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The experimental verification of I.JORENTZ'S deductions, formnlated 
in § 23 above, gi ves a new proof of the rational connexion established 
by VOIGT'S theory of the in verse magnetic effect between diverse 
phellomena. 

A more accurate measurement of 1'>-1' the vaponr density and tbe 
field being chosen, must be postponed. ' 

46. The new type of magnetic separation, with some components 
polaL'ized, the other ones lInpolarized, which l'etnrns to the ordinal'y 
separation bv decrease of vapoui' dcnsity, we \'Vere able to observe also 
with D 2 • Sin ce the density of the vapolll' must be great in the present 
experiment, the effects obsel'vccl wilIt Dl' which splits up into a 
pseudo-triplet, al'e less clear anel chantcteL'Ïslic than with Dl' We, 
therefol'e, reslricted the detailed descl'iption of onr observations to 
the case of Dl' 

Mathematics. - "On continllolls vector distl'ióution,r; on swjaces" 
(3rd commnnication) I). By Dr. L. E. J. BROUWER. (Communi

cated by Prof. D. J. KORTEWllG). 

(Communicated in tbe meetiu[; of May 28, H110). 

§ 1. 

T/te il'7'igating field on tlte spltere. 

In order to get an insight into the stl'llclure of an arbitl'ary finite 
contimlO11s vector field witlt a finite nnmber of singlliar points on 
the sphel'e over its entil'e extent, "e begin by investigating a parti
clliar case charactel'ized by the absence of iiirnple closed tan.c;ent CU1'ves. 

In a field whieh possesses tItis property, and which we shaH caU 
an i},J'~tjati1tg field, 110 spirals can appeal' as taIlgent Cl1l'ves and no 
l'otation points as singulat· points. As ii'trthermore a singular point ean 
neither possess elliptic sectors or leaves, it is either a souree point 
withont leaves, Ol' a vanishing point without leaves, or it possesses 
excillsively hypel'bolic and paraboJlc sertors without leaves, in which 
case we shall speak of a stl'olcing point. 

The singular points of an irrigating field cannot all be stroking 
points. This fo11ows fl'om theol'em 8 of the second commllnication 2) in 

1) For the first and second communicalion see these Proceedings Vol. XI 2, p. 850 
alld Vol. XII 2, p. 716. 

2) I. c. p. 734. 

.....-- ~.. Q7 th dtl! (:za tSAlk"."'" 
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connection with the obsel'vation, that the l'eduction of stroking points 
can lead only to reflexion points, 

So the1'e are l'ertainly souree points or vanishing points; to fix " 
our thoughts we sha11 start fi'om the existence of SOUl'ce points 

131 ,132 " _", BI/!-
In BI we start an arbitral'y tangent curve which when pursued 

inclefinitely can neithel' close ltself, nor become aspiral. So it must 
stop at tL singulal' point, w hicb can be notbing but a mnishing point VI' 

If possible we th en start in BI a second tang'ent Clll've, not crossing 
the first and stopping at an other vanishing point V 2 • 

If possible tIten in each of the two sectors generated in BI a 
tangent curve not crossing the two al ready existing ones and stopping 
either at a thil'cl vanishing point Va, differing from VI and V2 , or, 
if that is exclnderl, stopping e.g, at Vu but then in such a way 
that in BI a sector is eletermilleel limited by two tangent curves 
stopping at VI> inside which we can draw a tangent curve not 
crossing the exi'3ting on es, starting fl'om BI anel stoPi>ing at V 2 , 

Yve continue this pl'ocess of insertion as aften as possible, where
by every time in each sectol' is insel'ted a tangent curve not crossing 
the exisling on es whicb eiLher stops at an othel' vanishing puint 
as the two tangent ClU'ves limiting tbe sector, 01', if that is exclueled, 
elelel'l1lines a Vew secloL', in which sllch an insel'tioll is possible, 

In this Wtt)' it is impossible that at some moment a sector should 
appeal' limiteeL by t wo tangent CUL'ves stopping at lhe same vanisllÎug 
point, anel wilhill whicll 110 other mnishlllg point ShOllld he, 

Sa the number of talIgent curves stoppillg at one aneL the saLlle 
vanishillg point, aneL appeaL"ing in tbis pl'ocess of inseL'tion, must 
remain smaller than the total llull1bel' of vanishing points and frol1l 
tlus ensues that the pl'ocess of insei'tion eneLs aftel' a finite numbel' 

of insertions, 
Of the then constructecl finite system of tangent curves starting 

from BI' which we shall caU a system (I f ::;keleton Wl'ves of Bl> no 
two COl1secuLive ones have the sn,me vallishing point as their enel

point, 
Let for a cel'tain sense of circuit those skeleton curves be conse-

cutively 1\, 1'2 , " ,,' I' .. , stopping l'espectively tLt the vanishing points 
VI' V

2
"", , V;Z) which of course neeeL not be all different, 

We then if possible inLrocluce between every 1',1 and Ij+1 a tangent 
curve starting in BI and stopping at a cerlain vanishing point, not 
crossing tbe all'eady existing ones and reaching a distance as great as 
possible from 1'Jl and 1'1+~' In each of the sectors thereby generated at 
El we repeat such an insertioll, in each of the sectors thereby gelleraleel 
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again and so Oll; finally aftel' having repeaiecl ibis process of insol'LÏon 
w times, ,ve add the limiting curves, which are likewise tangent curves 
starting from BI and stopping at certain vanishing points. Aftel' that, 
as ensues from t11e reasoning followed in § 2 of the second communi
cation 1), no new tangent curves starting from BI can be insel'teel, 
whilst the consiructeel tangent curves cover on the sphere a closed 
coherent set of points, to which belong all possible tangent curves 
starting from Bp anel which we shall eall the irrigation territ01'Y of BI' 

The methoel according to which the skeleton curves have been 
constl'ucted implies furthel'more that bet ween every Tp anel 1'p+l two 
tangent curves '1'''p and 1",+1 appear, between which no further tangent 
curves starting f1'om BI can be consiructed, whilst all tangent curves, 
which have been eonstl'ucted between 1'p and r"p, end in ~" anel 
all tangent curves, which have been constructecl between 7"1'+1 anel 
1'p+1, end in Vp+1 ' 

From this ellsues that these curves 1'''" and 1",u+l coincicle from 
BI up to a cel'tain stroking point 3}', beyonel which they divel'ge 
fol' good. 

Fol', when diverging eithel' in a non-singular point or immeeliately 
in BI' insertion of uew tangent curves starting from BI would be 
possible. 

And also when l'elOlmng aftel' having previously diverged, au 
inse1'Lion of a new tangent curve starting feom BI would be possible, 
namely of such a one that lw,cl with 1"'p as weIl as with 1",,+1 an 
arc in common. 

So the irl'igation tel'l'itory of BI, consisting of n sectors :EI!' each 
limited by a tangent curve )"p aud a tangent CUl'''€' 7'''p, possesses 
an outer cil'cumference VlSl V2 •••• V,USIl VI' consü,ting of 2n tan
gent arcs, whieh we shall ca,U its "sides" . It may happen here, that 
au even sine Sp Y;+1' anel an odd side Sq Vq (p and q dIfferent) 
touch each ot/uw outwaJ'dly along au arc PY;+l resp. PVq (whieh 
can eXl!and to an entÎl'e siele Sp Vp+l or S9 Vg, Ol' reduce itself to 
a point Vp+1 resp. V'}) but not in au other way. 

For, when two sneh sides 8;) Vp+1 and Sq Vg have colli.eleel some
where outwardly, they cannot Ieave each othel' any more before 
17;+1 resp. Vg has been reached. Otherwise a tangent cnrve coin
ciding pa,rtially wUh Sp T;;+l anel pal'Lially with S'1 Vg might be 
insel'ted, whieh would separate 81' VtJ+1 anel Sg V'}' so that these 
couid not have eolIiclecl with each oLher, but on]y with fhe newly 
Îllsertecl ta,ngent Clll"ve. The sectors :EJ! connecting in this way BI 

1) I. c. ,po 723. 

-----IWIPOA #nwa.Ml) ;Ut.tQO;W~Jo'4Q!"'&U •• 



- 5 -

( 174 ) 

1{ 

Fig. 1. Irrigation territory. 

with one and the same vanishing point possess rOllllel ahont that 
vanishing point the same cyclic orelel' as about BI' 
. Let us consider a sector .2 p' The limiting tangent curves ),1JJ and 

r"'J can collide inwardly in an arbitrary closed set of points (which 
in particular can entirely cover those curves). Farthel'lllOre it is not 
necessary that the entire inner domain determined by 1"p and r"p 
belongs to .2p, However for each l'egion rJ}J between }"I' and 1"'p not 
belonging to .2 p the propet'ty holds that it is limited by two tangent 
curves r/.f!p allel r/.f!'JI running from BI to v,J (between which no 
further tangent curves starting from BI can be COl1stl'llcted), which 
coincide from BI up to a cerlain stroldng point aP", thcn di\'erge, 
and finally aftel' r~joining in a point r/.H,J (which can a1so coincide 
with Vp) remain united to their end in VI" If name1y the latter 
property were lacking, then a new tangent curve starting fl'om BI 
could be inserted. As finally the siroking point ",IJ}! must give insielfl 
the reg ion r/.Fp two (and not more than two) hypcrbolic sectors, 
only a finite number of points "(j,, can coincicle in one allel the same 
stroking point, anel from this enSlles that thel'c is only n finite 
number of regions r/.I-~!, 

The preceding shows that the resiclual l'egions dclet'mineel on the 
sp here by the il'1'igation terl'Îtory of BI, are elJ,ch bouncled by a 
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single inner circumference V"l S"I V,," Sr".. . . . . V" Sec Vo:1 , whose 
- - 11 n 

sides each join a stroking point and a vanishing point, in snch a 
way that two snccessive sides concnrring in a vanishing point V" 

p 
can touch each other inwardly from a cel'tain point P up to V"' 

p 

but other inner contacts are exclnded, and farthermore that each 
stroking point S" possesses in the considel'ed residnal region two 

p 
hYI,Jerbolir. sectors. 

The irrigation territory 81 of BI possesses a finite distance from all 
the remaining souree points. 

lf we construct for B 2 the irrigation territory analogously as for 
BI' these two irl'igation territories can partially penetrate info each 
other. This can ho wever, when constrncting the irl'igation territory of 
B2' be prevented by enforcing on its tangent cur\ es stal'ting from 
B

2 
the condition that they may neither cross each other nol' any 

tangent curve starting from BI, whiist for the rest we act in the same 
war as before. 

In that mannel' we have the i1'1'igation te1'l'itory 8 2 of B2' indepen
dent of BI' containing all those tangent curves starting from B2 which 
do not cross any tangent curve stflrting' fl'om BI' The structure of 82 

is entirely the same as of SI' Between 81 and 8 2 ontward contact 
may take place on account of fhe coincidence of an even (resp. odd) 
side S" VI of 8 1 and an 0dd (resp. even) side S,3 v.1 of 8 2 along an 
arc PVI , which can expand to an entire sicle S" V 7 or S,3 Vlor cau 
rednce itself to the point VI' li'arthermore 8 2 hes ent1rely in one of 
the residual regions determined by 8 1 , howeveL' iJ,l snch a way, that 
between two snccessive sides of this region which are inwardly 
pressed together, 8 2 can veq weIl penetrate to the vanishing point 
in which those sides concnr. Together 81 and 82 contain all tangent 
curves starting from BI or D2 • For the residnal regions which are 
detel'mined on fhe sphere by 8 1 anc! 8 2 together the same propertjes 
hold as for the residnal l'egions of 8 1 alone. 

In one of those l'esidual regions lies Bs at a finite distance from 
81 and 8 2 , and in that region we construct the irrigation te1'1'it01'y 8s 

of Ba, independent of BI ancl B 2 , containing all those tangent curves 
starting from Ba which do not cross u,ny tangent curve starting fi'om BI 
or B 2 • Togethel' 8 1 ,82 , and 8a conütin then all the tangent curves starting 
from BI' B2 or Ba. Ontward contact between Sa and 8 1 OL' .'12 can take 
place in the same way as botween SI and 8 2 , 

11). a qnite anttlogous way we COl1stl'uct 8 1 in ono of the l'esidual 
regions determined by Si' 8~, auel 8a • And in this way we go on. 
When we have constructed 81 , 82 " ••• 8m-l, then the sphere is not 
yet quite coverecl. For, the system of tbe tangent curves start\ug from 
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BI' B 2 ,· ••• Bm-l cnl1not npproach Bm within a cel'tnin finile elistnl1ce. 
But nfter inse1'tion of Sm the sphere is comllietely covel'eel, for 
the set of tlle tangent curves stal'ting from BI' B 2 , • ••• Bm- J , Bm 
is identical with the set of all tangent curves, so must cover the 
sphere e11ti1'e1y, anel we have proved: 

THEOREM 1. An il'1'igating field divicles the sphel'e into a finite 
numbe1' of i1'rigation te7'ritol'ies each of 'Which contains in its infe1,ior 
one of the sOUJ'ce points. 

A deal' example of an irl'igating field is the fOl'ce field of a finHe 
l1umber of positive and negative divel'gency points 1). 

The notio11 of irl'igating field can be extended in the following manner : 
Let be given' on the sphel'e a multiply cOl1nectcd l'egion y, bounded 

by a fini te number of coherent boundal'ies, allel in y a finite, continuous 
vector distl'ibution, which continuity is uniform "\vith ihe exception of a 
finite number of points. We t11en cnn constl'uet of the region y 

exclusive of its bonnelaries a contÏl)UOUS one-one l'epresentation on a 
sphere {1 in sucb a way that to the bounelaries of ï correspond on f/ 
single points. The tangent Curves of y are thel'eby l'epresented on a 
set of simp Ie curves Q descl'ibed in a certain seHse. If among these 
curves Q no simple closed CUl'ves appear, they clete1'mine on {J the 
structure of an il'rigating field. In that CtLse wc shall call the given 
.vector field in y likewise an il'l'igatil1g field. 

This more general il'rigating field dilfel's thereby from tbc [laL'licular 
kind first considered that a boundal'Y ean play thc part of a singulal' 
point. We accol'dingly distinguish SOH1'Ce boundm'ies, vanisldng boun
claries, anel strolcinp bowula1'ies. Fl'om t.his ensues tllat in the more 
general il'l'igating field aJso Spil'fl,JS can a,ppear as tangen t CUl'ves, 
namely such whose wimlings convel'gc uniform]y ta a SOUl'ce baundary 
Ol' to a vanishing bOUlldal'y. 

~ 2. 

'The most general field with a .finite number of sinHulll1' points. 

IJet thel'e be given an arbitral'y finite continnous veclOr field on 
the sphere with a finile numper of singular points. Let..N be Ol1e 
of the singular points, ihen we shall say (hat a closecl tangent curve 
jlows 1'ouncl abotGt N, i1' it does not conialll a singnlar point, anel 
encloses a region in whic~h lies lV but 110 athel' singl1lat' point. 
Fa,rtheron we sball say tllat a eloscel tangent CIll'\'C !low~ 1'ound 

I) Compul'e m)' paper: "TllB force field of the non-Eucliclean spaccs with 
positivc cMrvat~lrc"J these Proceedings Vol. IX IJ p. 250. 
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against N, if it contains N' but na other singular point, and encloses 
a region in which no singulal' point lies. 

If there is neither a tangent curve flowing ronnd about N nol' a 
tangent curve flmving !'Olll1d against .N, th en we sha11 caIl N.a 
nal.:ed singulal' point, othel'wise a 'W}'apped singldal' point. 

We shal1 assume that N- is a wrapped singnlar point anel we 
shall distingllish two cases: 

Jrïl'st case. 'l'/zel'e is no tangent cw've jiowing 1'ouncl about N. 
Let then (J be a tangent curve flowjng l'ound against N alld Iet us 
agree about an arbitral'y tangent curve l' inside Q, that, w11en it 
l'eaches Q, we shall pUrSl1e resp. recnr it ~tlong (J, until it l'eaches 
.:..V; in ihis way l' a1so becomes a tangent curve flowing l'ound 
against N. We can thus fill the inner domain of (J with tangent 
curves flowing round against N .anel not erossing each other in the 
same \Vay as in the second commllnication p. 727 was executecl for 
an elliptic sector. 

If we 1l0W constl'llct a wcll-ol'clel'ecl series cOJltinueel as far as 
possible of tt1ngent emves flowing l'ound againsL .Lv, encIosing Q allel 
banneling outside Q tUl evm' incl'easing area, then it converges either 
to a tangent curve flowing l'ound against iV, Ol' to a Ci1'cumlerence 
consisting of sim p1e closeel tangent curves which cnn contain besides 
lV still olher singulnl' poiuts and which possesses all the pl'operties 
deeluceel in tbe secOlld communicailon p. 720 allel 721 fol' the limiting 

l~jg 2, Oircumfluence tel'l'itory with (shuded) uddilional territories. 
~"il's l case. 

12 
Pl'oceedings Royal Acad. Amsterdam. Vol. XlII, 
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eirenmferenee of a spil'al tangent curve. 'rhe inner l'egion of that 
ciremnference, w hich can be en tirely filled with tangent curves 
flowing round against lV and not crossing each ofhel', we shaH caU 
a cil'cumjhlence 8ectOJ' of lY. 

The singnlal' point lV can possess an infinite nnmber of cÏl'cum
fluence sectors lying outside euC'h other, but amongst these there are 
only n finite numbel', which l'each an arbitral'ily fl,ssumed finite 
distance from .N. 

The set of regions co vel'ed by tile differen t circu mfl uence sectors 
of N we shall eall the CÏ1'cumfluence tel'J'itory of N. 

We shaH now regard of this circumfluence territol'y those residual 
regions which are bounded by a tangent curve flowing l'ound against 
an othel' singular point N,,-, and we shall fill them with tangent curves 
flowing round against NC/ and not crossing each other. The set of 
regions filled in this way with tangent curves possesses at each of 
the points lV,,- elltirely the strnctnre of a circllmflueuce tel'l'itory, 
and we shall caU it au additional cir'c~w/'fl,wnce tel'l'itoJ'y of N. 
The point lV possesses then only a finite l111mber of additional cir
cumflnence te1'1'ito1'ies. 

The cil'cumflnence tel'L'Ïtol'y of N detel'mines with its additional 
tel'l'itOl'ies togethel' a finiie nllll1ber of residual ragions on the sphel'e. 

Second case. Tlte1'e e:cists a tanpent CU1've flowin7 1'ound about N. 
Let Q be that CUl've, we then construct from Q outwal'els a wen
orelered series continued as far as possihle of tangent curves flowing 
l'ound about N, euclosing Q and bonnding outside Q an ever in
ereasing al'ea. The limit Tl to which this series convel'ges is either 
a tangent curve flowing l'ound about.LV, Ol' a cil'cumfeJ'ence containing 
singulal' points, consisting of simple closed tangent curves, anel pos
sessing all tbe lJroperties deduced in the secOllel communication 
p. 720, 721 fol' the limiting circnmfel'ence of a spiral tangent curve, 

Let us construct likewise from Q inwards a well-ol'del'ed series 
continned as far as possible of tangent curves flowing round abollt 
N, enclosed by Q, and limiting around N an ever elecl'easing area, 
then the limit Toto which this series ('onverges is either the point 
.N, Ol' a tangent Cl1l've flowing round about N, Ol' a circmnfel'ence 
consistillg of a fillite Ol' countable set of tangent curves flowing ronnd 

against N. 
If T o is a circumfel'ence containing N, we ean fiIl up its inner 

regions with tangent CUl'ves flowing round against N and not crossing 

each other. . 
If Tv is a tangent curve flowing l'otmd abont N, there can exist 

no tangent curve fiowing l'ound against N and having with a 1'0 
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point in common. Fot' then in the terminology of § 3 of the 
second cOl11l11nnication we shollld possess between N and 'la a 
positive as weIl as a negathre curve of tbe third kind, from which 
we ('ould start to fill tbe inner region of To with tangent curves 
'not crossing' each olhet·. We shoulc1 th en have to nnd th ere the 
number of elliptic sectors equal to the nnmber of hyperbolic sectors; 
sa thel'e wOllld have to be at least one hyperbolic sector inside 1'0; 

th is would howevel' gÎ"e rise to tangent curves f10wing round about 
N and lying ll1side 'lo' which is excluded. 

80 if 1'0 is a tnngent curve fIowing rounel about .Lv, then there 
exists insiele To at a finite distance fl'om To a cil'cumference T'o con
taining N, consisting of a finite or countable set of tangent cnt'\'es 
flowing l'ound againE,t .LV, a,nel inside which lio all existing tangent 
CUl'\'eS flowing round against lv' lf T'o does not redllce itself to the 
single point .LV, its inner regians cau be filleel with tangent curves 
flowing round against N and not crossing each other. 

The tangent curves not crossing each other with which the annular 
region between T o and 't' 0 ean be filled, must on one side either all 
enter into Ta or all convel'ge spirally to T o, anel on the other side 
either all enter into T' O Ol' all converge spil'ally to "C'e-

In order to fill up the annular region between Ta and Tl with 
tangent curves not crossing each other, we coniltrnct in it a tangent 
curve ?'~ flowing l'ound about N and reaching from To and Tl a 
distance as great as possible. Between 're and 1'~ we then if possible 
insert a tangent curve J'i flowing round about N and reaching 
from Tc and )'~ a d istancCl as greai as possible; likewise between 
1'1- and Tl if possijle a tangent curve 1'1; flowing roune! about lV and 
rearhing fl'om ?'~ anel 'r l a distance as great as possible. This insel'ting 
pi'ocess we repeat as often as possible, eventuftlly co times, anel 
finally we add tlle limiting curves. We are then SUl'e that no more 
tangent CUl'\'es fIowing l'ollnd fLbout N can be insel'led,80 that even
tl1ally the regions between T o aml Tl l'emainecl empty of tangent 
ClH'ves must be annulat, l'egions, 

Let cc be sneh an annular l'egion boundccl by the tangent curves 
7'}1 and 1''} flowing rouncl about N, lhen cc Ctl11 be fWed with tangent 
cnrves not crossing cach other, wlüch on alle side eithel' all enter 
into I'p Ol' aU converge Sp11'ally ta 1'", and on the ather side either 
aH enter into 1'q Ol' all converge spirally to 1'q_ 

The inner I'egion of Tuin th is manner entirely filled with tangent 
curves not crossing each olher, we shall caU the ci1'cwnfluJence te1'l'ito1'Y 
of .LV. 

We shaU farthel' of this circmnfluence territory fill each residual 
12~' 

-....... $ .a4At;i'4UJJM"'hpt\*@\WOWl;t~)lWt$JMi_1 
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Fig. 3. Circumlluence territol'y with (shaded) additional teL'litorie~. 

Seconcl case. 

region, bounded by a tangent CUl've flowing ronnd a,gainst a 
singuIEtl' point .1.Vr7 , with tangent curve~ flowing ronne! against J.Vr/. 
and not crossing each othel'. In ihis mannel' we add 10 the circum
fluence iel'ritol'}' of lY a finite number of additional ci1'curnfluence 
te7'1'ito7'ies, aftel' which there remain on the sphere only a finite numuer 
of l'esiclllai regions. 

Let us 110W consiclel' on the sphere a finite and, with the exception 
of a finite mllnber of points, uniform]y continuous vector distl'iblltion 
in a multipIy connected region y with a fini te number of coherent boun
daries. By a closed tangent CU1've we shali undel'stand here, besicle:s 
each tangent CUl're to which we have formerly given this name, 
oach system of 11 simple tangent arcs not meeting cach other and n 
eyelicaJly oL'dol'ed boundal'ies Ol' singular points not contained in a 
bounclal'Y ~TI ,1V~ ,1Va •• lVn , between wbich those tangent arcs run 
eonsecutively fi'om lVI to N 2 , from N 2 to Na , ... and from N ll to 
Nl' In partj(,IlIal' thus a simple tangent arc whose enclpoints Iie on 
one and (he same bounclal'Y forms togethel' with tbat boundary a 
elosed tangent eune. Fal'thel'on we sha11 undel'stand by the 6o'unda1'ies 
of sneh a field for shol'tness' sake also the singulal' points w hich are 
noL eOlltained in a boundal'Y. Finally we '3hall call a closed tangent 
('urve not containing a boundary, and eJlciosing in y a l'egion in 
which lies lV but no othel' bOllndal'Y, a tangent cw've jlowing 1,Ottncl 

about J.V, and 1've shall eaU a closed tangent curve containing N 
but no othel' boundal'j', anel enclosing in y a region in whieh lies 
110 boundary, a tan.qent curve flowing 1'ottnd against N. Nalced and 



- 12 -

( 181 ) 

wrapped boundaries we then define analogously as hefol'e naked and 
wrapped singular points. 

For a wrapped boundal'Y the circumfluence territory can be COll
structed in the same way as was done above fol' a wrapped singular 
point; the whole of its structnre lll1dergoes in this more general 
case no change, we only have to replace closed tangent curves in 
the narrower sense by closed tangent curves in the widel' sen se. 
The filling with tangent Cl1l'ves not crossing each other alld the 
completion of the territories by means of its additlonal territories 
lleeds no modificatioll eithe1'. 

vVe shall undel'stand by the 01,del' of the field twice the number 
of its naked boundaries plns three times the number of its wrapped 
boundarles. 

We shall now r:;tart from a finite and, with the exception of 
only a finite numbeJ' of points, unifol'mly continuous vector field 
in a region of tbe sphere wiih ~l finite mlJnber of coherent boun
dat'ies, each of whieh either reduces itself to a single point, or 
consists of tangent arcs turning one of lheir sides to the field, whilst 
in the latter case we assume that each fundamental series of conse
cutive points in a segmenr of a boundal'Y detel'mines only one 
limiting point, which propel'ty we expl'css by calling the bOllndal'y 
simple. 80 the appeal'anee of spirals in the bOllndaries is excluded. 

'Ve shall indicate two operations, both of which reduce \his field 
to a finite num bel' of ,fields of the same kind but of alowel' Ol'der : 

Ji'irst ?'educing operation : Bie construct in tluJ given field sucA ct 

closed tangent curve which toget!ter with each of tlw two partial fields 
dete1'1nined by it contains at least two 0/ the bowulariu; of the given 
field. 

Then namely ('ach of the two pnl'tial fields is of a lowel' order 
than the origiunl field. 

Becond ?'educing operation : we construct to a wraZJped bounclm'y 
the circwnjluence tenito1'Y with its eventual additional te1'ritories. 

Then namely each of the residual fields is of alowel' ol'der than 
the ol'iginal field. 

It is cle~l' that aftel' a finite numbel' of applicatiol1s of these 
l'educing operations eithel' nothing of the original field is 1eft Ol' 
thel'e l'emain only such fields to which neithel' of the two opel'ations 
call any more be applied. 

Tlten ho~~ever in these 1'esidual field.~ there e,vists no closecl tangent 
curve, so t!tat tlleY /l1'e irrigating lields, 

It' these lasl remaining residu al fields are lacking, then the ol'iginal 
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Üeld eau be divided by simple boundal'ies consisting of tangent fLl'CS 

into a finite l1Lllnbel' of circllrnOllcncc ICI'l'ilol'Îos with addilional 
territories whielt propcrt,)' wc shall expl'css by callillg it a cÏl'wm
.fluent field. 

The circumfluent field can be regal'çlerl ttS the counierpiece 10 

the il'l'igating field analJ'sed in § J. 
A clear example of a circumfluelll field is the force field without 

divel'gences of a finita nUll1bel' of positive and ])egativc rotation 
points. 1) 

vVe 1l0W htt\'e provecl: 
TUEOREl\I 2. A jinite COllliJillOUS vector field on tlte spltel'e witlt Ct 

linite nmnba oJ singulct1, points can be divided by simple boundal'ies 
consisting oJ tan,qent arcs into a ,finite mf,7IlbC1' of i1')'~qating ,fields 
and a tinite nwnbel' oJ cil'cumjluence teJ'I'itol'ies. 

At the same time \ve notice that Ilmong thc tangent curves not 
Cl'ossing each vtller, wil1l whieh iu tbe pl'eceding' pages we have 
tilled tbe field, spirals CrtJl1wt appeal' in the boundaries of the il'l'igating 
Helds or cil'cumtluence tel'1'Ïlol'ies meant in theol'em 2, a,nel in their 
interi01' exclnsively in the following two ways: 

l bt • A cil'cumtlL1ence tel't'iIOl'y of tbe second kind eun contain 
annulal' l'egions filled with spü'als. 

2nd • An il'l'iguting field ean possess source boundul'ies or \ anishing 
bOllDdUl'ies J'ound abont whieh all tangent eUl'ves a1'1'i\'e l'esp. depal't 
spil'aI1y. -

~ 3. 

'l'he theol'em of the int'1!1'iant point on the 8pftel'e. 

In the first cOl11ll1unication on this subject (these Pl'oceedings Vol. Xl 2) 
we haNe on page 857 bl'ought an al'bitl'al'y continnous one-one trans
fOl'mation of the sphel'e iJl itself into l'clation with tbe vector distl'Ï
bntion fol' \\,hi('h in eaeh point the vector dircetion is detel'mined 
by the shortest arc of principal circle joining that point witb its 
image point, for \V hich distl'ibution appeal' as singul[l,l' points: l st. the 
points innl.l'iant fol' the (l'ansfol'mation. 2" c1 , (he points having theil' 
antipodic points as theil' image points. The singulm points of tbe 
latter kind f01'111 fol' tnmsfol'mations with inversion of the indicutl'ix 
[l,S weIl as fol' transfOl'matiollS wiLh invariant indicatrix a closed set 
of points of the most genel'ill kind which make~ ii pl'etty weU 

1) Compal'e my paper quolcd nbove: "'l'he force field of the non·Eucliclean 
spaces with positive curvatzere". 
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impossîble to deduce out of the properties of the vector distrîblltion, 
either by means of theol'em 2 of the fiTst communkation, Ol' by 
means of theorem 8 of the second communication, the existencc of 
at least one invariant point fol' tmnsformations with invariant indicatrix. 

The difficulty caused by this inconvenient set of points disappears 
however for an other vector distl'iblltion deduced from the tJ'ans
formation. 

To construct this dio,tl'ibntion we bring through each point P a 
circle containiug its image point P' anel a fixed point 0, and we 
determine the vector direction in P by the arc of cil'cle P P' not 
containing O. IJet Q, be the point having 0 as iis image point, 
t11en as singular points of this vector distribution appeal' l st . the 
point O. 2nd. the point Q,. ;)td. the points invariant for the trans
formation. 

lf this vector distribu!ion has an infillite number of singular points, 
then there are certainly points ü1Varinnt for the tram:,formation; so 
'lI'e assume in tile following that the nUll1ber of singulal' points is 
finite, and we üwestigate fiest the nature of thé singnlaJ'ity in U. 

For a point P in sufürieut pl'oximily of 0 the vector dil'ection 
diffel's indefiniiely liUle fmln the direction of the geodetic m'c of 
eit'cle OP. 80 by a circuit of a s111a11 circle about 0 the total angle 
whi('h the vector turns with respect to the tangent to the smaU 
cirele is zero, so that wh en 1wluced the sin,gulal'ity gives 1'ise to a 
1'adiatin,q point. 

To investigalc {he nature of the singlliarity in Q" we represent 
the sphei'e stel'eogl'aphically on a Euclidean plane in snch a way 
that 0 represen ts the infinite of the plane. T hen in this plane the 
veetOl" distribntion is c1elermined in each point by tbe straight line 
segment joining the point with its image point. 

In the Euclidean plane the ima,ge of an infinitesimal cil'cle abont 
Q is an intinitely large cit'cle; the infillitesimal eirde and the infinitely 
large eirrle possess for transformations with in variant indicatrix 
opposite senses of ci1'c1ût; for transformations with invel'sion of the 
indicatrix equal senses of circuit. 

In the former case the vector describes in a circuit of the infi
nitesimal circle an angle 2;r in a sel1sr> opposite to tJLe ch'cuit; in 
the latter rase an angle 2.7l in the same sense as that of the circuit. 

80 when I'educed the singulC61'ity in Q, gives l'i813 fo1' transf01'mations 
'tvith inva1'irmt inrlicatl'i.1J to a 1'ejle.vion point, fol' transformations 
wit/~ invel'sion of tlte indicatl'ix to a 1't"ldiating point. 

Thns the Iwo rac1iating points, which according to th eo rem 8 of 
the ::,econd commnnicalion (p. 734) must be present in the rednced 
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disiribntion, nppenr fOl' n lmnsfoL'l1lt1,tion with in\'crsion of the incH
caLl'ix in the points 0 and Cl; fol' n ü'ansfOl'nHt.tion witb invurinnt 
indicntrix howe\'er the serond l'nc1iating point can be fUl'nished only 
by a point invariant fOl' the tl'ansfol'luatioJl, which thel'efol'e must 
necessa?'ily e.vist. 

~ 4. 

1'/w inde,'/} 1'elation on the sphere fol' Cl finite nwnbel' of 
Si77!)uhI1' points. 

'lVe shall 110W clisCllSS the questions' whether the nnmbel' ofsingular 
points of n finile continllolls veelol' distribution on the sphel'e, which 
nccol'ding to theorem 2 of the fil'st commullication cannot be zero, 
is al'bitl'aey for ti1e rest, and ftl,rther wbether the strnetnre of the_ 
singu!aL' points, which acC'ol'cling 10 theorem 8 of the second commn
nication is not entirely free, is liable to slill other l'estrictions than 
tllOsc expl'cssed in thai lheol'cm. 

These questions can be fully nnswel'ed by menns of [iJe following 
l'pasoning, whieh is aJw.1ogous to the proof of EULER'S law, nnd 
which was inclicated to me by Prof. HADAl\IARD. 

Tbe totnl nngle w hich fol' n finite stereogl'nphic representation of 
thc inner rcgion of n simpJe closed curve enveloping only one 
siJlgnlar point. on a EllC'licieau plane Lhe \'eetol' d0scl'ibes by a circuit 
in the senso of I hat cil'C'uit, allel w hich aecol'cling to theol'em 5 of 
the seconcl cOlllmunieaLion (page 731) is eqnal to ::r (2 + n 1- 11.2 ), 

whel'e n 1 rep l'esen ts Ihe nnmbel' of elliptic. sectors, n
2 

ille numbel' 
of hyperboJic sectors of tlle singuJnl' point, can be written in the 
fOl'ln 2klt, where k is nn integel', whieh we call the inde,v 1) of the 
singIllar point. 

For n simple closed Clll'Ve, enveloping n singl1lal' points with 
indices !';1 , kJ , !':3 , ..... !';/I, the total aug'le whiC'h, fOl' a finito stel'eo
gL'aphic l'epl'esentntion of the inner domain of that CUl've on n 
Encliclean planC', the vecLol' clescl'Îbes by a circuit in tbe sense of 
thM circuit., is equal to 2n- (l~1 + lc2 + ..... Je il ), as is immediately 
evident when we c1ivide the inner clOlnain nncler obscl'valion by 
mennR ol' al'CS of simple CLH've into 11, inner clomnins of such simple 
closed CUI'ves, whic.h each elweJop only one of the singulal' points. 

1) This expl'cssion is us cd (noL fol' Lhe singular point itself but fol' a CUl've by 
which it is enclosed) hy l~OINcARÉ: "SUl' les courbes définies par 2me équalion 
ditférentielle", lel' lllémoil'c, Journ, de Math. t3) 7, p, 400. Tbe univalent conti
nuous v0ctor clislributions tl'eated thet'e are of a pal'ticulal' algebraic kim!, so Uw! 
only indices + 1 and - 1 appeal' fOL' the singular points. 
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We JIOW make on the sp here a circuit along a certain principaL 
circle on which lies no singular point i the total angle, which in the 
sense of a certain indicatrix on rhe sphere (he vector direction 
describes by that circuit with respect to the tangent direction, is equal 
to 2/m, where h is an integer. 

The sen se of that circuit is with respect to one of the hemispheres, 
into which t11e sphere is divided by that principal ch'cIe, the same 
as the sense of the indicatrix, with respect to the other opposite to 
the sense of t11e indicatl'ix i so fol' a circuit of the first hemisphel'e 
the vectol' describes with respect to the tangent direction an angle 
2h;;r in the sen se of t11e circuit, for a circnit of the second hemisphere 
an angle 2hJC opposite to the senst> of the circuit. 

The total angle which, 1'01' finÏte stel'eographic l'epresentation of 
the fil'st resp. the second hemisphel'e on a Euclidean plane, the 
vector c1escl'ibes by a circuit' in the sense of thaI, circuit, is thus 
eqnal to 2 (1 + h):c resp. 2 (1-- h) ;;r. 

If in the first hemisphere lie 1n singular points with indiees 
Ic

l
, k2 , •• • Ic./I' in the seconcl hemisphel'e n - 111 sillgular points with 

illdiceR I':m+ b km+~, .•• IC1i , we haye 

lC I + lC 2 + ... lCm = 1 + lt, 
lCII+1 + lC/l!+~ -+- " . Ic" = 1 - lt, 

kl + lc~ + ... + k"-l + kil = 2, 

80 tlult the .mm Of the indices of the sin,qula1' points is equal to 2, 
a generalisation of the relatioll deduced by POINCAHÉ for the particnlal' 
case tl'ealed by him I), whilst the SLnlCture of the sing111al' points is 
submitted to the following restrictive property: 

'THEOREi\I 3. Twice t/te numbel' of sin,qu1al' points plus the nwnbm' 
oj eWptie sectors is equal to the nU1Jlb81' oj hypel'bolie seet01'.'; plus jOlt?'. 

The uccessal'y cxistence of at. least one singl1lar point befOl'e reduc
t.ion as well as of at least two radiating points aftel' rednction lies 
incillded in this theorem anel finds there its simplest proof. 

We shall finally show that the set ofsingnlar points (supposed finite) 
is submitted to no othe1' restl'iction thull the onc cxpl'essed in theol'em 3. 

Let US namely assume an [\,l'bilml'Y finite set of points as singl1lar 
points, let ns enclose them each lJy a suchlike simple closed curve 
that these curves do not ihlersecL each othe1', and let us give inside 
and on these cnrves to the vector field a strl1cture satisfying theorem 3 
but fol' the rest arbitral'Y, 'vVe m USL th en show that the outer dornain 

1) l.c, p. 405, 
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of these curves can be filled up with a finite continuous vector 
distriblliion wit1tOut singllJar points and passing into the already 
existing ones. 

To that end we take fol' the closed curves a certain cyclic order 
and join each of them with the succeeding one by snch an arc of 
simple curve that these al'CS do not intel'sect each other, so that on 
the sp here two free l'egiolls 1\ alld Y2 l bonnclecl by simple closed 
curves, are deteemined. We then const"uct along the inserted arcs of 
curve suchlike finite continuous vector distributions without singnlar 
points and pasEoing into the existing Olles that the total angle, which 
for finite stel'eographic represel1tation of Y1 on a Ellcliclean plane the 
vector describes in a circuit, is zero. Then 11 can be filIed, in the 
111an11er indicated in the seconcl cOl11mnnication p. 732, 733, with 
a finite continuQlls vector distribl1tion without singular points and 
passing into the existing ones. 

As now however the singulal'ities have been chosen in snch a way 
that they satis(y theorel11 3, the vector dpscL'ibes iu a circuit of the 
complel11entary dOl11ain of 12 , stereographically representecl on a finite 
region, a total angle 4'1' in the SPil se of the circuit; thns by a circnit 
of the l'egion Y2 itself, when stereogmpbically l'epl'esenlecl on a Hnite 
region, a total angle zero. Therefore Y2 also can be fWed with a 
finite conlinuous veetol' clistriblltion wit/wut singnlar points and pass1l1g 
on its bOLlndary into the exisLing 011e3, witll which the Inek of othm' 
l'eslt'ictiol1s than those expl'essecl in theorem 3, ha.:i been pl'oved. 

As fol' tbe singulal' points (supposecl to form a finite sel) of a finite 
contilHlOus vector clistribntioll in the Euclidean plane, neithel' theil' 
numbel', nol' theil' stl'llctUl'e is snbmitted to any restriction. 

E R RAT U M. 

In the first comrnunication on this subject, these Pl'oceedings Vo1. XI 2, 
p. 856, 1. 3 and 7 from top 

for: recure it, meets remt: recnr it, it meets 

Zoology. - "T/w S((CCI/S I asculosus of' fi::;ltes a I'eceptil'e ne/'i'OUS 

ol'gan aml 1/Ut a ylrtltrC'. By l']'oL J. BULK!!: md K. vVo 
DAlIfMgltMAN. (Coll1ll1unieatod by Prof. A. A. W. HU.I3RI.CUrr). 

(Communicated in the meeting of May 28, 1910). 

In 1901 one of uS came to the eonclllsion, bas<,d on the study 
of the development anel of th<, histologieal stmerUl'C of tho sareus 


