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Mathematics. - " On some relations between Bessel! s junctio.nsJJ
• 

By.Prof. W. KAPTEYN. 

1. When rand s are real numbers and 
a = {IJ sin w {J = {rCOS w 

the following expl'essions 
S = cos 'ra cos sfl + cos 'r{J cos sa 

'1' = sin Ta sin s{J + sin T{3 sin sa 

may be developed in trigonometrical series. 
For, writing 

ffl+~=N~W+U~W=~~~-~ 

from whirh 

the equations 

Q = {IJ V1'2+ S2 r 
tgtp =

s 

28 = cos (Ta + s{J) + cos (Ta-s{J) + cos ('r{J+ sa) + cos ('r{3-sa) 

2T = cos (Ta-s{J) - cos (9'a+sfJ) + cos (T{J- sa) - cos (9'{J+sa) 

may be reduced by means of the known series 

cos (m+s{J) = cos [Q cos (w-~)] = 10 (Q) - 212 (Q) cos 2 (w-p) + 
+ 214 cos 4 (w-p) - ... 

cos (m-s{J) = cos [Q cos (w+g)] = 10 (Q) - 212 (Q) cos 2 (w+p) + 
+ '214 cos 4 (w + p) - ... 

~os (9'{J+sa) = cos [Q sin (w+g)] = 10 (Q) + 212 (~) cos 2 (w+g) + 
+ 214 cos 4. (w+9') + ... 

cos (T{J-sa) = cos [Q sin (w-q:)] = 10 (Q) + 212 (Q) cos 2 (w-q) + 
+ 214 cos 4 (w- p) + ... 

Thus we obtain 

28 = 410 (Q) + S14 (Q) cos 4g; cos 4w + SIs cos Sp (Os 8w + ., . 
and in the same way 

2T=S12 (<<I) sin 2p sin 2w+Slo (Q) sin 6cpsin 6w+ SIlO (Q) sin 1 Op sin 10w 1- ... 
2. We mayalso express the quantities S nnd T by multiplication 

of tl'igonometl'ical series. 
For if 

f(m). ! ao + al cos {IJ + a2 cos 2tIJ + ... 
= bI sin lIJ + b2 sin 2tIJ + ... 

p ({IJ) = ! a'o + a'l cos.'/J + a'2 cos 2tIJ + ... 
their product may be l'epresented in one of the following forms 

f(.'V) p (m) = t Ao + Al cos {IJ + A 2 cos 2.'11 + ... 
f(tIJ) P (m) = Bl sin {IJ + B 2 sin 2.'11 + ... 
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where 1) 

n a> 

Bn = 1 :2 a',n b,,-m + ! .4 (a'm blll+n - bm a'm+n). 
o 1 

These coefficients may be written more compactly by observing 
that a_p = ap, a'_p = a'p, b_1, = - bp and bo = O. 

Hence 

and 

o n 

:2 (a'm am+n + am a'm+n) = 2:2 a'm all-lil 
-n 0 

o n 

:2 (a'm bm+/- bm a'm+lI) = 2 :2 a'm bn- m 
-n 0 

00 

4An = :2 êm (a'm am+n + am a'm+n) 
-n 

00 

4Bn =:2 êlll (a'm bm+n - bm a'm+n) 
- 11 

where êlll repl'esents the value 1 if m = - n, - n + 1, . , , - 2, -1,0 
and the value 2 if m = 1,2,3 , , . 

3, Now let us apply these formulae jn the th'st pI ace to expand 
S in a trigonometrical series, 

Multiplying 
! COS1'a = ! 10 (1'<1) + 1 2 (rm) C08 200 + 14 (rm) cos 400 + ... 
1 cos s3 =-:: ! 10 (sm) - 1 2 (sm) cos 200 + 14 (s:l') cos 400 - ••• 

we have, m being an even integer 

CIm = Im (ra:) 

therefore, writing -the product 

111 

a'm = (_1)2 Im (sm) 

1 1 
"4 cos ra cos s(:1 = 2" Ao -t- A2 cos 200 + A4 cos 400 + ... 

the coeffirients A are determined by 
11 

00 - -

4An = :2 (-1) '.! ê lll [1111 (sm) 1111+n (rm) t (-1) 2 1111 (1'.7:) [111+11 (sm)]. 
-/1 

In the same way supposing 

.!. cos r(:1 cos sa = ~ A'o + A'z cos 200 + A'4 cos 400 + ... 
4 2 

1) Proceedings of the meeting of Febr. 29, 1908. 
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we have 
m n 

4 A'n = :2 '(-I) '2 EJIl [J1Il (1',V) Im+/I (s,v) + (-1)2 IlII (sx) 1111+, (1',V)J , 
-/I 

and adding the two results 
11 7/l 

- GO -

4 (An + A'n) = {I + (-1) 212 (-1) '2 EJIl [1;/1 (sx) Im+n(1'.'/]) + 
~/I 

+ 1;/1 (1',V) Im+,!(~x)l· 

Tberefore, If n has the values 2,6,10, .. , Ihls coefficient valllbhes, 
and lf n = 0, 4, 8, ... we obtam 

00 

2 (An+A'n)= ::E (-1) 2 Em [I7/l (s,v) Im+n (r.v) + 1;/1 (1'.V) 1;1I+n (SX)]. 
-n 

Hence, writing 

iS = Co + 2 C4 cos 4w -t- 2C8 cos 8w + ... 
the coefficients are determined by 

00 I' 
2 C4q = 2 (-1) E2p [I2p (sx) I 2p+4q (r,'/]) + I2p (1'.V) I 2t+ 4q (s,'/,) I. 

-'2q 

Comparing this, with the fil'st expansion 

iS = Io (Q) + 2I4 (Q) cos 4p cos 4w + 2IR (Q) cos 8p cos 8w + ... 
we obtain the remarkable relation 

14q (,IJ V1'~+S2) cos 4q q; = i ~ (-1t E21' [l2p (s.&) I 2p+4q (rx) + 
-2q 

+ I2p (TX) 1 2p+2q (sx)] . (1) 
l' 

where tg cp = ;-. 
• 8 . 

:re 
In the special case that 1'=S, we have P=4 and cos4qcp=(-1)Q, 

so 

which g,ives fol' q = 0 

Io (xr V2) = 2 (-ll E2p I 22p (1'.'/]). 
o 

a l'esult which may be verified by expanding 10 (zV2) by NEUl\IANN'S 

method in a series of the form 

Io(z V2) = aoI/(z) + a1I12(z) + a2 l 2
2(z) + ... 

4. To determine in the second pI ace T we multiply the series 
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i sin ra = 1 l(1'm) sin a> + 1km) sin 3a> + 1lrm) sin 5(0 + ... 
t sin sf1 = ll(s,'/]) cos a> - I3 (s.v) cos 3(1) + 16 (sm) cos 5(1) - .•• 

which, compared WJth the notations of Art. 2, give 
IlI-J 

a'o = 0 a'm = (-1)-2-1m (sx) blll = Lil (rlu) 

rn being odd in this case. 

Thel'efot'e writing 

1 
- sin 1'a szn sf1 = B 2 sin 2m + B4 sin 4(1) -1-- •••• 4: • 

the coefficientb are determined by 
111-1 n 

r:J) -

4B/l = '2 (-1) 2 Em [1;/l (SlU) Ln+n (ra;) - (-1) 2 lT/! (r,v)IlI+l!(s,v)]. 
-11 

and in the same way 

1 
- sm sa sin r{3 = B'2 szn 2(1) + B'4 sin 4(1) + ' .. 
4 

whel'e 
111-1 11 

4B'n = 2 ( -1 f"""2 Eli! [1;n (1'X) L/l+1I (sx) - ( -1) 21"1 (s.v) [111+11 (r,v)l-

Hence 
11 m-l 
-oe -' 

4 (Bil + B,/) = 11-(-1)21'2(-1) 2 Em[1m(s.u)lm+n(rx)+11I/rx)1m+l!(sx)]. 
-11 

vanishes for n == 0, 4, 8 .. and rednces to 
m-1 

r:J) -

2(Bn+B'71) = '2 (-1) 2 Em[1m(s,v)Jm+u(r,v) + 1m(1'x)LII+1l(s,c)]. 
-n 

fol' the values n = 2, 6, 10, ... 
From this we may infel' that 

! T = D2 sin 2a> + Do sin 6(1) + D10 sin 10ro + ... 
where 

r:J) P 
D4g+2 = '2 (-1) E2p+l[12p+1 (sm) 12P+4q+3(1',v) +121+1 (r,v) 12p+4q+3 (s,v)]. 

-2q-;1 
Comparing th is result with the first expansion 

i T = 212((,1) sin 2rp sin 2a> + 216 «(1) sin Gijl sin 6ro + ... 
we find the identity 

14q+2 (mVr 2 +s2
) sin (4q+2) (P = 

= i 2 (-llE2p+l [12p+1(S,v)12p-t-4q+2(r,V) + 12p+l(1',v)12p+4q+3(sm)] , (2) 
-2q-1 

which gives fol' 'I' = $ 
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00 

I4q+2 (.V1'V2) = 2 (-1)PE2p+l I2p+l (sa:) I2P+~9+3 (1'.'1:) 
-2q-l 

and reduces to 

if q= O. 

5. It seems desirabIe to verify the two formulae (1) and (2). This 
may be done in the following way. 

The first member of (1), considel'ed as a function of ,v, satisfies 
the differential equation 

d
2
y 1 dy ( 16t ) - + -'- + 1'2+S2 +-- y = 0 

dm 2 
IV dal .'vz 

therefore the serond member must also satisfy the same equation. 
To pro\'e this we put 

I2p(r.v) = U2p , I2p(S.V) = V2p 

then it is evident that 

d2U2p 1 dU2p (2 4pz) --+--+ l' -- U"2p=O 
da: 3 a: d,v .v2 

d 
Now, if be représented by D, we wiU apply the oper'ation 

da: 

D2 +~D + (1"+S2- 16
q2

) 
a: a:2 

" 

on the general term 
U2p V2P+4q + V2p U2p+4q 

of the series in the second membel' of (1). 
Determining in the first place 

JD2 -+ ~ D + (1'2+s1 - 1:;2)t (U~pV2p+4q) = M~ 
we have 

D'(U2pV2p+4q) = u2pD2V2p+4q + 2Du2pDv2P+4q + V2p+4q D2_U2p 

1 1 
- D(U2pV2p+4q) = - (U2pDv2p+4q + V2p+4qDu2p) 
a: a: -

so by addition 

( 
1 . )-. (2P-!-4q)2 , ) 

U2p D2V2p+4q + -; DV2P+4q = 0;2 - S2 U2pV2p+4q 
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( 1 ) (4~ ) V2/J+41/ D2UJp + ;; DU2p == .~ - 7'2 U2pV2P+4q' 

Therefol'e 
8p2+ 16pq ') D' 

lJl1 = ---0 - U2/, V2,,+4q + -DU2/J V2/+4q 
ar 

which is reducible to 

.MI = 1'8 (U2p-l V2p+4q-l + U2J'+l V2/+4q+I)' 

by the known properties of the fnnctions u and v 

ra; 
2pU2p = 2" (lt2p-l + lt2p+l) 

l' 
DU21' = 2 (U2p-1 - ltl,+l ) 

BlIJ 
(2p+4q) V2p+4q=2' (V2p+4q-l + V2p+4q+l) 

8 

D V2p+4q = '2 (V2J+~q-1 - V2p+4q+l). 

In the same way, putting 

lJI2 = ID2 + ~ D + (7'2+82_ 1:;2)! (lt2p+4q V2p) 

we get 

Ms = 1'S ( lt2p+4q-l V2p-l + '/{,2,,+4q+l V2p+1 ) 

Benee, if Prepresents the second member of the equation (1) 
we have proved that 

_+ __ + 7'2+S2 __ p= d
2 
P 1 dP 1 16q~ t 

da;2 a; da; .v~ 

1'8 en = 9.:2 (-1) 82/ [U2p-1 V2p+4q-1 + U2p+l V21'+4q+l + 1t2,+4q-1 V2p-l + 
'" -2q 

+ U2p+4'1+1 V2p+J 

Developing this series we obtain 

U-4q-l V-I + U-4q+l Vl + U-I V-4q-l + UI V-4q+1 

- (U-4q+1 VI + 1t-4q+S Vs + UI V-4q-f:1 + Us V-4q+S ) 

+ (u_ 4q+S Vs + 1L4q+5 V5 + Us V-4q+3 + U5 '/.'-47+5 ) 

+ (U-5 V4q-5 + U-3 V4q-S + U4q-1i V-5 + U4q-3 V-s 

- (11_3 V4q-3 + U-I 1'4q _ I + U4q-S v-S + tt4q-1 V ..... I 

+ (U-I V4q-1 + UI V4q+1 + U4q~1 V-I + U4q+1 VI ) 

--2 (UI V4q+l + Us V4q+S + U4q+1 VI + U4q+S Vs ) 

+2 (ua V4q+3 + Us V4q+5 + U4q+a Va + 1I4q+5 V5 ) 

-- ... 

Proceedings Royal Acad. Amsterdam. Vol. XLV. 
64 
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Observing th at 

1Ln = (-l)1Z Un and V-Il = (-l)n Vil 

It IS easIly seen, that the preceding series vanishes, which gives 

-+--+ r2 +s2 
__ P=û d

2 
P 1 dP ( 16q~) 

d.v 2 
IV dm .v2 

and thus 

p = C 14q (.v Vr2 + S2) 

fol' the second wtegral is out of the que5tion. 
To detel'mine the constant 0, we must compare the coefiicient of 

( .; yiu P wlth the coefficient of ( ; YQin 0[4q (XVi;2 + 82
), the lat

(1,2+S2)2q 
ter being 4 C. 

( q)! 

To obtain the former we may observe that (; yq only will be 

found in these terms of P 
1 <JO 

'2 :2 (-l)p E2p [121' (sm) 12p+~q (?'a') + 12p (?'.v) 12p+4q (sm)] 
-21) 

where E2p has the value 1 for all the terms existing. 

or 

By changing p in - p, this expression may be wl'itten 
1 21) 

- :2 (-l)p [1-21' (sm) 14q-2p (r.v) + 12p (rm) 14fJ_2!i (s,v)] 
2 0 

1 2q '2'; (-1)11 [12p (sm) 1 4q-2p (rm) + 1 2p (rm) 14q -2p (SN)]. 

Expanding the fllnctions in this expression the coefficient of 

( ; )4q 
is found to be 

1 2q s2pr4q-2P+1'2p s4q-2p 
-:2 (-1)1' ------
2 0 (2p)! (4q-2p)! 

or 

~ [1 _ 4q (4q-I»).2 + 4q (4q-l) (4q-2) (4q-3) ),4 _ ••• + ).4q I 
(4q)! 2! 4! _ 

r 
where ), = -. 

8 

Now 

(I+i),)4q + (1-il)4q= 2 [1- 4q(4q,-1) ),2+ 4q(4q-1)(4q-2)(4q-3) ).4_ .. +/:19J 
2. _ 4/ 

or, supposing 
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1 + i), == V 1+).2 (COUp + i sin rp) 

1 - iJ. = VI +).! (cos rp -- i sin rp) 

(1 + ),~)~q 4 -1- 4q(4q-1) '2 + 4q(4q-1)(4:q-2)(4:q-3) ),4 _ + 14" 
. cos q[ - ~- I. 4: ' ... ,. 

2/ . 

thus the required coefticlent may be written 
s4q ('1'2 + SZfq 
-- (1 + j,,9)2q cos 4qrp = ---- cos ~q'P 
(4q) / (4q)/ 

where 

or 

'1' 
tgrp= J. =-. 

s 

Com paring both coefficients we have 
('1'2 +sZ)2q ('1'2 + s2)2q 
---- C == ---- cos 4:qrp 

(4q)/ (4q)/ 

c = cos 4:qrp 

and finally 
P = I 4q (lV Vr2 + SZ) cos 4qrp 

which proves the identity (1). In the same way the formula (2) may 
be verified. 

6. From the formulae of Art. 1 we may at once deduce definite 
integrals for Bessel's fnnctions of ol'der 4q and 4q + 2. 

For these give immediately by integration between the limits 0 
3r 

and -
4: 

IJ 4 3r "2 S cos 4qwdw = "4 I 4q (IV V 1'2 +s') cos 4qrp 

o 

J I 3r 
cos (r.tlsin w) cos (1,.1: cos <.0) COS 4qw = '4 COS (qat) I 4q (r.vV2) 

o 

J 4 sin (riv sin w) sin (riV cos w) sin (4q+2) w = : I4g, 2 (riVV2). 

o 
64* 


