
- 1 -

Huygens Institute - Royal Netherlands Academy of Arts and Sciences (KNAW)
 
 
 
Citation:
 
M.J. van Uven, Infinitesimal iteration of reciprocal functions, in:
KNAW, Proceedings, 13 I, 1910, Amsterdam, 1910, pp. 21-31 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This PDF was made on 24 September 2010, from the 'Digital Library' of the Dutch History of Science Web Center (www.dwc.knaw.nl)

> 'Digital Library > Proceedings of the Royal Netherlands Academy of Arts and Sciences (KNAW), http://www.digitallibrary.nl'



- 2 -

( 21 ) 

The E-W ('omponent of the semi-diurnal lunar tide' is then 
represented by the formula 

0."0114..1: cos (2t t
- 251 °53'). 

4. The amplitude of the theoretical tide, on the assumption that 
the earth is perfectly rigid, is 

3m (~)3 cos C/l cos4 ~ (1 _ ~ e2) 
2M l' 2 2 

mand M denoting the mass of moon anà earth, a and' l' the radii 
of the earth and the moon's Ol'bit, (/) the latitude, I the obliquity 
of the moon'E> or bit to the equator and e the excentricity of the 
moon's orbit. The assumed values are: 

m =_1_ , ~=_1_ . cp = 6011' , I= 25035' 
M 81.4 l' 60.27 

and e = 0.055. 

The lunar hour 0 corresponds with the time of the moon's upper 
transit. 

Finally we find for the theoretical tide: 

0."0155 cos (2t - 270°) 
and for the real tide: 

0."0114 cos (2t - 251°53'). 

Mathematics. - "f1~finitesimal iteration. of 1'ecipl'ocal functions." 
By M. J. VAN UVEN. (Communieated by Prof. JAN DE VRIES). 

(Communicated in the meeting of April 29, 1910). 

~ 1. A fnnction p(x) will be raUed a recip1'ocal function of O1'der 
n, when it satiE>fies the funetional equation 

'1n(.v) = p [cp! • " q:(.v) •• n = lIJ. ---------11 

The solutlOn of this equation is known by the name of "the problem 
of BABBAGE" I). 

In what follows we shaU oecupy ourselves exelusively with the 
reeiproeal functions of order 2 whieh therefore satisfy 

9'2('V) = P !q:(.v)l = al, • • • • • • • (1) 

and which for short we shall eaU reeiproeal functions. 
The solution of the problem of BABBAGE shows n's that the fun('~ 

tional equation (i) must be satisfied by all the funetions y = p(.v) 

1) See inter alia LAURENT : Traité d'analyse t. VI, Paris 1890, p. 243. 
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eonneeted to' .v by a symmetrieaJ equation 
S(m,y) = O. . • . . . . (2) 

We now make it oul' tasIcto bllild up these functions by infini­
tesimaJ itel'ation. 

Let us eaU the index of iteration n, we have then to find a function 
f in sueh a way that 

f(y) =f(iV) + 1 , f(Yn) =fJv) + n, 

whel'e yn is put equal to CPn(.v). 
lf WE' still put I(x) = v, we find 

iv=f-I(v)=g(v) , y=g(v+l) , YII=g(v+n). 

Fl'om (1) and (2) follow's that yn and YII+l are connected by tlle 
l'elation 

S (Yll , Yn+l) = O. 

As Y2 =.q (v + 2) = x = g(v), then g(v) must depend öxclusively on 
a pel'iodical function with period 2 fol' which function we shall choose 

û = el-V. • • • • • • • • • (3 

The fllnction g(v) can thel'efol'e be written as n fllnction of û, in 
other words: 

g(v) = h(û). 
Oonsequently we have 

g(v -+ I) = T~( -û), 

so that the function ft is determined by the E:ql1ation 

S 11~(û) , h( -a)l = O. 

§ 2. A l'eciprocal function Y = cp (.v) is evidently detel'mined by 
the equation S (.v, Y) = O. We have therefol'e to examine the Val'iOllS 
symmetl'ical equations S (:v, y) = O. We begin with the equation 

S (tV, y) .'IJ + y - 2 k = 0. . . . . . . (4) 

This equation passes on account of the substitutions 

into 

or 

.'IJ = h( û) , Y = h( - û) 

h(a) + !te-a) = 2k 

h(a) - Ic = -lTi( -a) - lel, 
which is satisfied by choosing fol' h(f)) - 1c an al'bitral',v od~ function 
a. a:(a2

). 80 we put 
h(a) - h· = IJ. w(a~) (w arbitrary, but univalent). 

In this way we al'rive at 
.'IJ = h(a) = Ic + a. w(a~) = k t- el "'

J w(e2i-r:J), 

. (5) 

Yll= , 
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1n order to hui1d up the function y = lf(.t) = 2k - x by in finl­
tesimal iteration we have on1y to let n increase gradually. It is as 
easy to interpolate between x and y a certain number of functions .. 

The indefinite elements in the solutions are 1 the quantity v, 2 
the function w. 

If we have once chosen a function w, then by the choke of v we 
can assign to fhe variabie al a given value. If we start e. g. from 
an initial vaIl1e Xo then we find v out of the first equation (5). It 
goes without saying that this initial value 1'0 of v can turn out 
complex. If e. g. 1'0 = À. + Z[.l, then by iteration the real part will 
inrL"ease, the imaginary one will remain constant. 

lf to give an example, we wish to interpolate one function between 
tV and y and if we choose for w 

w(a~) = 1, 
we find 

{IJ = Y = k + el", ,y = k + iem' ,y = y = k - em, , y = k - iem' • o .z I It 

Ol' 

If ilJ is to have the initial valne Xo then Vo is determined out of 

1 
Vu = :- log (.'1:0 - k). 

2:rt 

For tile relation existing between Y
t 

alld x we find 

Y
t 
= k + i (.'1:--k) = (I-i) k + i:c, 

and in general 

y + = (I-i) k + iYIl n t 

§ 3. It is easy to see that all symmetrical equations of the form 

S(:c , y) = lP(.?;) + lP(y) - 2k = 0 . . (6) 

can be treated in the way folIo wed in § 2. 
We have but to put 

t/'(:C) = k + (J. W «J~) " t/'(Y) = k-a. w «J2), 
hence 

or 
lIJ = lP-I Ik + ei"Y w(e2i"Y)1 , y = lP -I Ik-ein'Yw (e2my)l. 

YIl= lP-I Ik + ei"C+n)w (e2i"C+II»1 . .• (7) 

If we write the symmetrical equation in the form 

S(m,y) =K, 
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then it is pel'haps p05sible to l'egal'd S (.x,y) as a function of the 
expression 1./,(x) + 1./)(y), so that 

-
S(x:y) = Fltp(,u) + tp(y)l = K, . • • • . (8) 

from which ensues 

tp(iU) + 1./)(y) = F _I(K) = 21c. 

And with this we have returned to the preceding case. 
lf S (x,y) is to be l'egarded as a function of tile expression 

tp(x) + tp(y) = 'J'(.'IJ,y) 

it must satisfy a rertain dlfferential etluation. Let us 110\V trace this 
equation. 

It is clear that T(JJ,y) satisfies 
a21' 
-a a =0. 

oU y 
Let us put 

as as a2s a2s 
a- = SJ, '-a = Sy '-a ' = S.a '-a a = S11/ , 

IV Y .'IJ- ;u y .1 

we then ilnd in the fil'st place 

S=P(T), 

dF dl];' 
etc --F' - -F" 

'1 dL' - , dl'~ - , 

S F 'T S F'T S F"1' 7' + ]i"']' VII1' l' . .c = x, IJ = f y' .J:y = f :t.1J (:ty = L' :r!l ' 

hence 

or 

and therefore also 

S F" 
--.!JL = - = l1 (1') = G(S) SS P'2 \ , 

oL IJ 

SXX'l = G'SiS!l + GS,rxSq+ GSJ.SJ.IJ , SXIJ1j = G'S.S/ + GS,ryS!l + GS~S!JY' 
from which ensues by eliminatlOn of G and G' 

SxSy (SIJSJxy-SxS/'!lY) = S'C!J(S:tJ.Sl-S!lySJ,2). . . (9) 

Let us still put 

Sx = p, SiJ = q, Sra. = 1', SJ.,! = 8, S!Jll = t, S,r:t!J = 11, S'/:.I/'1 = v, 

we then tind ' 
pq (qu - pv) = 8 (q21' - p2t).. . . . . . (9a) 

So each integral S(x,y) of this diffel'Emtial equation can be l'egal'ded 
as a function of T = 1./) (x) + tp (y). i 

The fUl1ction ]i' is determined as follows: 

Ol' 
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sa 

Ol' 

ThR solution of this is 

( 25 ) 
I 

dF 

T"" C Je -JG(F,dF dF' + C' "" oP(F)! 

F= iP_:. } • 

As example we choose 

S (<'/J,y) = ,'lJy = K = Ic~ 

S (.v,y) = e1o'l X+ 10" 11 = e2 10'1 1• , 

consequently 
log .v + log y = 2 log lc, 

fl'om which enSlles 

log.'IJ = log Ic + (J. W ((J2), log Y = log lc - lï W ((J~) 

Ol' 

Ol' 

(10) 

k i-u (2i';"') lc 17/,.)( '2i7r/) 7 lrr(/+Il) (22"r(/+1I) 
.I; = ee Ol C ,y = re v e ,y 11 = IC eB .) e . 

'Ihis result we can express somewhat differently. Vife put 

f[) • lO ((J~) = X (a) - X (- (J) 

and we the}) al'l'ive at 
el.(G) .9 (a) .9 (el7r/) 

,'IJ = lc el.(G)-1. (-G) = Ic -- = Ic---- = Ic----
el. (-G) ,!~(-(J) .9 (-el7rl) 

therefore 
SJ (eh(+n» 

YII = k 5~ (_el7r (+lI»' • • (11) 

We 110W put 7,; == 1 and .Q (a) = 1 - lï and we find in that wa,y 

eOllscquently 

and 

1 - (J 1 - el7r 1 
lV=--=----, 

1+(J l+el7r ' 

J}1I- 1 
in (v + n) = log--- + ür, 

Yll + 1 
ilJ- 1 

i n v = log -- + in, 
m+l 

YII-1 {IJ - 1 
log I = log --+ i n 11 

Ylli1 .'IJ + 1 
. . • (12) 
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lf on the contrary we pllt /.; = 1 and .g (a) = e:!., we find 

therefore 

and 

e 2 17C' i7CC,+n) 
·'----e~-ee Y--tV_ - - '11-0- , 

C 

e 2 

ijl (P in) = log log yn , 
i:1lll = log log m 

log log Yn = loq log t/' + im~ . . . . . . (13) 

Now we hnvc formerly 1) shown that the eqllation (12) detel'mines 
1 1 

the iteration of y = -, when - is taken as a linear-broken fllnction 
lV lV 

of ir, whilst (13) indicates how y = X-l is iterated when ,'IJ-I is 
regarded as exponential fllllction. From the above-mentioned it is 

1 
evident that these two solutions of the itel'ation problem of y = -

{IJ 

are but two of an infinite number. 

§ 4. If a cel'tain symmetrical relation is given between .'IJ and y, e'g. 
S(m, y) = 0, 

it may happen that by a symmetrical transfol'mation 

{IJ = "FIs, 11) , y = lJ'(TJ, g) . . . . . (14) 

of the equation S (x, y) = 0 we can arl'ive at a likewise symmetl'ical 
equation :2 (g, ?J) = 0 of the form 

:2 (s, TJ) = tp (6) + tp (11) - 2k = O. 
In this caRe we have 

6 = tp-l I.~+(J· W (0
2
)) , 11 = tp-l Ik-a. W (a2») , 

m = 1[1" Bk + et'it' W (e2ilt')1 ' Ik - el"" W (e2!'it')Il, 
y = "FrIk-ei'it' W (e2IltY)1 ,lk+ei'itJ W (e2!1rJ)j], 

Yll = 1J? [(k+ei'itC+n) W (e2i'itC+n)! , (k-ei'itC+n) W (e2IltC+I<»)j]. 
We shall dweIl particularly on the projective transformation 

a§+j311+Y j3§+al1+r 
.'IJ = 0(S+11)+E ' y -= o(S+TJ)+E' (15) 

where for abbl'eviatiun we shall put 

d (S+TJ) + E = À. (16) 

If S (.'V, y) is a symmetrical algebraical function of order m, thell 

1) M. J. VAN UVEN: "On the orbits of a function obfained by infinitesimal itel'ation 
n its complex pla.ne, Pl'oceedmgs of the Kon. Akad. Vol. XII, pages 503-512. 
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( 27 ) 

/3 (x, y) will pass aftel' the sllbsiitlliion (15) into an expl'ession S [g,1) 
of the form 

:2 (;.1)} 
S lS,7)J = --. 

_ ),111 

The equation /3 (x, y) = 0 is then transformed into the equation 
2:(6,1) = O. rhe function 2:(6, 1) must now satisfy 

Ol' 

a2:2 
agol) = l';r, = o. 

80 the diffel'ential condition becomes 
, a2 

:2 sr, = agalj P,11ISl;, 1)Jl = 0, 

),28;r, + rnó), (S; + 8r,) + m (m - 1) ó 2S = O. . . (17) 

We now have' 

S; = SxiV; + SIj"}; , Sr, = S:<.'1J 1, + s,1JVr, , 

S;1i = S.LXil];iVr, + Sxy (l/!;VIi + i/Jr,V';) + s,1JYY'SYr, + S:x.iV';r, + SIjV;r, ; 

- (a-~) (hl + ([3E-ÓY) 
, Y; = 

- (a-~) ÓS + (~e-óy) (a-{3) ó;+(ae-óy) 
tlJ li = À2 ' Vr,= 

- (a-{3) Ó(S-I) -1(a+{3) e - 2óyl 
Y';r,=Ó ),1 • 

From (15) enSlles 
- l(a+{3) a - 2óil 

), = d' (;+1) + a = d' (.'V+V) - (a-t-{3) , 

~ - (ae -dy) .'V + ((3e-óy) J' + (a-{3) y 
S= , 

(a-{3) 1d'(.'V+y) - (a+{3)! 

(pa-d'y) t'V - (ae-d'y) y + (a-{3) y 
1) = 

(a-[j) (d' (.'V+Y) - (a+{3)! 
If we rww put 

d' (.'V+y) - (a+p) == l, 
(a+{3) a - 2dy == c, 

we finally find aftel' l'eduction 
l l l l 

.v; == - (ó.'V-a), y; = - (d'Y-lj), t'Vr, = - (d'al-p), Yli = - (d'y-a) 
c c c c 



- 9 -

.... 

( 28 ) 

w hilst at the same time holtIs 
IJ 

l=-Z' 
The equation (t 7) now passes into 

Sxx (olli-a) (d,1J-fj) + SX1/!(ó:u-a) (ög-a) + (d,1J-[J) (d;y-tm + 

+ 8,'/1/ (öy-a) (ög-[J) + öS.r 12ó.1J - (a+[J)j + óS,,!2óy - (a + mj-
-- möSx /2ÓiV - (a + [J)j - möS,,12öy - (a+[J)j + m (m--I) d~S = 0, -

Ol' 

(J2 [m 2Sx:t + 2.1JySxij + y2S.r,/- 2 (m-I) (,1JSx+YS,/) + m (m-l) SJ-­

-- (a+[J) ö[xSxx + (.1J+Y) S3'V + yS"v -- (m-I) (S:r+Syl] + 

+ [al~Sx:t + (a2+W) SX,lJ + af?Sy"l = O. 

In order to give to this equation a more concise form we shall 
make the equation S homogeneous by introduction of a third 
varia bIe, z. 

so 

We then have 

m (m-I) S = .1J2Sxx + 2,1JYSxv + y2Sy!/ + 2.1JzS:t:: + 2yX8,,/: + Z2S:Z ' 

(m-I)Sx = o.'Sxx + yS:r,1/ -l- zSxz, 

(m-I)Sy = mSxy + ySyij + zs,lJz ; 

.1J2Sx:c + 2,1JySx/f + y28,lJ,V-2(m-I) (,1JSx + yS,/) + mem-I) S = :;2SZZ' 

.1JSxx + ([IJ + y) SXI/ + y8,1fY - (m -1) (S;;' + Sij) = - Z (Sr:: + S/fz)' 

]f we now put z = 1 we find for the differential condition 

ö2 S::z + (a + [J) ö(S.x.:: + S"z) + [a{lSxx + (a 2 + [J2) 8.'1:1/ + a[JSijl/J = O. (18) 

If we exclude fol' the present the case (f = 0, corresponding io 

the affine transformation, we may pilt into the equation (18) withont, 
any o~jection ö = 1; by this (18) takes the form 

Szz + (a + [J) (Sxz + s,lJz) + la[JSxx + (a 2 + W) S:z./f + a[J8,V,1/] = O. (18a) 

We ean now dispose arbitrarily of the qllantities a and iJ. 
If S(.x,y) is of order two, then all second derivatives are constant, 

so th at the equation (i8a) forms a connection between the constallts 
of the equation and the constants of the tl'ansfol'mation. So we 
can say: 

The general symmetl'ical quadl'atic equation can be broug'ht by 
all injinite nwnbe1' of ptojective transjimnations into the form 
tp(x) + tI'(y) = 2k. 

If e.g. is givel1 

S(m, y) = a2(m + y)2 + 2b2my + 2a1(11! + y) + ao = 0, 

thel1 we have 

Sxx = 2a~ . Sxy = 2(a2 + bs) , S,/,/ = 2as , Sx:: = 2a1 , S"p = 2(11 , Sz:: = 2ag • 
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( 29 ) 

The condition (t8a) now runs 

ao + 2at (a + {3) + (a 2 + b2 ) (a + {3)2 - 2bza{3 = 0 . . (19) 

COl1sequently if we choose a and {j in such a way that (19) is 
sa tisfied , then S is brought to the form 

(Ag2 + Bg) -+= (A112 + Bll) = 2C, 
or 

(§~-2B'g + C') + ('I12-2B''lJ + C') = 2k, 

Ol' if we choose C' = B'2 

so that 

Ol' 

whi]st 

(S-B'Y + (11 _B')2 = 2k, 

g = B' + 'V Ic + ei1rJw(e2i7tJ). 

'11 = B' + Vk - ei1r'w(e2Î"'), 

{IJ = atB' + Vk+èJw(e2i7tJ)! + {3IB' + Vk-ei7t/w(e2i7tJ)I+Y I 
di2B' -j Vlet et1r Jw (e2i1r') + Vk-em'w(e~h7t")I+E 

11 = a~B'+ V le+ei1r(/+lI) w( e2hr(,+/) )l+{3!B'+ V k_eÏ7r(+ll) w( e2i1r(~+II)}I+l' . 1 
y d12B' + Vk+ ei7t(·+Il)w(e2i1r(+Il) + Vk-eÏ1r(·+JI)w{e2i1r(+Il)1 tE 1 

(20) 

lf S (,'C,y) is of order tll1'ee, th eu tlle two derivatives are of order 
one, thel'efore of the farm PI (,v+y) + PO' The equation (18a) bE'comes 
thel'efore likewise of order one, e.g. 

PI (ilJ+Y) + Po = O. 

As this l'elatioll must hold fol' all yallleS of tIJ + y, we have to 
satisfy 

PI = 0 , Po = 0, 
l:l0 that we have now obtained tUJO re]ations between the constants 
of the equation and the two constants a and {3 ofthe transformation. 
So we conclude from this: 

l'he general symmetl'ical cubic eqttation can be brought by a 
finite nurnber oj JJrojective tmnsforrnations into the form tI}(m)+'lJ>(y)=21e. 

lf we put e.g. 

S(r/!.y)=a 3(,v + y)3+3b3(w +y),vy +3a2(,v +y)2+6b2,vy+3are,l' + y) fao = 0, 

we have 

8:1-3' = 61as (,v+y) + bay+Ct2! ' 8x.~ = 6/(a3 +bs) (.v+y) + a2 +u21, 
S1111 = 6 (aa (.v+y) + bs.v+az! , 8xz = 61a2 (.v+y) + b2y+aI ! , 
8,: = 6 !a2 (.v+y) + b2,vta11 , Sz::: = 61aI (.v+y) + aal. 

So equation (18a) now becomes 
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11 
1 

( 30 ) 

[al + (2((2+ b2) (a+~) + (aa +Ua) (~'+I~/ - baam (tIJ + y) + 
+ Cao + 2al (a-4-J.~) + (a 2+U21 (a+~)2 -- 2rf2€t~j = 0,­

sO th at te anel {J are determined by 

al + (2a 2+ b2 ) (1/+fJ) + (aa-l ba) (a +~y - b3 a{l = 0, (21) 

ao + 2al (a tiJ) + (a~-tU~)(a+iJ)e -'.'b2 a{J= 0.. (Hl) 

Out of these ~qll[ttions we \ fincl ~wo valnes fol'. at/:1 ancl two 
cOl'l'esponding vnJlles of a/1, thns (wo sets (U,IJ) or (IJ,Hl. So in general 
two pl'ojeetive tl'ansfol'rnations are possible transfel'J'ing the symmetricaI 
cubic equation into the stanelal'elfoJ'lll desireel by us. This is 

(A~~+BSe+ cg) + (A11 3 + B1J2+ C11) = 2D. 

We can modify the constants in sueh a way that we find 

I(g-BV + 3(.t (6- B',j + 1(11-B')a + 3(.t (11-B')j = 'ik, 

so that I 

1" (s-B') = (g-B'p + 3(.t (g- B') = Ic + (J. W ((j2) = k+ei"" uj (e2i"") , 

lP (11- B') = (11-B'P + 3r- (11-B') = Ic - (J. w (a2
) = k-è" w (e2i"") , 

henee 
g = B' + lP-I Ik+è" (0 (e'.2i"")1 , 11 = B' + t"_1 Ik-ei,," w (e2m")j, 

a[ B' +lP-I!kt ei"" w (e'2i"" IJ -I- ~[B' + tf'-dk-el""w (e'2i"")IJ + Y ) 
.'IJ = dr2B' + 11'-dIe t ei"" w (e'2i"" )1+ lP _ dIe - i"" w (e'2i"" )iJ t (; , 

("3\ 

Hu aE B'+tfLl !!c+i't(" + 71) UJ(e9/"("~"))lJ+~[ B'+lfLdk_-ei"("+II~UJ~e'2i"("+"))lJ+Y.e I 

d[2B'+1"_ljk+e·"C"+11)a*'.21"Co+llj )j+l"_llk - em("+I:)w(e2m(o+lI))IJ+(; I 
If we now regard the rtffirle transfol'mation, we have but to put 

in equatiol1 (18) ó' = 0; we then tind 

aIJ(SJ,'x + S!J!J) + (a 2 + f32)S3!J = 0 
or 

~lL- = -~ -:=: con~t. . . . . . (24) 
8.!X + ~nl a2+~2. 

Fo1' the qlladratic equation this can always be satisfiecl allel that 
by two values of the ratio a: ~; hence: 

the ,general symmet1'ical qztadmtic equation can be bl'ought by two 
a/fine tmnsJo1'mations into the f01'm tf,(x) + l!J(y) = 21c. 
, For the enbie equation, the equation (24) elemands 

(aa + b3 ) (.11+ y) + a2 + b2 = const., 
(~a3 + b3) (tV + y) + 2a~ 

thel'efol'e 

---- ----
Ol' 

. • . (25) 
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( 31 ) 

The genei'al symmetrical cltbic equation C,tn be bl'ought by an 
aJ.'jine ti'ansformation into the form l~(a;r + lr,(y) = 21.: only when 
condition (25) is satisfied. 

This condition expresses that tile three asymptotes of the cllbic 
CUl've represented by the g'iven equation pass throllgh óne point. 

In eonneetion wit.h this we might have obtained equation (25) also 
in a geOlnetrical way. Of a eubic curve which has as equation 

Aga + B§/ + cg + A11 3 + B l1 2 + C11 = 2D, 
the three asymptotes pass namely tlu'ongh one point, a property which 
can stand an affine transformation. 

Chemistry. - "On the appeamnce. of (t rnaximwn and minimum 
p1'essw'e 'With heteJ'ogeneous equilibria at a constant tempemtw'e" . 
Ey Dr. F. E. C. SCHEI!'Flm. (Communicated by Prof. A. F. 
Hor,LElIfAN. ) 

(Communicated in the meeting of April 29, 1910). 

In the spacial figure of a binal'Y system in which occnrs a complete 
miscibility in the liquid condition, a complete separafion in the 
solid condition and whel'e the vapour pressures of the liqllid fall 
continuously from tV = 0 to :v = 1, two th ree-ph ase line:::: appeal' at 
the pI ace where one of Jhe two components in the solid condition 
coexists with liqllid and vapour. Whel'eas the pl'essure vallles on the 
three-phase line of the fil'st component increase continuously with 
tlle temperature, this is not the rase with the line of the second 
component; ROOZEBOOlll suspeeted that the latter in its P-T-pro.iection 
always possessed a maximum 1) Later, KOHNSTAJ\IM 2) showed that 
this maximum lleed not appeal' always; from the eqllation of the 
thl'ee-phase line deduced in 1897 by V,\N DER WAAIJS 3), the condition 
could be dedlleed when a maximum appeftl'ed and when not, because 

:v 
in the former case the value of (11v-lJs)-~(111-118) must be O. This 

llJl 

condition, however, may point to the appearance of a minimum as 
weIl as' that of a maximum. 

The appearance of a minimum pl'esslll'e on the tbree-phase line of 
the seconcl component' becomes even very probable when a minimum 
OCCllrs in the P-x-line~ of the liquid-vapour plane. For this case the 

J) BAKHUIS ROOZEBOOM, Heterogene Gleichgewichte. Il. 331. 
2) KOHNSTAMM, Proc. 1907, Febr. 23. 
3) VAN DER WAALS, Pr.oc. 1897, April' 21. 


