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Physics. - "1'1w mag'fiBtic sepal'ation of abso1'ption lines in con
nection with Sun-spot spectra", (Second Part.) 1), By Prof. 

P. ZEEMAN and Dr~ B. WINAWER. 

(Communicated in the meeting of April 29, 1910). 

21. The outer components of a magnetically divided line, if obsel'veel 
i.n a dil'cction inclineel to the lines of force ullcler an angle -:t, are 
elliptically polarized. 

In our expel'iments of ~ ~ 12--17 we frequently refel'red to tilis 
elliptical polarization. In ~ 12 were resumed the simple rul es, whi.ch 
re late to the eUipses charactel'izing the state of polarization of the 
outer compunents, if very na1'1'OW spectral lines are observed in u 
st1'ong field. . 

The linea1' vibrations of the central component of a triplet lie 
accol'ding to the elemental'y theo1'y in the plane passing through the 
ray and a line of for('e, anel the amplitude is propol'tional to sin -:t. 

RIGHI'S theoretical considerations in his paper cited in ~ 1 also 
agl'ee with this cOl1clusion. 

22. In VOIGT'S 2) theoretical investigation of the magnetic effert 
in a elil'ectlOl1 incJined to the 1ines of force, the l'emal'kable con
clusion is dl'awn that also the central component of a triplet may 
execute an elliplical vibl'ation. Tbis l'osult is most closely connecteel 
with the lakipg inlo account of the muLual action between neighbouring 
molecules. 

LORENTZ'S cOllsielemtions concel'Jling 0111' present subject (cf. ~ 1 
above) give resnlts which we may be pel'mitted to summal'ize here 
bl'iefty. 

For arbitral'ily dosen "ulues of .the angle -:t between the !'ay 
anel the magnetic fOl'ce fol' evel'y frequency two elliptical vibrations 
of opposite directions can be tl'ansmittecl. 

In tbe case of tile outer components of a sharp 1t'iplcl one of the 
t'vYO ellipt.ic viurH,lions is absol'bed, 

lf we bave not to e1eal with a sba!'p triplet, i.e. thl'ee absol'ption 
bands lhat are completely separated, vl'e can still say something 
about the vibration ellipses of the out.er compollents. 

Let axes 0 Y anel OX' be chosen, thc one nOl'mal to the plane 

1) c.:ontinnution of the paper published in thcse Proceedings. Vol. XII. p. 584.1 UlO. 
2) W. VOlGT, Weitel'CS ZUl' Theol'ic del' ll1agncto-optischen Wirkungen. Ann. d. 

Phys. 1. t1900) p. 3S\). 
3* 

~-----------------=--
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passing through the ray and the magnetic 
force, the other pel'pendiculal' to the ray 
and lying in the plane Jllst mentioned. 
Then one of the characteristic vibration -
ellipses can be considered as thE' reflected 
imagE' of the other with respect to a line 

, bisecting the angle X' 0 J~ This rul(J also 
, applies to t11e direction of motion in the 

two ellipses. 
The nature of the phenornena that WIU 

be observed for l'ityS of a frequency 
corresponding to the centml line of the 

triplet, depends up on the valne of {t being greater or smaller than 
a cel'tain angle {tI' This l~ttel' is detel'mined by the eqnation 

tang {tI sin {tI = ![. 
1> 

The qllantity g may he regal'ded as a measnre of the width of 
an absorption lme and depeuds upon the constants of the vapom; 
v is determined by the change of the fl'equency of the free vlbrations 
of the electrons and has a valne proportional to the strength of 
the field. 

'. 

. \! 
Xo~o 

If f} > f}1' then two linearly polarized beams 
with eql1al indices of refraction aud different 
absorption indices can be pl'opagated. The recti
lineal' viblations make egnal angles with the line 
OL bibecting the angle X 0 Y' . The absol'ption 
is strongest fol' the beam whos'" vibrations make 
the smaller angle witb the direction of the field. 

I!'ig. 2. In the fig ure the lUOst stl'ongly absorbed vlbl'aiion 
is indieated by a thickel' arrow. 

As {t decreases the vilwations of the two principal beams approach 
more and more to OL, so that fur 1'). = {}l both directions coinclde 
with tbe bisecrrlx:. The two principal beams are now equally 

absorbed alElo. 
When \'} < {)p the state of tlüngs is wbolly diffel'ent. 
In this case two elliptically polm'ized beams can be pl"opagatec1; 

they are eqllally absorbed, but have different yeloeitIes of propagation. 
Fo1' both beams the characLeristic ellipscc:, nre the same, bllt descl'ibed 
in opposite directions. One of thc I1xes of the ellipsfls Coillcides with 
the lme OL in r1~ig. 2. ' 

Tbe ellipses become less and less eceentric as tbe wa ve beeollles 
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less inclined 10 tbe thl'CctlOl1 of the field. Fo!" 1<). = 0 tbe ellipses 
berome cil'cle'3 c1escl'ibed in opposite directions. 

A fnrtllel' app1'oximatlOn fol' {} = {}I shows, that in this case the 
two vibrations do not coincicle exactly. A s in the general case 
there are two distinct beams with different characteristi(' ellipses, 
both deviating somewhat from the lme OL of Fig. 2, 

The l'egions of the longitudinal and the transverse magnetic effect 
overlap to a certain eÀtent anc! are not 5harply separated from each 
other at the angle f}l' 

23. Thel'e are th1'ee results of LORI!)NTZ'S theory that probably 
admit of experimental verification. 

Lel us llnagine the absorbil g vapotll' p]aced in sneh circumstances 
that the elemental'y theol'y cmmot be appliec1. The components of 
a di vic1ed line are now not neatl}' f-eparated by prartically transpa
rent regions. Tbe vapoUl' density must be cbosen relatively great anc! 
the magnelIc mtensit)' rathel' smal!. Ah always in the present paper 
we suppose the 1ines of force to be horizontal ; we examine the pro
pagation of the light a1so in a hOl'lZontal plane. 

The three preelictidns referred to nnd which apply, if we exclude 
the cases of the true longitudinal anel transverse effeets, are: 

1 st. the ma,l0l' axe'3 of the vibration ellipfles of fhe outer com
ponenis deviate ti'om the vertical line. 

211d• the vibrations of the midd1e component (c.q. components) are, 
depending on cil'cumstances, either linea)' and not horizontal or 
elliptic, the axes of tlte elJipse being inr1inecl to the horizon. 

Sid. there exists an angle f}l separating the l'egions of tl"_e longi
tudinal and the transverse magnetic effect. 

()bligue lJosit1'on of the vibration ellipses of the outer components. 

24. We succeeded establishing experimentally the oblique position 
of the vibration ellipses in the inverse magnetic effect of the 
D-lines; the amOl.lnt of the slope of the axes we could measure. 

The obliquity is far from striking. 
\Vhen ,,'). was al ready sl1ch that the ellipticity was very marked, 

we first only aftel' some difficnlty cou1d make sure of the obliquity. 
Some details of a detinite case may be given. With f} = 69° and 

a field of about 18000 gauss the first obser"ations were made. . 
Attention was given to D2' ihe vapOtll' density being l'egulated so 

that the outer components of the sextet could not be seen separately, 
Before the slit of the spectl'oscope a Nicol was placed with its p]ane 
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of vibration under ~"tn azimnt of ba)' 35° witb the hol'Îzon. The 
central part of the resolntion figul'e is now ver)' dal'k, the outer 
compollents of tbe pseudo-triplet however ure only faintly visible. 
This has the advantage to increase the visibility of small~ changes 
of the intensity of the onter components. 

Thc direction of tbe field we denote as field direction 1. 
}Vitl!, tlw 1'eversed .field di1'ection 2, tlw outer components hecctme 

da1'!.;e1'. ' 
This experiment was l'epeated severat times with the Rame 1'e8nlt. 
Tl!e Nicol then was placed in a positioll symmetl'ical to tbe one 

just mentioned. Now witl! field dil'ection 1, the onter components 
were dal'ker. Fl'om these expel'iments we must eonclude that a 
vertical line is not an axis of symmeil'y of the vibl'ation ellipses of 
the outer components, hence that the position of these ellipses is obliqne. 

25. The clirectiol1 of the smaller axis of the vibration ellipse we 
measul'ed fot' {} = 69°, tll':~ vapom deusity being bet ween the fil'st 
and second phase (§ 13). Before the slit of the spectl'oscope a Nicol 
was introclnced, mounted upon a dividecl cil'cle, which gives the 
l'otation of the NicoJ in elegl'ees. The vanishing or reappeat'iJ1g of 
the outer components gave n good cl'itel'ion for the determinatlOll 
of the smaller and thel'efol'e of the ma:jol' axis of the viLn'ation 
ellipse. 

The meaSlll'ements gave lhe l'esnlt that under the cil'cllmstances 
of the experiment the ma:jol' axis made an angle of 5 degl'ees with 
t.he vel'tical. The obliquity was the same in amoullt alld direction 
1'01' the components towal'ds the red anel 10wal'c1s the violet. The 
diagl'am Fig. 3 il1nstrates the relation between the slope oftIte ellipses 
aud the direction of the fielcl. 

Let OS be the beam, wltich 
travel'ses the SOUl'ce of light 

:

1 placed in 0 and OF the dh'ec
k r:!. tion of tbe magnctic force. For 
I -,) ... an ObS81'VCr looking in the 

dil'ection sa, the npper paJ't of 
'------' 

the vibl'ation ellipse is inclined 
Fig 3. towal'ds the l'ight. The plane 

YX' eontainillg the ellipse is normal to the ray and in the figlll'e 
has been rotated l'onnd the dottec1 line lllltil brought illtO coineidence 
witlt the plane SOM. Th3.t· side of tlte plane whieh wac; visible 
f'I'om 8, can '110W be seen. Both the ellipse lowal'ds the red anc 
-tbc' ellipse, (lescl'Ïbed in opposite clil'ection, towards the violet have the 

----------- -
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sa,me slope with ~l given dil'ectioll of tbe magnetic field, as was 
l'emaL'ked above. 

26. l'lte same sodium tlame in\'estigated as to tbe inverse effect 
in the direction OS, we stndied in the dii-ection OP (i.e, fo1' an 
angle FOP = J110S = 180°-19) fo1' the phenomenon of partial 
polarization, discovel'ed by EGOROFl!' and GEORGIEWSKY. A small telescope 
focussed upon the flame was used and provided with a SAVART plate 
and aNicol. This polariscope is monnted upon a divided circle 
g1'aduated in degrees. The dil'ection in which the fringes were most 
brilliant was detel'mined in order to detect a possible deviation of the 
plane of ll1~n..imum polarization from the ve1'tical. It was easily seen th at 
therc was sllel! a deriation. The fringes wel'e most cleai' if foL' the 
obsel'vel' in P their directioll was fl'0ll1 the uppel' 1eft to tbe 10\ve1' 
l'i~ht quadrant, tlle direction of tbe field being aJways as indicated 
in the figure. Aftcl' revel'sal of the magnetic field the fl'inges became 
indistillct. The)' became distinct again if tbe principa1 direction of 
tbe polal'iscope was from tbe upper l'ight to the lower left quadrant. 
The l'esult of these Obbel'\'ations at least proves that the whole 
phenomenol1 is asymmetrica1 with respect 10 the ver tic al and hen ce 
proves the presence of oblique vibrations. In a convel'sation with 
one of the authol's Prof. LORENTZ had kindly commnnicated that he 
observed phenomena of the kind described in this §. 

27. In the experiment of the last § the axis of the telescape must 
be placed earefnlly in a hOl'izontal plane passing thl'ough tbe poles 
of tbe electl'omagnet. If tlle obseL'vation is made in a plane which 
is not horizontal an apparent slope of the axes of the "ibratioll 
ellipses becomes manifest, as is easily seen from a geometrical con
sideratiol1. 

28. The position of the plane of maximum polarization can be 
determined l'ather accurately. The obliquity of the major axis of the 
ollter ellipses of sextet anel qual'tet in one experiment was 5°; with 
the very same vapour density and the same strength of field the 
plane of partial polarization made an angle of 21 0 with the vel'tical. 

At fil'st sight it seems rathel' startling that the polariscope of 
SAVART is so sensitive to the obliql1it,y of the ellipses. 

The phenomenoll of the pal'tial polarization of the emitted light 
is ,very complicated and the complete theo1'Y still outstanding. 

lt seems not doubtful, howeve1', in what direction we have to 
look 1'01' the explanation of the l'emal'lmble diifel'ence bet ween the 
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( JO) 

ill&t L'llItlell tso 'nlC.r I1lcasure different quantities. 
As long as the i11clinatio11 of the vibration 

ellipses of the emittecl light is zero, the total 
light also vibrates symmetl'ically relativel)" 
10 the vel'tical. 

" lf the inclination is not zero, howeveL', but 
has th0 value Ct, the plane of maximum 

"s::::Ji----!''--'>----x. resultant luminous motion is inclined at an 
angle l! + ,1, whieh may be occasionally 
mueh greater. 

The light emitted by lhe soclium flame 
eOlJtains: 

Fig. 4. j. hOl'izontal vibrations of intensity c2
• 

(We negleet here a change mentioned in ~ 3Q below). 
2. elliptic vibl'atiom, the major axes of whieh form' an angle a 

with the vel'tieal. Let the principal nxes of these ellipses be a and b. 
The intensity Ix in a dil'ection 0 X becOLlles 

Ix = 0
2 sin2 (a + (j) + a2 cos' ij + b2 sin 2 

{/ • (1) 

This expression becomes a maximum fol' a value of (3 satis(ying 

0
2 sin 2la + (3) + W - a2

) sin 2/1 = O. (2) 
Rence ii fo11ows alreacly that (3 Call11ot be zero, for othenvise cc 

ought to be zero also. 
Fl'om (2) we obtain 

sin 2(a + (3) al _b2 

sin 2(3 cJ 
, ,(.J) 

Rence the value of B depends urou the intensities of the horizontal 
and vertical vibratiolls, Always a> b; in the emitted light the 
vertieal vibrations generally pl'eponderate hence also Cl > C. We 
conclude that (3 eall only be positive. 

If wc take a = 5u a + (3 = 21° b = 0,::1 a (d. ~ 29) eqnation 
(3) gives 

a2 

-= 1,4, 
(:. 

This is a plausible yalue. Hence there is 110 contl'adiction bet ween 
t 

the obsel'vations made w1th the polariscope and the l'esults obtained 
v;ritb the Nieol alone. 

29, We made, with thc inverse effect, some measmements 
of the eilipticity of the ouLer componellts at diifet'enl angles of 
incidence. We nsecl fol' th is investigation the well k110wn method 
ot' the qnal'tel' wave plate and Nicol. The axes of the quaL'ter wave 
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phLle ueing plal:cd pantllel 10 IIIC n,x.eti of Ihe origimtl ellipse, the 
retiulting hght Üi plane poladzed. l;et b ancl a be the hOl'izontal and 
vet'tieal Ol' the nearly hOl'Îzontu.l anel the nead,)' vel'tieal axes then 
b - = t'J,ng a. 
a 

The mica qual'tel' plate used proved to be very accurate for light 
of the l'efrangibility of the sodiull1 lines, when tried by the method 
describeel on a fOt'meJ' occasion 1) Thl'ee determinations gave fol' 
the deviation from an exaC't qnarler waye plate tbe val nes 1,8, 0,1, 
1.0 0/0' 

Fot' om present determinations this nccuracy of the plate is quite 
supel'fluous. The measurements are \'ery c1ifficnlt, I'elaling .as the,)' 
elo to the mean of the outer components of the sextet, hence to an 
extl'emely naL'l'Ov\' part of the spectrum. :;\1oreover the density of the 
vapour can be c1efined ani,)' approximately (10). 

rfhe following table em boelies the results concerning the ellipticity 
of the outer components of the "extet obta.incd in H, somewhat ex
tellded series of ll1easurements. 

b/a 

0.
31

1 0.31 0.30 
0.28 

0.45/ 0.45 
0,4.5 \ 

Remalks 

Vapoul' of intermediate densit,)' (§ 10) 

" 

00 .. 450710.17 ,r 1 j ·1 I ':l apour sOlllew laL üenser 

0.67 I 

0.70 
0.70 
0.60 

39° 0.6-1 0.66 Ver,)' clilute "apom (~ 10) 
0.67 
0.63 
0.65 
0.65 

Tlte ratio of the axes at a eertain angle nncloubtedly somewhat 
elepends npon the "apoHr c1ensity. Part of the oscillations of tlte 
results obtainecl at Ilte same 111lg1e must be describecl la this cause. 

At ,') = 69° 1/2 ancl with c1ense vapou L' t he inclination of' the mn:jor 

1) ZEEMAN, The'5e Pl'oceedings Octobcr 30. 1909. 
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axis of tlle ellipse was 6~; wiLll vel'Y dilnte vapoul' tiJe vallle zero 
,~as obtt"tined. 

At -& = 47° aud with VapOlll' of intel'mediate density the inclination/ 
was 4° 1/2, The SAVART fi'inges then made an angle of 28° with 
the vertical. 

Obliq1W position of tlte vibl'ations of tile IJtiddle components. 
30. Wheeeas the iuclination of the vibration ellipses of the outer 

comllonents cOllld be demonstrated fit'st fol' t1le sextet, it was for / 
the qual'tet on the contrary we fiest succeeded in vel'i(ying tIJe 
seeond of JJORENTZ'S abo\'e mentioned conclusiollS (23). 

'rhe deviation of the \'ibeations of the middle components of the 
qual'tet from the horizontal line can be ShOWll in the same Il1aJ1llel' 
as the incliIiation of the ellipses (24). 

The pl'inclpal section of the Nicol befol'a tlle slit was plaeed at 
an angle of about 30° with the hol'Ïzon, The outer eomponents of 
the quartet of Dl are then hardly visible. The inner components 
arc rather dark. 'Che dil'ection of the field be indieated as direetion 1. 
Under the influenee of the l'everse field 2, the middle components 
become more black. If the Nicol be p!aced in the syml1letl'ical 
position then ii is with the field c1il'ection 1 thai the middle com
ponents are most distinct. 

The angle -& in this experiment was 47°, 
Two different attempts to meaSUl'e tbe angle beLween t.he vibration 

and the hOl'izon gave the results 4° 1/~, resp.- 501
/ 2 , These measul'e

ments are very difficlllt, 110wever anu pel'haps indicate onl)' the order 
of magnitude of the inclination. The .yicinity of tlle outer compo
nents large1y interfm'es with tlle acelll'acJ' of the adjustment of the 
NicoI, for while it is moved auout nea1' tlle position of extinetion 
and approaches to a vertical dil'ection the greatel' intensity of tbe 
outer components distracts the eye. 

31. We have made yet anothel' experiment whieh 
confil'ms the l'esult of (30) fol' both the sodinm lines 
and a1so exhibits thf\ relation between the inclina
tions of the different components, This connection 
is for a triplet diagrammatically shown in Fig. 5. 
For the reslllt obtained with the middle components 
of the quartet and the sextet certainly ean be applied 

Fig, 5, qualitati vely to the triplet. 
The experiment was the foUowing: the principal section of the 

Nicol made a.n angle of +40' wlth the vel'tica.l; the positive directioll 
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in Fig. 5 be ,tllti-clock\vise. Thell Ole Nieol was placed at 3200 (i.e. 
in the symmetl'ical position). Tile last position he indicated as position 
B, the fil'st mentioned as position A. 

The dil'ection of tbe field remains unehanged. 
111 position A all lines we re weakel' than in position 13. 
Hence we conclnde that the ellipses as weIl as the vibl'atiolls ot 

the middle components are ineJined, mOl'eovel' that tile l'elatiye 
position of tbe vibl'ations must be that shown in Fig. 5. 

32. In the important paper nll'ead,)' ftoequently mentioned RlGm (Note 
p. 291 of' the paper cited § 1 above) says that VOIGT'S theol'etical investiga-
1ion of the genel'al case of pl'opagation of light in a dil'ection inclined 
to tbc liucs of force was published toa late io guide him in his 
investigatioll. RIGm expl'esses tile opinion that iL is l'athel' improbable 
thaL in the course of his nllmel'Ons obsel'vations pal'ticnlars in the 
behaviol1l' of the middle com ponents as indicated by VOlGT conid 
have escaped him anc! thai LOlniN'l'Z'S elementm'y theol'y is in nccol'
danr.e with all tIle obsel'ved pill'nomena. 

This 8eemb in contrac\iNlon with Oll1' expel'iments. 'rilis contra
diclion vani5hes, howevel', if we assume Lllat tile VttpOUl' in nIGI'U'S 
expel'Îments was vcry dilute, Ol' Lhe field so intense tbat tile eOlllponent8 
wel'e neatly separatecl. Undcl' SUCll cil'cnmslanees also OUl' observatiolls 
are in complete accol'elance with Lhe elemental',)' theory, at least as to 
the polal'ization of the components anc! tlle dircction of tbe vibl'ations. 

Neithel' was it in RIGIll'S expeL'iments a matier of course to l'cverse 
the dil'ection of the ma,gnetie field, the procedl1l'e which mOSL easilj' 
exhibits an)' obliquity of 1.he vibl'ations. 

Application of tlte res~dts of §§ 24-31 to the intel'pl'etation of 
sunsjJot spectra. 

33, The vibl'ations of the micldle component of a triplet are parallel 
(0 the lines of force. The outer components yibrate linearly at right 
angles t(1 the fielel. These l'uies also apply to elense vapotll's, if onIy 
thc pmc transverse magnetic effect bo nnder consideration. If we 
assume that the c1il'ection of obsel'vatÏon is obliq ue to Lhe lines of 
force Ihen only in Uwease of yel'y diinte vapours the pl'ojeetiol1 of 
the magnetic force on a plane norll1al 1.0 the line of vision can be 
f'Olllld according to the rules of ihe elemenhtl',)' theory from the 
dil'ection of thc vibl'ations. If, howevel', tbe compollents of an inverse 
triplet are not neatly Reparated by pl'actically transpal'ent pal'ts, - anel 
the SUlI-SPOt lines seem to belong io ibis class of lines, - the pal'ti
cnh;l.l's eliagl'ammatirally illustratec1 by Fig. 5 al'e to be taken info 
considel'l1tion. 
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In drawing chal'tf, of (.Ile lllaglleLic fjelds in sun-spots, showing (he 
intensity, the clireetion anel the polarity of the magnetic force, tlio 
determination of the clirection of the fOl'ce will gi \'e some clifficuHies. ~ 

The value of the cOl'l'ection to the indications of the elementary -
theory necessary in some cases shall be given on another occasion. 

The rule, w!lirb determines the directioll of tbe deviation, may 
be indicated here. 

Tbe dil'ection of rotation in the \'ibration ellipses of the oute!' 
components towards the red and towt1,l'ds the violet shows whether -
i) is acute or obttlse. If {J is obtuse (Fig. 3), tben the l'e]ative 
position of the directions ot; the magnetic force, of tbe m~jor <:txis 
of the vibration ellipses and of the vibration of thc middle comronent 
is shown in Fig. 5. 

From any point 0 dl'aw a line OB parallel to the major axis of 
the vibration cllipses of tbe outer r.omponents and a line OM parallel 
to the vibration of thc l1liddle component, the angle BOM being 
always chosen acute. The projection OF of the magnetic force on a 
plane normal to the line of sight then makes a positive acute angle 
with OB, the angle BOF being greater than BOM, the positive 
direction being reckoned from OB to OJlf. 

By ascel'taining whether or not tbe major axes of the ellipses and 
the vibrations of the middle component are perpendicnJar to each 
othel' we can make sure wbether tbe elementary theory may be 
applied or not. 

Mathematics. - ,c On linea/' 7Jola1' ,q1'OUPS belon,qin,q to a biquadmtic 
plane curve". By Prof. JAN DE VRIES. 

(Communicated in the meE:ting of April 29, 1910). 

1. With respect to a biql1adl'atic curve y4, with the symbolic 
equation a:t 4 = 0, the points X, Y,Z, W form a polarquadrnple when 
the relation axaya:;aw = ° is satisfied. If we take X, Y,Z al'bitl'arily 
on a lino 'I' anel if we take as fom'th point W tbe point of intel'
section of l' with the "triple polar line" lh?/z of X, Y,Z; we get a 
"linear" polarquadruple. The linea!' polarquadrnples on r evidently 
form an invollltion 13.j, its "principal points" (fonl'fold elements) are 
the points of intersection of y4 with 1'. 

If we assume fol' the points on r sneh a parameter repl'esentation 
that two of its prineipal points aI'e indicated by ). = 0 and J. = 00 

we find fot' the g!'oups of t.he 13 4 Ihe l'elation 
2).)ZÎ'3 + P2)·1Î.Z -~- q2)'1 = 0, (1) 

.j. G 4 


