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Mathematics. - "On tlte centra oj' tlw inte({ral cU}'/)i!S w/dclt liallsjfl 
dUlm'entiat eqllations 0/ tlte jÎ1'st orde}' anel tlte .first defJ1'ee." 
By Prof. W. I\:Ap'L'l!]YN. 

1. Considering a' and y as the cool'dinates of a point in the plane, 
the rea1 curves which Ratic:;f)- a diIferential equation of the form 

cly Q Îl I j) b . 1 .. cl I I J''{!' t - = -p' <cG ane ell1g po ynomla m J) an y wit 1 rea coeulClen s, 
d.v 

pmsent different singlllal'ities. Between the,c;e we meel with points 
(foei: which are as.rmptotic points fOl' the inlegral ('l1rves which 
pl'esen t t helU'lelves as Rpira[f-, 111 the neigbourhood of sllch points. 
These svirals sometimes ehnnge 111 closed CUl'ves anel then the cOJ'l'e
sponding form, is caJlecl a centrum, and it is a question ,of great 
interest 10 determine thc eonclitions when this happens. This questiun 
has been sol veel theol'etieaJly by POINCARÉ, but meets with great 
difficlllties in pl'aetice. 

The object of ihis paper now Ib to examine tbe diliel'ential equa
tion, supposing Panel Q to be pol.rnomia of ihc second degree, and 
to deiermine all cases when centra may be expected instead offoci. 

2. When the Ol"igill of roordinates is ihe point which must be 
examined, the diffel'ential equation may be written 

dy - .v + a' a;2 + 2b' ,vy + c'y2 
-

d.v Y + a.v~ + 2b,vy + oy~ 
wl1ere a, Ó. c, a', b', c', are rea1 constants. 

By snbstituting 
S=7t.v+lcy 11 = - k.v + hy 

the form of this equation is not changed, 1'01' we get 

d'YJ - ~ + a'sJ -I- 2t3'g'1 + y'11~ 
-

dg 1J + a;2 + 2P;11 + YJ,2 
where 

W + 1,,2/ Cl = alt 3 + (a' + 2b) Jt21c + (2b' + c) ltk2 "+ c'/ca 

W + lc2)2 {J = blt3 
- (a -- b' - cl lt 21" - (a' + b - c') ltk2 

- b'k3 

W + lc~)2 Y = c7t~ - (2b-c') Jt27c + (a - 2b') ltP + a'7c3 

(lt 2 + lc2Y et' = a'!t3 - (a - 2b') lt~k - (2b -c') ltk J 
- ck3 

(lt 2 + lc2
)2 fJ' = b'lt3 

- (a' + b - c') ft 2k + 'ct - b' - c) ltlo,2 _ M3 

'h~ +- pr y' = c'h3 
- (2b' + IJ) h2 /c + (a' -r 2b) lt1c2 

- aka 

Now ft and 1c ma)' be chosen so thai the six coefficients a t3 y, 
a' (j' y' saLisfY two conditions. Adopl,ing 

a + r = J. a' + y' = 0 
we have 

! ' 
1 

11 

I I 
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(I~2 + I.:~) J. = (ct + c) ft + (a' + c') k 
0= (a' + c') lt - (a + c) k 

(t+.:: a'+-.c' 
lt=- , lc=-- . ...... (1) 

;. l 

J. being a reaI number whatever, except zero. 
From ihis it js evident that we [pay write 

dy - fIJ + a',v~ + 2b'my - a'y~ -fIJ -~ y 
- ---

d,v Y + am2 + 2b,vy + cy2 y + X 

whel'e still c couId be replared by a - l. As we do not want this 
conditlOll we will retain this coeflicient in the oId form. 

Now aftel' POJNCARÉ'Sl) theory here the origin is a centrum wh en 
it is possibIe to construct an infinity of homogeneous functions Fz of 
order 1', satisfying the following series of partial difl'erelltial equations 

alla aFa ,v ~ - y - =- 2,vX + 2y Y ay a,v 
aF4 aF4 X apa T apa , 

m--'1j-= -+1-ay afIJ afIJ ay . . . (2) 

This leads to an infinity of conditions fol' the five constants a, b, c, 
a', b' fiud if these are all fulfilled the origin is a centrum Imd the 
general integral may be written 

ro~ + y~ + Fa + Ij\ + h\ + ... = Const. 

whel'e the series converges untU the closed curves, reprcsented by 
this equation, pass thl'ough th,? neal'est singular point. 

"1, 

3. 'fhe equations (2) may be tl'ansformed as follows. If we suppose 

d 
aFn aFn 

Pil to be a homogeneous function of degree n, an a: - - y -ay ax 
ap aF 

to be divisible by xX + y Y, the function X ~ + y ~ will also 
uro uy 

be divisible by xX + yX. Fot' eliminating' the diffel'ential quotients 
hetween 

aFn aF" 
.'IJ -a- - y --:;:;:- = (.vX + yY) PIl-3 Y ua: 

1) Journ. de Math. (1885) p. 173. 
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Y àF" r àPn -+-X-=u àg à,v 

ap" aF" 
y -::\- +- .v-a = nFn 

vy .v 
we obtain 

(mX + yY) (mY - yX) Pn- 3 - U (,'IJ~ + y2) + n (.'L'X + y Y) FII = 0 

whieh proves that U tS dlvlsible by .vX'+ y Y. 
1f thel'efol'e 

u = (,?'X + ?J Y) Pn-2 
we have 

(I/] Y - JJX) Pn- 3 -- (,v2 + y2) Pn- 2 -+ nJ;~j = 0 

t1nd the conditions fOI' a centrnm may be written 

ap aF 
.v-à 3 - /I -à 3 = 2 (.vX + y Y) 

lIJ lIJ 

aF aF àF aF 
4 4 X 3 + l' 3 (V -+ 1') P m-- Y -a = -a -a = .V.Ll. Y 1 

dy .'IJ te y 

aF aF aF aF 
,'IJ -a 6 - Y ~ = x ~ + ]" _4 = (,'IJ X +- y n P2 y v,v v.'lJ dy 

. (3) 

where e\'idently PI l'epl'esents a homogeneolls functioll of Ol'der z. 
These condiliol1s may be furthel' redured, fOl' 

X ÖFn+2 + JT Oii~j+2 - ( 'x + 1T) ['" .La à -IV Y n 
iC y 

aF,+2 àFlI+2 r T 

,'IJ -::\ - -- Y -a- = (mX + y1 )Pll- l vy.'IJ • 

givc 

hcnec 

Ol' 

ÖPlI àP,l X ÖPn- I yap,I - 1 (àX a Y)' p 
m--y-=.L -- -+ --+ -+- 11-1' 

ày àiV àll! ày all! ày 

Remal'king that Po = 2, the conditions (2) may finally ue l'eplaccd 

by these 
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etc. 

4. Examining now the possibility of a series of homogeneous 
fllnctions Pt satisfying the conditions (4:), we introduce the values 

x = C/l/]~ + 2b xy + c!l~ 
ax ay , - + a- = 2 (a + b) tIJ + 2 (b - 0.'),11. a,'l1 y 

Putting 
PI = p'o'v + P'l,Y 

the fil'st condition gives immediately 

p'o = 4 (a' - b) P'l = 4 (Ct + b'). 

Thus the function PI divided by 4 

PI = (a' - b) x -+ (a + b') Y = Po'/] + PlY 
always exists. Proceeding now to 

p~ = qox J + ql''lJY + q~y2 
we find that this function exists when the coefiicients satisfy thc 
following equations 

ql = (3a + 2b') Po + apl 
2q, - 2qo = (4b - 2a') Po + 2 (a + 2b')Pl 

- ql = cpo + (2b - 3a') PI' 

Thel'efore it is necessal'Y' that 

. (3a + 27/ + c) Po + 2 (b - ar) PI == 0 
Ol' tbat 

(a' - b) (a + c) == 0. 1 

By hy pothesis a + c =1== 0, thus the first condition is 

a' - b = 0 . • • '. ..• (5) 

It' this condition is fnlfiUed qo may be chosen arbitrarily, fol' 
instanee qo = 0, and we have 

p~ = (a + b') [bllJy + (a -I- 2b') y']. 

From this farm it is evident that th is function and all the fol1owing 
fupctions Pa P4'" vanish when 

a + b' = O. • • • , • . . . • (6) 
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The origin is therefore a centrum if both the conflitions (5) and (6) 
are satisfied. 

In this case the inte~p'aI of the differential equation 

dy - ,v+bx2 -2amy- by2 
-

d,v yt am2+2bmy+c,Y~ 
takes the finite form 

i/]2 + y~ + Pa = con8t. 

whel'e Fa may be deterruined from (3). 
The integl'al curve 

2 2 
,v2 + y~ - 3 b,va + 2a,v2y + 2b,'IJ.y 2 + "3 ey3 = con8t. 

th11'3 represents a series of closed C'lll'ves rounel tlle origin of coordinates. 

5. Assuming now 

a' = band (l + bi =/::: 0 

we may Oluit the factor a + bi and write 

p~ = b,'/]y + (a+2b') y2 = ql ,'/]y + q2 y2, 

Now it is always possible to find a homogeneous fUIIction 

Pa := 1'0 ,'/]3 + 1\ m2y + 1'2 ,vy 2 + 'I'ay3 

saLisfying the condition 

apa apa X 'OP, yap2 (ax à Y) 
ilJ-·-y-::= -+ -+ -+- P" dy a,'/] dm ay a,'/] dg 

and tlle coefticients are found to be 

Pl'oceeding to 

b 
1'0 := - 3 (a + 2c) 

1\ := b2 

'1', := b (2a + 4b' - c) 

1 
1'3 = 3 (2a 2 + 10ab' + 3b2 + 12b'2). 

P4 = 8 0 m
4 + 81 ,v3 y + ~2 ,'/]2 :/ + 8a m,y 3 + 84 y4 

Vlre find that the following relations between the cocfficients of P4 
and Pa must exist 

8 1 = (5a-t 2b') 1'0 + b1\ 

282 - 480 := 6b1'o + 4 (a+b') 1\ + 2b1'2 

383 - 381 := 301'0 + 3b1'l + (3a+6b') 1'2 + 3b1'~ 
4.8~ - 281 := 201\ + (2a+8b') 1'3 

-- 81 := C'l'2 - 3b1'3 
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whicll lll'e impossible unless 

(5a+2b'+e) 1'0 + 2b1'r + (a+2b'+e) 1'2 - '2ln'3 = 0 

Ol' 
b (a+e) (2b' - 3a - 5e) = 0,. . . . . . (7) 

T11i8 condition brellks up into thl'ee conditions wlüch will be comlÏael'ed 
separately. 

Supposing in the fil'st plllce 
a' = b anel b = 0 

the diffel'entilll equlltion mlly be sol veel. Por putting 
,'1)2 

-=t 
2 

1 - 2b'y =;; 

we obtlliJl the linen!' ditfel'entil11 equaHon 

dt a 1 2b' +e - 2 (b' +e) ;; -I- ezz 

----t=- . 
dz b'z 8b'3 ;; 

A particulal' integral of this equation being 

t = a + {Jz + ,,/Zl 

where 
2b' +e 2 (b' +e) c a---- (:1-- "I}- ___ _ 

- 8ab'~ I - 8b'l (b'-a) I - 8b'2 (2b'-a) . 

the genera! integl'al of the original elifferential equlltion tllkes the 
form 

a 

b' = const. 

which for srnall vlllues of ,l] and y ma)' be expanded Ül the form 

{IJ~ + y2 + Fa + 1/4 ••• = con st. 

In this case thel'efol'e the Ol'igin is II centrum. 

7. If, in the second place 

a' = b ano a + c = 0 
the corresponeling diifel'ential eq uation 

dJ} = - ,'I) + b,v2 + 27/,v,1J - byZ 

d.v '!/ + (tm 2 + 2b,lJ!} - a,l/ 

has thl'ee particllhw integl'als of the fOl'lll 

,1j = Am + B 

fo!' substituting thi8 value anel equalling the coefficlents of Lhe different 
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po\vers of (1] in both members, we have 

A (2bA - aA2 + a) = 2b'A - bA' + b 

A(2bB + A - 2aAB) = 2b'B - 2bAB - 1 

AB(l -aB) = - bB2 

which are satisfled by the roots of the cubic 

aA ~ - 3bA~ + (2b' - a)A + b = 0, 
and by 

A 
B=--. 

aA-b 

In this case, the general integral may be wl'itten 

(y - YI»)l (y - Y2»)2(Y - Y3»a = const. 

whel'e !h !/~]/a stand for the three particular integraIs and À')')3 

are cer'taiIl constants, To pl'ove tbis we will show th at the necessary 
nnd sul1icient condition I), that 

l ').1 ')., ').3 t 
(y - Yl) (y - Y2) (y - Y~) -- + -- + --

Y-YI Y-Y, Y-Y, 

is divisible by ]/ + a(1]' + 2b(1]]/ - av2
, may be fulfilled by choosing 

pl'operly the constants ).1 12 )~. 

This condition muy be wl'itten, t' being a constant factor 

).1 + )'2 + .1. 3 = - at' 

')'I(Y2 + Y3) + ~2 (YI + Ya) + ').S(Yl + Y2) = - (1 + 2b.v)t' 

').IY,Ya + .l. 2YIYa + ).aYIY' = a,'II 2t' 

01', replacing VI V2 y~ by theil' values 

(a) .1. 1 + Î. 2 + ).3 = - at' 

(b) .Î.J/l~ + A 3) + ).2(.111 + Aa) + .i.lfl j + A,) = - 2bt' 

(v) ).1(B, + Bs) + ).~(Bl + Ba) + },a(Bj + E,) = - t' 

(d) ).IA2Aa + ).2AjAg + ).aAIA, = at' 

(e) i.. 1 (A, Ra + AaB,) + ).,(A1B 3 + A3BJ + .l.a(AlB, + A,Bt} = ° 
(f) .l.IBJBs + .I.,BlBs + ).3 BIBJ = ° 

As 
. 3b 2b' - a b 
Al + A, + As = -, Al A, + AjAa + A,Aa =--! AIA,A3 = -- -• a a a 

the conclitions (a) (b) and «(~ rpay be written 
____ .:t:..'F •• 

1) KORKTNE, Math, Ann. 4~, p, 350, 
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Àl + ).~ + À3 = - aT 

).1 Al + ).~A~ + À~A8 = -- ur 
J.'lA~A3 + À2AIAJ -+- ÀsAIA2 = at'. 

N = A.I J(A 1 - A 2 ) + A/(Al - A 3 ) + A3\Al - Al) 

anel li is stIll to be proved that the th1'ee conditions (c) (e) and ct / 
are satisfied by theEie values of ).1 À2 )"1" BefOl'e pl'oving this, \ve "', ill 
Wl'Ite J.'l).2; 3 111 anotllel' f01'111. 

The values of BI B2 B R expl'essed in the vallles Al A2 As are 
founu to be 

BI = 6(aA l l - 2b.11 l - a) 

B 2 = 6(aA22 - 2b.11 2 - a) 

BI = o (aAs 2 - 2bA 3 - a) 

and it IS not elJfficult to find the value of 6. For il1tl'oduclIlg 

bB 
A=--

aB-l 

iJl the cubic, 1t is evident that t11e values of Bare tlle roots of the 
cubic 

2a(ab' - b2
) BS + (3b~ - 4ab' - a2)B2 + 2(a + bi) B -1 = 0 

Therefore 

and 
1 

6=---. 
2W-ab') 

Now 
aAI - b) (a A 2 - b) (aAs - b) = N IN 2 N a = 

= a3AIA2As-a2b(AIA2 + AIA3 + A~A3) + ab2(AI + A% + Aa)-b8 = 
b 

= 2bW-ab') = -
6 

and finally 
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T 
1. 8 = bN As(AI-A2)N1N z· 

With these values and BI = A! the fil'st member of (c) reduces to 
M 

't' • 

+ bN Aa (Al-Az) [2aAIA2 - b (A l +A2 )] = 

-= - ~[Al (A2~-Aa2) + Az (Aa2-AI2) + A3 (A 1 2_A,z)] = - 't'. 

Furthel', the first member of Ce) takes the form 

't' 
+ bNAs (AI-A2)AIA~ [a (AI+Az) - 2b] = 0 

and the tiJ'st member of (I) 

r 
-(AIA2A 3 (Az-As) + ~11A2As (.A 3 -AJ + A 1 A2.11 1 (AI-A:)l = O. 
bN 

The general integral is tberefore 

whero 

(y - Al/IJ - BI)Àl (y - Az/IJ - B 2)À2 (y - Aa/u - BIF! = Con~t. 

)'1 : .1.2 : 1. 3 = (A~--Aa) (aAl ~-2bAI-a) : 

(As-Al) (aA 2 2-2bAz-a) : (Al-Az) (aAs 2-2bAs -a). 

When the cnbic in A has a pair of imaginary roots the COl'l'e
bPondmg pnl'ficular inlegl'als are con,jugflte imaginary and therefore 
Ibe gOllPlalllltegl'al is JmagillUl'y unless two ofthe quantities I. are equal. 
Tllls JS only possible if b(rr, + b') = 0 and these cases have all'eady 
been considel'ed in Art. 6 and Art. 4. We mnst tIms suppose that 
all (he roots of the cubic in A are rea1. 

82 
Pl'oceedings Royal A~;;'ll, Amsterdam. Vol. XIII. 
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For small valnes of aJ and y the general integml may be expanded 

in the form 
d;~ + y~ + F s + F 4 + ... = Gon8t. 

which pl'oves that in this case the origin is a centrum. 

8. If we assume in the third place 

a' = band 2b' = 3a + 5c 
thc cOl'l'esponcling differential equation takes tbe form 

cly - [IJ + b,v 2 + (3a + 5c) ,V,lj - by~ - IV + Y 

dm 
Hel'e 

ax ay 
a.v + ay =5(a +~)aJ 

and omitting eonstant factors we have, as before 

Po = 2 

wh ere 

PI =y 
P

2 
= b,vy + (4a + 5c) y~ 

b 
Ps = ~ 3 (a + 2l') (IJS + b2,v'y + b (Sa + ge) my2 + 

1 + 3" (4a2 + 115ac + 3b~ + 75(2
) y3. 

P
4 
= 8

0
iV 4 + S l iU 3y + 8 z,V

2y 3 + 8s,vy 3 + 84y4 

So = 0 
b 

8
1 
= -3 [Sa2 + IOa(J - 3b2 + IOc

21 

8 0 = 12b2 (a + c) 

8s = b [44a2 + I07ac + 3b2 + 66c
2

] 

8
4 
= ~ [S08a3 ~ 1245a2c + 57ab2 + 1675ac' + 69b

2cl. 
6 

Proreec1ing to 

and 

wc obtain 

Ps = toiV 6 + tl.V4y -\- t2,v3y2 + t z,'lJ
2y' + t4,vy4 + ,t5y 5 

tI = (9a + 5(J)so + bSI 

2t
2 
-- 5to = Sbso + (Ua + lOc) SI + 2bs2 

3ls - 4tl = 4C8o + 5bsl + (13a + l5c) 82 + 3bs8 

4t
4 

- 3t
2 
= 3csi + 2bs2 +-(15a + 20c) 88 + 4bs4 

5t
5 

- 2ta = 2C82 - bss + (17a + 25a) 84 

-t4 = CBa - 4b84, \ 
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fl'om which always the coefficients t may be determined, and 

ul = (IOa + 5c) to + btl 

2u
1 

- 6uo = IObtn + (12a + lOc) tl + 2bt~ 
3ua - 5u l = 5eto + 7bt l + (14a + 15e) t 2 + 3bt3 

4u
4 

- 4u2 = 4ct l + 4bt2 + (16a + 20e) ta + 4bt4 

5u. - 3lta = 3ct~ + bta + (18a + 25c) t4 + 5bt(i 

6166 - 2u4 = 2ctg - 2bt4 + (20a + 30c) is 

- Us = et,J - 5bt •. 

Fl'om these th3 coefficients u may be found only when 

(50a + 30c)to + 12btt + (14a + 18c)t2 + 4bta + (18(t + 3(1c)t, - 20bt5 = 0 

Ol' when 
20 4 

-3 btl + (IUa + 6c) (2t~ - 5to) + 3" b (3ta- 4tl) + 
1 1 + 3" (34a + 30c)(4t4 -St:) + 4b (5t. - 2t8) + 3 (190a+2l0c)(-t 4) = O. 

Substituting now the values 8, we htwe the condition 

(a+c) [2680 + (Ila + ge) 81 + 6b82 + (17 a + 27 c) 83 -14684] = 0 

or 

d.'IJ Y + am 2 + 2bIJJy - ay2, 

which ha.s been treated in Art. 7. 
When howevel' ac = - b2 

- 2c2 the differential eq ua.tion takes a 

new farm 
dy _ - (j,l! + bcm2 - (3b 2 + (2

) .'lJy - bcy2 

drv - cy - W + 2c~) i/]2 + 2bc re!! + C2y2 • 

To solve Ihis we wiII try to find PaJ'ticlllal' inLegrals. If the conie 

.'11 2 + 2Ii.'/Jy + By'J + 2Gy + 2Ji'y + G = 0 

satisfies the equation, 

.'IJ + H,y + G - c.1J + be.'/)2 - (3b 2 + (2
) my - bcy2 

-- j].v + BV +F = cV - W + 2c~) .'/J~ + 2bc xV + c2Vi 
82* 

.. "k bi 

,I 
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must be equivalent witb 

(,712 + 2I-l {vy + ByZ + 2G m + 2F Y + G) (a.v + (3y) ::::: O. 

This ITHtJ' be done by chosing a = - (b 2 + c~), ~ = 0, 

c 
H:::::-,;' 

Hence I:i. first pal'ticular integral is the conic 

c2 

(b,v + cy)2 + 2cy + -b--~ ::::: O. 
2 +c-

In the same way we find th at the diiferential equation is satisfierl 
by the curve of the third degree 

c2 

(btc +cyY + 3cy (bm+cy) + 3cy + ---;;::::: O. 
b2 +c-

Combll1ing these, the general integral is found to be 

\ (b,V+cy)3 + 3cy (ba:+cy) + 3cy + ~(::::: Gonst. I b-+c2 
\ 

X \(b.v+cyp + 2cy + _c
2

_1
3 

I b2 +C2 ~ 

which for small values of X and y may be expanded in the form 

m2 + y2 + F3 + F4 + ... ::::: Gons&. 

Tberefore the origin is a180 a centrum in tbis case. 
Resul1ling we may conclude that when the diiferential equation 

is redllCed to the form 

dy -.v+alm2 +2b'my-a'y2 
-

dm y+a,v2 +2ba:y+cy2 

the ol'igin is a ceuh'llm onIy in the fouI' following cases 

1. a' ::::: b, and a + b' ::::: 0 

2. a' = b:= 0 

3. a' = b, a+c::::: 0 and the roots of 

aA3_3bAl + (2b'-a) A+b ::::: ° all rea1. 

4. a' ::::: b, 2b' ::::: 3a+5c and ac+b2 +2c2
::::: O. 

In all ofher cases the origin will be a focus for the real integral 
curves. 


