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to one and the same fluid phase. On continued elevation of tem pe· 
ratnre only inridental intel'sections in the P-x projection remain. 

In the P- T-pro,jection the three-phase line 5'.J -SB -Fluid will, 

therefore, have always positive values for ~~ 1); there exists a tem­

peratllre tl'~iect where the pressllre at constant temperatnre is tri­
valent; the stable-metastable branch is connected with the labile 
branch by means of a CllSp. The connection is indicated in the 
P-T-pro,jection of fig. 6. 

Physics. - "The mrtgnetic sepamtion of absorption lines in connec­
tion with S~tn-Spot spectra." (Third Part) 2). By Prof. P. ZEEMAN 
and Dr. B. WINAWER. 

Demonstration of oblique position of vibrations 
by rneans of half wave-length plate. 

34. The observations published in our two precerling commllni­
cations relate to the region between {). = 90° and {). = 39°, the two 
principal directions inclllsive. We now intend to describe in this 
third, conclllsive, part of om paper experiments relative to the 
remaining region between {Jo = 39° and OQ. 

This region seemed very interesting because nuder suitably chosen 
circumstances it probably wonld contain the angle {)ol of LORENTZ, 
separating the l'egions of the JongitudilJaJ ~ll1d the transverse magnetic 
effect. The principal ot~ject we had in "ie\" in uudertaking this third 
part of our investigation was to prove experimentally the existence of 
an angle of the kind mentioned. We think we attained our pUl'pose. 

Before pl'oceeding to descL'ibe these experimen ts, we shall mentioll 
a method fol' verifying the results (24-32) l'elating to the oblique 
position of the vibmtion ellipses of the outer components and that 
of the vibrations of the il1l1er componE'nts, but without commutation 
of the current in the electrornagnet. 

Whereas in Our former expel'iments the clzjlel'ence of the intensity 
of the components by\conwmtation of the cm'rent gives the proof 
fol' the obliquity of the components, the half wave-length plate 
deroonstrates it at once. 

A half wave-leng th plate with one of its pril1cipal directions situated 
horizontally and limited by a horizontal line is placed near the SOUl'ce 

1) A quite analogous view may be applied to the coincidence of land ](. 
~) Continued from these Proceedings Vol. XlII p. 35, 1910. 
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of light. Vibrations from the SOUl'ce, making a definite angle with 
the edge of the plate. after traversing it are rotated through twice 
that angle. Tho plate covers only half of the field of view. The 
directions of tbe emel'geJJt vibra}ions make the same angles with the 
horizontal edge as at first, but npon the further side. 

An image of the edge is' focussed upon' the slit of the spectroscope; 
before the slit a Nicol is placed. 

In one of our experiments, l'} being 39°, the plane of vibration of 
the Nicol was under an angle of 35° with tbe horizon. The magnetic 
components are now seen unequally dark in the two halves of the 
field of view. It appeared possible to photogl'aph the phenomenon; 
small variations of vapom density, which may possibly introduce 
errors with other methods of observation, are now without influence. 

Reversion of the direction of the cUl'rent, changes the sign of the 
difference of intensity of tbe two halves of tbe field of view. 

Connection between the inclination 0./ the ellipses in pa1'ticula1' cases. 

35. Tbe direction of the magnetic field, and that of propagation 
of the beam, traversing the magnetized SOUl'ce of light, determine the 
sense of the inclination of the vibration ellipses (25). If the direction 
of the field be reversecl, tbe sign of the incliJlation of the vibration 
ellipses a.lso changes. In fig. 3 (~ 25) the connection estabIished by 
our ex pel'irnents, between the thl'ee mentioned directions is give,n. 
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Let OF be the magnetic force, and let the 
beam, trayel'sing the magnetized flame 0, be 
propagated in the dil'ection from 0 to S. The 
inclination of the ellipses in this case is indicated 
in fig. 6. The plane normal to the ray and 
containing the ellipse has been rotated round 
tho c10tteu line until brought into coincidence 
with the plane of the paper. 

What is the inclil1ation, if the SOUl'ce of 
light be traversed by the beam in the direction 

SOS' ? 
Fig. 6. This question is easily answered by applying 

the well-kllown method of reflected images. 
The geometricn.l outlines of all things composing a given system, 

togethel' with the physical pl'ocesses in tho system, which we suppose 
~ay be all represented by geometrical figures, we imagine reflected 
at e\'el'y instant in a plane V. '1.'he new systcm obtained by l'efleetion 
alld whiel! we eaU the image of the original system is a possible 

11 lr. 

A4l i4ii 44tit1 ,(IQ IAa.: __ 
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one, as soon as the last mentioned one bas an objective existence. 
Applying tb is to our experiment (tig. 7) and placing tbe plane V 

partl,lIel to UF and perpendicular to the plane of the paper we 
obtain from system I, the system Il. 
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Fig. 7. 

The magnetic field in the second systelll is the inverted image ot 
the field in tbe first one; indeed, befare taking the image of tbe 
field we have to substitute it by the equivalent Ampère cl11'rents. 

Hence il1 II the tm'ow F' 0' is drawn from F' to 0', 
Revel'sing aftenvards the field in system Il, the inclination of the 

ell1pse changes its sign. 
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Fig. S. 

Hence we conelude that (fig. 8), if OF be 
the direction of the magnetic field, the incli­
nation of the major axes of the ellipses, as 
observed from S as weIl as, from S', is always 
from the 10wel' 1eft to the upper right quadrant. 

By means of SAVART'S polal'iscope all this 
could be experimentally verified. 

We come to the same conclnsion by using 
the experimental l'esult of ~ 26, concerning 
the inclination of tbe ellipE.es in the beam 
emiited in the direction OP (see fig. 6). 

The close connection, existing between emis­
sion and absol'ption, enables us to pl'edict the 
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phenornena to be seen if light traverses the source in the directIon 
OS'. (cf. § 44). 

lnvestigation concerning the existence of an rtn,qle {}1 (§ 36-§ 46). " 

36. lt seems possible to give by different ways experimental proof of 
the existence of an angle f}u separating the regions of thc longitudinal 
and of the transverse effert. 

The most direct proof would be given, if, witl! a cho~ell magnetic 
force, the vapoUl' density couJd be changed in sucl! a degree, tbat at 
last tbe direction of tbe vibrations in the issuing beam wel'e inrlined 
at all allgle of 45° wilh the vertical. Then one would observe at' 
the ang1e f}l itse1f, the val nes of density lwidtb) and magnetic intensily 
cOl'l'espondmg. Tbe following up of this plan gives rise bowever to 
sedous clifficnlties. 

The significanee and' the particu1arity of the angle {)ol become 
however manife3t 111so, if it be posslble to establish tbe exislenre of 
the cbara~terislic phenomena only ohser\'able fol' a clil'E'ction of 
observation which forms an angle wilh the lines offol'ce lying between 
0'" and iJ r • Yve have expel'imentally verified the lheol'eticalmfel'ence. 

\Ve made many experimenls bclonging 10 eacb of the I\\'o classes 
of expel'imenls menlioneJ and intencl 10 give a few examples of eacb. 

37. Obsel'vrr.tiol7s at f} = 32°. Soft iron cones with a vertex 
semiangle of 32° were made and adapted to a nu BOIs-electl'omagnet. 
Tile intensity of the magnetic field proved snfficient to establish the 
chal'acter of the l'csolution in the fil'st Ol'der spectrum of the large 
ROWJ.AND gntting. 

Thc middle componenls were especially watcbed. 11 is easily esta­
blisbecl that tbe vibrations of these eomponents deviate from tbc 
hol'izon. 111 order 10 demonstrate an inclination of J5°, a quartz plate, 
cut perpencliculal'iy to tlle axis, ancl exactly 2 mmo thick, was intro­
ducecl in tbe beam. This plate rotates the plane of polal'izalion for 
sodium light 2 X 21.7 = 43.4°. Vibl'ations under azilllut 45°, aftel' 
travcl'sing the plate, beeorne either hOl'izontal Ol' vel'tical. 

Between tbe plale and tbe spectroscope slit a calcs)J:l.l' rhomb was 
inserled and a hOl'izonlal slit placed neal' .tbc SOUl'l'e j t wo contigl1ous 
horizon/a.! images of the slit are now fornled on the slit. The one 
contains the vertical, the othe1's the hOl'izontal constitl1ents of the beam. 

The middle comjJonenls, which at the angle ,') uncle1' cOllsicleration 
are rathel' weak, a1'lO', dependent upon the direction of the cUl'l'ent, 
visible either only in tbe uppel' Ol' only in the lower of the two 
stripcs, if the vapoUl' density be properIy chosen. 

• -. 111 • ~ JW as ZUi$liQUS $ J\i 
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This experiment does not prove bowevel' definitely that the middle 
components may vibrate undee an angle of 45:) with the vel.'tical. 
The rathel' limited sensitiveness of tlle method must be taken into 
account. 

The experiment certainly proves that Ihe vibrations are inclined 
l'elatively to the horizon, at an angie of perhaps 2()0 or 30°. 

Jt is shown by an obsel'vation with the calcspar rhomb alone, 
aftel' l'emoval of the quartz pbte, that the vibrations are not per­
formed under <:1:5°. A difference between the upper and the 10wer 
image is now manifest. This would be impossible, if the inclination 
of the vibrations were 45". The difference of intensily in the two 
stripes decreases with increased density of the vapour. 

All experiments undcl'taken in order to measure more accurately 
the inclination gave no decisive l'esllIts. The wcak intensity of the 
middie comronents, the fee bIe sepal'ation (jnst wanted accol'ding to 
theory for the obsel'vations in view), thc pel'tl1rbation by the vicinity 
of thc outer components, and also the fact that the vibl'ations become 
probably slightly elliptic, a('connt 1'01' the rlifficulty of the meaSUl'ementt:. 

We also in \'estit!,ated the emiLted light without tbe aid of the 
spectl'oscope, wil11 a SAVART polal'iscope alone; tbe emitted light 
appeal'ed to be neady unpolarizcd. Tbe fringes in the polm'iscope 
were vet'y weak. This is cleady due to the light containing equal 
portions of l'ight-handed and let't-handed nearly circularly polal'ized 
light; the intensity of the light of lhe middle componenls is relatively 
very small and thereforc scarcely perceptible in the l'esulting total 
intensity. 

The indistinctne5S of the ft'Ïng,e3 made only inaccmate dctennina­
tions of the position of the plalle of pola!'Ïzation passible. An in­
clinalion of 42 0 l'elatively to the vel'tical was found. 

38. The melhOll of the non-uniform field 1) seemed to open the 
possibility of a dirert l'eadmg of tbe field intensily cOl'l'esponding 
to {tl' the vapor density (i.e. 1 be width of the spcctl'alline) being 
given. At {} = 39', a diminished image of the con es of the electro­
magnet was focllssed upon the 51tt plate of the spectroscope. l'11e 
magneti(' separation is different at different heighls aud in the spec­
troscope the spincUe-shaped resolution figure, a photogt'aph of which 
was given on a former occasion, is seen; but now, as the inverse 
effect is undel' consideration, l'ather dark lines on a lllminous back­
ground are seen. A Nicol with its plane of vibration lInder 45° 

1) ZEE~(AN. These Proceedings April 1906, November 1907. 
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with the horizon is plaeed before the slit. If the vibrations oeeur 
under 45° somewhere in the divided lines, the components must 
become black at sueh aplace. Width and field intensity, belonging 
to the mentioned part of the components, correspond to a value of 
.a.1 equal to 39°. 

No c1ear result was obtained however by means of this method, 
whieh was (ried with several vapoul' densities. 

The change of the state of polarization in the resolntion figul'e 
apparently is too gradual to prove the existence of {)ol by direct 
observation. 

Om following experiments (39-46), indeed, seem to leave no 
dOllbt as to the real existence of such an angle. 

39. In ordet, to extend ob'3er\ ations to still smaller angles {}, the 
second order spectrum of' the great ROWLAND grating was employed 
for all following observations. The brightness is stiIllat'/:!,ely sufficient 
and more details are seen. Even with cones with a vertex semi­
angle of 26° the characteristic phenomena may now be advantage­
onsly obsel'ved. With vapour of intermediate density (10) now only 
the outer components of the quartet and sextet are visible, tbe 
phenomenon closely resembling the pure longitudinal one. Middle 
romponents only make their appearance aftel' the density is lal'gely 
increased. '1'he nature of these eomponents appears (40) howevel' to 
have changed, as is proved by all examination of their state of 
polarization. 

The latter is more easily ascertained, if the components are more 
widely sepal'ated. This is the case in the experiments described in the 
next paragraphs and thel'efore we prefer to give some details of the 
observations made with the more effirient arrangement. 

40. A sLill smnJlE'l' angle between the dil'ections of the beam 
and of' the field may be employed and moreover wider separation 
obtained than in ~ 39, by looking through axial holes and deviating 
the beam in the field by means of two small prisms. A remark of 
Prof. WERTHEIl\1 SAI.Ol\lONSON induced us to give prisms a trial. 

The arrangement for .a. = 16° is shown in the next figul'e. 
The prisms are fixed to copper tubes, which al'e put into the 

bOl'ed cones of a DU BOls electl'omagnet and may be turned about 
their axes. It is theref'ore possible to adjust the pal'allelism of the 
planes of pl'isms and to al'l'ange vertically the edg'es. 

A drawback inherent to this method is, that aftel' some time tlte 
interiOl' surftl.ces of the prisms become covered with sorne wbite 

lil ....... 11 ., ........ ~ :'ikwacgwUAMMl&a , •• 
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l"ig. 9. 

precipitate. 'Vith very dense VapOl1rS tbis inconvenience is rather 
trou blesome. 

ImmediatelJ aftel' introc1nction of the Hame inio the inierfel'l'ul11 
aqueous vapolll' condenses upon tbe prism ütces, soon c1isappearing, 
howeve1', when the temperature of the prisms has incl'cased. In order 
to avoid thc danger of c1'acking, the priSI11S have been disposed (;"\,t 

some distanC'e frOI11 terminal planes of the cones. 
Even with very dense vapolu' (thil'd phase of ~ 10), tbe field being 

of the order of 20.000 Gauss, the phenomenon closeI:;, l'esembles the 
pme longitudinal one. No trace of micldle components is visible. 

Aftel' an incl'ease, however, of the VapOlll' densHy to tbe limit 
ohtainable by the introdllction of a glass rod, cllal'ged with melted 
salt, into the gas-oxygen flame, t wo new black lllles appeared in 
the vicinity of Dl; they wel'e clearly visible against the l'<"tthel' 
dal'k background formed by the broadened outer component5. 

These new lines, w/dch luwe tlte same period as t!te middle CO'ln­

ponents, are unpolarized (see 4 J -44). 

41. We have come to th is conclusion aftel' tl'ying in vain 10 

detect any trace of polarization phenomena of the new <,omponents. 
In the fil'st place rotation of aNicol, placed before the slit of the 

spectl'oscope, gave no change of inteJlsity of the lines; only the back­
ground formeel by the neady, bnt not accurately, circnhwly polal'i7,ed 
onter components waB slightly changed. 

42. Aftel' l'emoval of the Nicol a qual'ier W[Lve plate with its 

" 
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pl'incipnl dil'eciion llnder 45° \Vns insel'teel in tbe benm anel n broad 
hOl'izontal slit pli1cecl nen1' the field. By means of n calcspnrrhomh 
two stl'ipes arc obtainec\, sepnrnting the oppositely polnrized circular 
vibl'ations. 

With vapour of intermedinte density 
fig. 10.1 gives the appenrance fol' Dl' 
Tüe vertÏcnl line l'epresents the revel'seel 

/1 line dne LO the arC light. 
With Yery dense vapour, we get the 

phenomenon l'epl'esented in fig. lOB. Ncw 
components nppenl' in the initially bright 
pnrts of the field of view. 

The posiLions of the new componellts 
cOlTesponel to those of the inner compo­

B nen1s of the qunl'tet, at Jen,st as tal' ns 
en!1 be judgecl by eye observntion. This 
obsel'\'ntion is confil'mec! by mensurements 

FIg. 10. made on [~ photograph of, it lllust be said, 
mlly moderate quality. 

As to the polal'Ïzation of the ncw Jines n few remm'ks mn'y be 
made. Fl'om a11 inspectioll of fig. lon alOHe, one might conclude 
to a eirculal' polarization of the inner components, of u sign opposite 
to that of the outer ones. 

One mig;ht be tempteel to infel' that, under thc Cil'Cllmstnl1res of 
the experiments, the inner components are due to the mot ion of· 
positive charges. 

Tüere is no need discussing tbe elegl'ce of probnbility of sneh a 
concll1sion, ns it is refutec! by the next observation. 

42. If the qunl'tel' wnve plute be rotuteel in its own plnne so 
thut the pl'incipal dil'ectioll morc and more approaches to the hori­
zontal position, the intensit.r of the onter components decrenses. The 
inner componenls, w hith at fhst t\re in visible in two of the quadl'ants, 
being cntil'ely hielden by the bbck, broad, outer èomponents, are 
seen, ah'eady soon, as continllolls bnnels crossing at l'ight angles the 
.horizonlal separation line. 

Finally, when the pl'ineipal elirection of the qual'ter wave plate 
has become hOl'izontal, therc is, as 1'nr as concerns the inner com­
ponents, no eliffel'ence at all bet ween the upper anellower fields, and 
only a slight one ns fal' as eoncel'l1S the outer components. 

43. Fl'om die obsel'vations l'ecol'deel in §§ 41 and 42 \ve cannot 

• .......... ~ it'; ACj:a4J CUMU:C • 
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but conclude that under the circumstances of the experiment the 
inner cOlllponents of the new qual'tet are unpolarized. 

This result seems paradoxieal, because one now has become 
accllstomed to expect polarization of all magnetically separated and 
displaced lines. 

The reslllt, ho wever, seems to be in perfect accordance with theory, 
at least if it be permitted to apply to the middle components of the 
quartet, 1he theoretical inference drawn for thE' central component 
of the triplet. 

LORENTZ has proved th at in the case of a triplet for a frequency 
n:::: 17 0 anel {J. < 19-1 , two oppositely elIiptically polarizeel beams may 
be transmitted, having the same index of absorption, but unequal 
velocities of propagation. The characteristic vibration ellipses fol' the 
two ueams are file same, but described in opposite directions. (see 
also ~ 22 above). 

Sin ce the indices of absorption of the t\""o beams are equal, we 
may expect that, unde!" the cil'cumstances mentianed, a magnetized 
vapour can produce in a continuolls, unpolarized, spectrum only 
unpolarized absorptioll lines. 

44. The consideration in ~ 35 of the reflected image of a systel1l, 
was made in order to show that the inclination of the ellipses relllains 
unaffected by a change of sign of the allgJe between the line of 
force and the ra.r. 

45. QUa1·tet j01· {} = O. By increasing still further tlle vapont' 
density necessary for tbe § 43 experiment, we were ttble to observe 
even in the direction {P = 0, 1he two unpolarized lines, cOl"l"esponding 
to the inner components of the quartet. The outer components, 
however, have become then extremely diffuse. 

It is certainly remarkable, that the two new cOll1ponents are still 
relatively narrow. The theol'elical reason fOl" I.his feature of the phe­
nOll1enon has still to be worked out. 

It is, however, in accoJ"dance with theory (al ways on the snppo­
sition tha.t it does apply direcUy to the quartet) that for i} = 0° the 
density of the vapom must exceed tlmt for {) = 16°, in order to 

. render visible the new lines. lndeed according to the formulae (42) 
and (26) of LORENTZ'S paper (cited in ~ 1 aboye) the absorption index 
decreases with decreasing {P. 

The experÏll1ents (39-43) seem to give conclusive evidence th at 
an angle {}l l'eaUy exists. 

Indeed, phenoll1ena of the kilJd described in the last ~~ are ta be 
expected in a region only between 1'f1 and 0°. 
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The experimental verification of I.JORENTZ'S deductions, formnlated 
in § 23 above, gi ves a new proof of the rational connexion established 
by VOIGT'S theory of the in verse magnetic effect between diverse 
phellomena. 

A more accurate measurement of 1'>-1' the vaponr density and tbe 
field being chosen, must be postponed. ' 

46. The new type of magnetic separation, with some components 
polaL'ized, the other ones lInpolarized, which l'etnrns to the ordinal'y 
separation bv decrease of vapoui' dcnsity, we \'Vere able to observe also 
with D 2 • Sin ce the density of the vapolll' must be great in the present 
experiment, the effects obsel'vccl wilIt Dl' which splits up into a 
pseudo-triplet, al'e less clear anel chantcteL'Ïslic than with Dl' We, 
therefol'e, reslricted the detailed descl'iption of onr observations to 
the case of Dl' 

Mathematics. - "On continllolls vector distl'ióution,r; on swjaces" 
(3rd commnnication) I). By Dr. L. E. J. BROUWER. (Communi­

cated by Prof. D. J. KORTEWllG). 

(Communicated in tbe meetiu[; of May 28, H110). 

§ 1. 

T/te il'7'igating field on tlte spltere. 

In order to get an insight into the stl'llclure of an arbitl'ary finite 
contimlO11s vector field witlt a finite nnmber of singlliar points on 
the sphel'e over its entil'e extent, "e begin by investigating a parti­
clliar case charactel'ized by the absence of iiirnple closed tan.c;ent CU1'ves. 

In a field whieh possesses tItis property, and which we shaH caU 
an i},J'~tjati1tg field, 110 spirals can appeal' as taIlgent Cl1l'ves and no 
l'otation points as singulat· points. As ii'trthermore a singular point ean 
neither possess elliptic sectors or leaves, it is either a souree point 
withont leaves, Ol' a vanishing point without leaves, or it possesses 
excillsively hypel'bolic and paraboJlc sertors without leaves, in which 
case we shall speak of a stl'olcing point. 

The singular points of an irrigating field cannot all be stroking 
points. This fo11ows fl'om theol'em 8 of the second commllnication 2) in 

1) For the first and second communicalion see these Proceedings Vol. XI 2, p. 850 
alld Vol. XII 2, p. 716. 

2) I. c. p. 734. 

.....-- ~.. Q7 th dtl! (:za tSAlk"."'" 


