 
Q- X= - (X+2Y)" 

Z 
Transforming again and taking p = - from the differential equa

q 
tion, 1he first of these equations and the quotient of the second and 
third give 

2yq~ - 4zq3' + z (2m + y + 2) q2 -- 2e2q + ,ve' := 0 

2yt - 2zq~ + z2q - ,vz2 = O. 

Adding and subtl'acting ,these equations and writing 

B=2.11+y +2 
. we obtain 
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-so finally 

4yq3 - 6Zq2 + Bzq - Z2 = 0 

2q8 -- Bq' +-3zq - 2mz = 0 

3z-yB 6y-B z-4my 

z (6y-B) B2-16z-8xy z(12Il1-B) =0. 

z-4my 12,'!!-B 3z-2xB 

5. Serondly we suppose that the given equation (1) satisfies the 
.conditions (4). Then the transformation of AMPÈRE reelnces it to tlle 
linear form 

A (X, Y, Z) P + B (X, Y, Z) Q = C (X, Y, Z) 

whose integrals may be wl'itten again 

U (X, Y, Z) = a, V (X, Y, Z) = b. 

The ooZ elements subjeeteel to the conditions 

y = cp(.'!!). Z = tp(.'!!) dz pd,'!! + qdy 

will now bE' tl'ansformeel in the 00 2 elements (X Y Z P Q) satisfying 
the conditions 

- Q=cp(X), Z- YQ=tp(X), tp' (X) . P + Yrp' (X). 

These elements consist eYidently of every point of the surface 

Z + Y cp (X) = tp (X) ~ • ". • ." ~ " (6) 

with the corl'esponding tangent plane. The curve 

U(X, Y, Z) = a, V(X, Y, Z) =b 

touching tbis sUl'face, it is evielent th at if we eliminate Yanel Z, the 
resulting equation mnst have equal roots X. 

This gi ves sometimes two, but generally one relation between a 
anel b. Both cases may be treateel in the same way as before, the 
only elifference being the h'ans formati on , which is now 

X=x, Y=q, Z=z-qy, P=p, Q=-y. 

6. As the differential equati9n 

z =p'q 
I 

satisfies also the conclitions (4:), the tl'ansformatioll of AMPÈRE may nlso 
be applied if we wish to eletermine the integralsurface passing thl'ough 
the curve 

This transformation gives . 
yp+ YQ=Z 

whose integrals 
, 
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-Y -=- X = a, 
Z 
y=b 

al'e easily obiained. 
Joining to these the equation (6) 

Z + XY _ (X+ 1) (X+2) 
anel elillli;ating y' and Z, we get 

(a+b-3) X + ab - 2 = O. 
This equation does not admit equal roots unless 

(~+ b - 3 = 0 and ah - 2 = O. 
Hence 

'::--a= 1, b= 2 

and 
Y-X= 1, Z= 2Y. 

The transformation applied to these equations gives 

q-m=l ::;-qy =2q 

and aftel' elimination of q 
z = (,'1) + 1) (y + 2) 

whieh is tlle reqnil'ed solution. 
lf, in the secönd p]ace, the integl'alsurface through 

y=2,'1), z=2,'1) 

is required, tbe .eonstants Cl and b of the integrals 
Z 

Y-X=a, y=b 
must be suelt that this, curve touches the sUl'face (6) 

Z + 2XY=2X .. 
This condition gi yes 

(b-2a - 2)2 = 16a 

so the solution of the linear equation may be written 

Z - 2Y (Y -X-tl)"= 4YVy -x 
fl'om which by dIifel'entiation we obtain 

-2Y 
P+2Y=V' --_. - Y-X 

Q _ 4Y + 2X"- 2 = 6Y--4X, 
VY-X 

Hence, aftel' transfprmation 

z - qy -'2q (q-.v+l) == 4q Vq-al 
. . 2q 

p+2q=--
Vq lIJ 
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41/J-6q 
4q + y ~ 2,'l) + 2 = V-=. 

- q-aJ 

Introducing z = pq and putting V q-x = t the fil'st and the thil'd 
equation give 

2t4 + 4t3 + Bt' + 4mt + ,vy + 2,v - z = 0 

4t3 + 6t' + Bt + 2m = 0 

thel'efore the discriminant of the first member of the first equation 
must be zero. 

If we assume 
24(my-z)=A 

I this may be wl'itten 

(A + B~)3 - !B(3A-B') + 216.~12 = 0 
or, aftel' a slight reduction 

A(A-_3B2)2 -- 432zB (3A-B') - 46656z% = O. 

This solution, though different in form from the former result, 
l'epresents the same surface ; that it passes through the line 

y=z= 2x 
may be easily verified. 

Physics. - "On some 1'elations holding JOl' the c1'Îtical point". JBy 
J. J. VAN LAAR. (Oommunicated by Prof. H. A. LORENTZ). 

1. In this paper we will derive some important relations which 
exist between some critical quantlties. 

lf it may be accepted that in the association to multiple molecules 
no generation of beat (change of energy) takes place, so that q = 0 
may be put, we saw already in I, p. 291 that the t'elation 

/_ (~d~,) = 1 + _a_. . ..... (1) 
P dl Ie PleVk' 

holds. 
If we now put VIe: bk = 1', anel substitute for pk its value, viz. 

(see !' p. 28 !:.I) 

we find: 
. 27 

(/-1) 1" = j~ 
If instead of (1) we write: 


