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Crystallography. - c, On the 07'ientation of mic/'oscopic CI'.'Istal-
sections." By J. SOlIl\[U'fZER. (Commu~icatecl by Prof. O. E. A. 
WICHMANN). 

(Communicated in the meeting of :December 24, 1910). 

Ir in tt slicle <.1, cl'ystal shows the tl'ttces of thl'ee non-ptl,rallel pI(;l,lIes 
it ls possible to detel'mine the ol'ientatioll of the sect.ioll without 
makin~ use of the extinction angle. It' the optie constants of an 
tl,ni&otl'opic minel'aL at'e lmown, it is snflicient to know Ule extinction 
ttllgle and thc appment a,lIgle between two planes (cl'ystal, cleavage
Ol' twinning-planes) as wiJl be more distinctly demonstl'ated in n 
s\lbsequent eommul1ieation. 

Fjg 1. 

111 flg. 1 t11e cl'yslal plalles E, VI' anel J1 ~, tbe fOl'mor ol' \V bielt 
is supposed to be the pl'o.iection pltl,l1e, al'e ent by thc secant plttlle 
8, proc1ncing wi\,l! it the secanlS 013, GAI' and 011 2 , In stea.d of 
Ihe two nngies (11 H,nel (/~ one mcaRLll'OS in t.he 8eC,1,1lL pl,l,ne, COllse
qnently in lhe slide, bet ween tlle plane8 fTl : B anel t~: JE the 
apparellt f\'ngles A10D=/i,1 anel A~OB=!t~. 

Be the scc;ml-plane 8 given uy lts po Ic PI' ot' which: tbc height 
PQ = ri is mcasnl'ccl > 0 abovc anel < 0 bclow the equator phU1C, 
whUst thc a7Jimnt.h CJ3Q = Q is > 0 if mcasl1l'ecl in oppositc 
c1il'ection to lhe hnnds or a cloek, iheB is in 6BA1 C, : 
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/fin AIBGl cot Al GIB + CO.~ AIBó\ COII BGI (Jat AIB = ---------'-_:_:---'-----
sin BGl 

lSin (90-0") cat al + cos (90-a) cos (Q-90) 
- cotAI = 

sÏ1! (Q-90) 

cot hl COlS Q = cos 6 cat al + sin 6 sin Q (1) 

Now is '-" Cl C2 = Y 11 constant that can be c111culn,ted wilh t he 
telp of tlle given angles «1'[(2 anel {:J from 1::. Cl C~D allli tl1at is 
neasl1l'écl fL'om Cl positively in a dil'ection opposite to Lbc ba,nds ot: 
~ cloek. In 1::.BAJ C2 Üi tben: 

sin A 2BG2 cat .11 2 C2 B + cos A 2BG2 cos BG2 cat .A2B = -------'-
sin BG 2 

I$,:n (90-0) cot ((2 + cos (90-a) cos (Q-90-1) 
-coth2 =---------------------

sin (Q-90-y) 

cos (J cot a2 + sin (j sin (Q-Y) 
- cot "2 = ------------

-- cos «(>-1) 

cat IL 2 (CUIS Q cos Y + I:!in Q sin y) = cos (J cat a2 -+ sin (J sin (Q -y) 

ot 1L 2 cus Q cal:! y = cos (J cat a 2 + sin (J sin «(>-y) -- cat TL 2 sin Q Bin y . (2) 

If one divides (2) by (1), ~,hen becomes 

I 

= dot Al (COlS a cot a~ + sin (J sin (!! -I') -- cOllt J ~in Q sin I'l. 
aIS IJ (cut lil cot Tt 2 cos Y - cut U 2 cut TtJ + ~in (J (lSin Q (cat h2 -cut hJ CUIS Y -I-

+ cat hl cos Q bin yl + cut hl cat h2 ~in Q sin " = O. 

lf olie snpposes 

cot ((1 cot h2 COlS Y - col (12 col hl = (L • 

(,oth 2 -cotlt l )coIJY=& I 
cot 'tl ~iJt Y = c , 

cot hl cot h2 /JiJ/. Y = (t 
. (3) 

lelt (he ('OL'lrIllIu. chttnges into 

a cos 6 + sin IJ (b sin Q + C COl! Q) -I- (llSin Q = 0 

b sin Q +c cos Q . ti. 
C08 Ii = - Stft (J - - IJtit (/ • 

a a' 

Ii' olie substitl1(,es t.ltiH vn'\uc or cus IJ iu (1), OIlC objn,ills: 

cat "1 (·O.~ Q = - cat al 1(& sin Q + c cos Q) sin (J + d sin vi + ct sin (J silt ~) -= 
= sin IJ 1- (b s;n Q + I) !Jos~) /Jot ((I + cr sin v1- cl (!of, al 8in ~ 

['om whieh 1'ollows: 
47* 

! 

\\ 
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ct cot hl cos Q -I- cl cot al sin Q 
.sin (J 

(a-b cot al) sin Q - c cot lil sin Q 

Whell wOl'keel out t.his formula flll'l1ishes: 

. a cos Q + cot al cot lt z sin y sin 0 
Silt (J= - ' 

cot al sin y cos "I + (cot a~ - cot al cos y) cos Q 

1f one SllppOSeS liel'ein again 

cot al cot h2 sin y = e l 
cot a 2 - cot a 1 cos Y = f ( . 
cot a 1 sin y = 9 , 

then becomes 
. a cos Q -+ e sin 0 

sznG=- ~ 
[J cos Q + f sin Q 

We founel above 
bsinQ-+ccosQ. d. 

cos (J = -- szn (J - - sm 0 
a . a ~ 

(
b sin Q -+ c cos "I) (Ct cos Q -+ e sin Q) ci. 

~(J= --~o= 
Ct g cos Q + f sin Q a '" 

-
(b sin Q + v cos Q) (a cos Q + e sin Q) - d Cg cos Q -+ f sin Q) sin Q 

a (g cos Q + f sin Q) 

szn2 Q (eb - fd) + sin Q COS!! (ab + ec ---.:. gd) -+ (te cos2 Q 

Ct Cg cos Q + f sin QJ 

ft sin" Q + b sin Q cos Q + c cos" Q 

[J co.s Q -l- f sin Q 

in whieh 

(5) 

(6) 

(7) 

ft = cot ft 2 sin y (8) 

The variables () and (i are eonsequently separatecl; the mtio 

8in" û + cos" (J= 1 

flll'nishes 

(Ct cos I.! + e sin Q)" -+ (ft sin2 Q + IJ ;o;in Q l'O;o; Q + ccos"!!)" = Cr; cos Q + fsin Q)2 

co.s" Q (a'-rl) + 2 si1l Q eos Q (ae-fg) + sin2 Q (e2 _p) + 
-+ (h .~in" Q -I- IJ sin Q cos!.! + c cos" Q)~ = O. 

If one introduces : 

.. 1 + cos 2Q 
cos- Q = 1 - cos 20 

8ill" 0 = '" 
'" 2 2 

tlle latter mtio changes into: 

cos" 2"1 !«(J-lt)" - 1J21 + 2 (Jos 2(1 (a 2 + (J2 -I-' r - e2 
- ,r;" _ ;"") + 

+ \IJ2 + (ft. + (J)2 + 2(a2 + e2 - r/ - .r)l + 
+ 2 sin 2!,) !2(ae-;g) -I- IJ (h + c) + IJ (c-lt) cos 2!!1 = 0 
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2(ct2+t:" + f~-e2-,t/-Ii") ----,-------- = P 
(c-1L)2-b 2 

b2 +(h+c)2+2(a2 +e2-r/-P) 
(C_h)2_b 2 = I} 

4(ae-fq)-t- 2b(lt+c) 

(e-ILY-b 2 

2b(c-It) 
----=S (c_lt)2_b 2 

=1' 

, (9) 

t:OR22~ + P cos 2!? + q = - (1' + .9 COS 2{J) sin 2Q. . . (10) 
and 

2(p+ 1'8) p2 + 2q-t- 1,2 _8
2 

1;08
4 20 + ---- cos" 20 + cos2 20 + 

" 1+s2 " 1+s2 , " 

2(pq-1'S) (/-1,2 (11) + ---- cos 20 +-- = 0 
l+s" "1+s2 

This cquation ean now be soh'cd; tbc value found fol'_~, intl'O
duced il1to (6) fnrnishes (J, 

If howevcl' in the eqnation (6) 

ct cos !? + e sin !? = g cos !? + f sin !? = 0, 
thcll Sh7, (j becomes indefinite, In thai ease is 

Cl fJ 
t,qQ=--;=-l 

of = er! 

cOllSetluently 
(/'Ot (1 ('ot 1'2 {'(I.I' Y - cat ((2 cat "1) (cot ((2 - cat ((1 cos y) = 

= cot2 u I cat h2 ,sin2 y = cot2 el (Jat lL, (1-co,~2y) 

cot UI cot h2 (cat u 2 cos Y - cat uJ + cat I( 2 cat hl (cat al cos Y - cot (,(2) = I! 

cot a 2 cot hl cot (( I - cot Ct 2 cos Y 

cat (J{ I cos Y - cot {( 2 
. (12) 

û is then found by introdncing the vall1e of !! in (lJ, 
What is said heee finds an applieatioll to the detcl'mination of the 

plane tbat' cuts ,the octaheelL'on planes (11t), (111) anel (ïll) in sneh 

a way that thc Ll'aCeS of the plan es (111): (111) aud (111) : (111) 
ene/ose righi, n,ngles. I1' one supposes (111) 10 be !lle equator plane, 
then becOlhes' 

. UI = 180° - 70°31'43", I Vl = (111)1; ((2 = 70°31'43", I V2 = (111)1; 
y = - 60°; 1tl = lt2 = 90°; (! = - 30°. 
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'The equH,lIon ('12) c!l:.tlIgcr:, in10 0 = 0; ill (6) not only the name-
1'n.101' beeomes = 0 becn.use (t = e = 0; bui n.lso the dellomiJlaiol' 
becallse 

yCOb(!+f·~inQ= 

= cot al sin r cos Q + (cot a2 - cot al_cos y) bin Q = 
= I'ot ((1 ISÏ11 ï cos Q - (1 + (·o.~ y) sin Ql = 
= cot al 1- sin

2 60° + (1 + ~).sin 30° I = 

= cot al ( - ( ~ V3 Y + : . ~) = 0 

From (1) one finds on the ('onimry 
eot hl cos Q = 0 = (Os 6 ('ot /'t l + sin 6 .~in Q 

cot a cot 70°31'43" tg6= ___ 1 =_ 
. sin Q sin 30° 

:rr 
'I 1'1'0111 which (j = - 85°15'58", the angle between (001) : (111) - 2' 

The sccant plane is conseqnently (001). 

Fig. 2. 

A c.;ingle example may suffice to demons1.rnte the applicability of 
the f'ormnlas deducted above; I choose fol' it a problem in which 
the resnlt obtained ('all easily be controlled, 

The three l'homboeloelecahedl'on planes (101), (110) anel (011) are 
cut by a plane in such a wa~', that thei1' traces inclnde anglcs of 
60°, 'Vhai is thc ol'ientation of thc secant-plane? 

\ 

\ 

\ 
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Take E (110) as equator plane; Vl : E ' ({l = - GOD; 

V2 ' B= a~ = GO?; !t l = L CGA = 60°; !t~ = L POB = - 600
; 

y = ,-., AB = (111) : (111) = -1090 28'17": 

cat al = - cat a 2 = - (j()t 111 = cat" 2 . 

So accol'ding to (3), (5) and (8): 

Hel'e is 

&0 thai (9): 

e = cot2 al sin y a = cot2 al (cos y-1) 

b = 2 cat al cos r 
c = - cat al sin y 

j = - cat al (1 +CON y) 

9 = cat al sin '/ 

d = - cot2 al sin r " = cat al ,~in y. 

2= 

1 
l:os'/=-3 

2 
; .~iny= - 3 V2. 

2 
_ (C_h)2_b 2 21 

b2 + (h+cY + 2 (a~+e2_,(/-P) 

2b (c-h) 4 
~ = (c-"Y-b2 = - "7 V2 

1 

7 

t'urthCT is in eql1ation (11): 

l = 2 (P+?'S) = ~ = !:.. 
l+s~ 27 3\ 

14 

27 

;>,0 20 

q~_1.2 23 23 
0=--=--= --. 

1+82 729 36 

Conseqncntly we have to so]ve the equation: 

4 4 1 14 0 20 23 
cos 20 + -;,- cos 2Q - - cos· 20 - - cos 20 - - = 0 (13) 

'3" 3n , 34 ' 36 

1 '1 I 

Sllppose cos 20 = (/) - -l = (/) - - then (13) can be ühal12'ed into : 
'i ,4 38 ' u 

"-, 

/l)~ + ),r,i + ~liV + l' = 0 I • I • I • (14) 
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3 27 

j. =tn-_lZ = --
8 35 

1 1 2u 

f.1 = n - 2" lm + 8 l~ = - 39 ~ 

1 1 3 212 

l' = 0 - - 4"ln + 16 l~1n - 256 l4 = - 3lï 

If one compo5es now the equation 

in which 
1j~ + a'y2 + b'y -+- c' = ° ..... (15) 

I j. 2 6 

a =-=--
2 3 5 

),2-41' 2v 
b'----- 16 -311 

I tt2 21~ 
c=--=--

64 318 

then the roots of (14) [l,re given by 

a:1.23.4-= ± VY1 ± VYz ± VV,,-, 
in which 

f.1 29 

VY1 VY2 VY3 = - S=39 ?,O. 
1 

In order to solve (15) one supposes y = z - 3" a', by which thc 

equation changes inLo: 

;:;J + uz + 10 = 0. . . . . (IG) 
In t11i8 is 

1 212 1 (26)~ 
V = b' - 3" a

'2 = 3ll - 3" 3& = 0 

- I 1 I I 2 IJ 218 1 2°.2 12 2 2Y 
w=c- 3 ab +27 a =-Sls+S·3 5.3 11 -3 J F= 

__ 2 1B + 3.2 18 _ 2.2 1B _ 

- 3 1B - o. 
(16) furnishes comlequently 3 cqual roots z = O. 

1 28 

(15) f'ol'l1ishes 3 equal roots y = z - 3 a' = 3
6

' 

To (14) cOl'l'espond the values 
<)3 

,1\ = + Vy + Vv + Vy = 3 Vv = ;2 
2~ 

,'IJ, = + Vv - Vv - Vy = - Vy == - 3
3

' 
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The I'oots of (18) al'e conseqllClJtly l'epl'esented hy: 
1 2.1 1 23 

cos20 -,v --------
" I - I 33 - 32 3' - 3~ 

2!?1 = ± 31°35'8/1; (ll = ± 15°47'34/1 

1 2~ 1 1 
cos 20 = tIJ - - = - - - - = --

" 2 ~ 3' 3' 3' 3 

2(l2 = ± 109°28'16"; Q~ = ± 54°44'8". 

The cOl'l'esponcling vallles of (j are calcnh1ied ti'om (6)· 

. (~COs Q + esin!? cnt2 
UI (cos y-l) cos Q + cot~ulsm y sinQ :n ti = - = -___ .::.....c. __ --' __ -'-___ -'--_ 

, g cos (l + f .,in (l cot al sin y cos (l - cot al (1 +cos y) sin Q 
4 2 

- - cos 0 - - V2 sin Q 
(cos y -1 ) cos Q + sin y sin Q 3" 3 

= - cot a - cot al -~--------
I sin y COS!? - (l + cos y) sin Q 2 2 

- - I /2 cos 0 - - sin 0 
3 V " 3 " 

2 COS!? + sin!? . V2 1 
=-cotal • =-cota1 ·V2.=-V6. (17) 

V2 . cos Q + sin!? 3 

I which ho wever the term sin Q + 1/2 . cos Q lhsappea,l's ll1 the 11l1me-
1tor as weU as in the denommator. 
Fl'om 

/Jin Q + V2 . COS!? = 0 
:Ie finds 

tg I! = - V2, 
I which cOl'l'esponds 

Q = - 54°44'8'1 lor 180° -- 54°44'8") 

ld tlns IS one of the two values f!J' Willist from (17) result& the 
1lue (j = + 54°44'8" (Ol' 180 0 

- 54°44'8") (he value of (j COl'l'e
lOlldlllg to f! = - 54°44'8/1 must be caiculated fl'Olll (1). 

cos 6 cot (( 1 + sin (j sin Q 
cot hl =::.-----=----

cos f! 
1 1 

-- - V3 cos 6 -- - V6 sin (j 
133 
-V3 = ----,-----
3 ~V8 

3 

~ va = - cos (j - V2 sin 6 
3 

2 1 
s~ () -I- - V3 COY 6 + - = 2 (1 - co.s 2 6) 

3 3 

2 5 
8

2 
(j + '9 V3 cos 6 - '9 = 0 

(18) 
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1 V3+45 1 4 1 5 
1:080=- - Vi:I± ---=--V3 ±-Vi:J= +-Vi:lor--V3. 

9 8 L !1 !) 3 9 

1 
To CON (J = -1/3 cOl'l'esponds 

B 

of these two values onl)' (J = - 54°44'8" C'ool'esponds 10 (18). 
A fnrthel' ü1\'esligalion shows that the pole of the secant plane S 
is l'eprcsentec1 br 

Q = - 54°44'8", (J = - 54°44'8". 

whel'cas Ihe othel' values of Q anc1 (J do noi cOl'l'espolld. The secant 
plane is the octnheelronplane (111) as appears clearly from fig. 2; (J 

c01'l'esponels la the angle between (001): (111) the ('osin11s of which 
iR repl'esenteel b~T . 

ItJt2 +kJc2 +l1l2 1 1 
,:os f) = _ = - = - V3. 

Vli12+lcI2+l12 Vh/+lc22+l~2 V3 3 

If the planes B, VI anel fT2 (\'iele fig. :J) lie in one zone the f01'111-
ulas (JO) nnel (6) obtain a much lesb compli('ate form. Because 
l' = 0 the coefficients (:3), (5) anel (8) challge into 

so thnt: 

Ct = cat al cat h2 - cat ((2 cat 11I (I 
b = cat lt 2 - cat lt l 

f = cat a 2 - cat al \ 

IJ = d = e = g = h = 0' 

Ct 

. (19) 

8ina=-jcat Q (21) 

In an amphibole cl'ystal the planes (110), 110 anel (010) are l)'ing 
in one zone; (110) may serve as equator plane. Whilst i.he real 

nngles bet.ween (110): (j 10) anel (010): (110) art" resp. al = 55°50' 
n.nd Ct ~ = - 62°.5' the apparent angles, measured in a l'ock slide, 
nmountccl (0 hl = 4:3° and "'2 = - 79°. 

(19) gives: 

from which: 

a = 0,43625 

b = -1,26674 

f= -1,20858 

a~+.r := 1.02875 
b2 

a2 = 0,19032 

b2 = 1,60454 

r = 1,46070 
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cow;cqllculI,' : 
i'OS2 2(? - 2(1,02875) C08 2Q + 0,58074 = 0 

(JOS 2Q = 1,02875 ± V(I;02875)T - OJ,8074 = 
= 1,02875 ± 0,68948 = ],71823 Cl' 0.33927. 

On1.r the second vaJne cOl'l'esponds, BQ 1ha1: 

2Q = 70°10' or - 70°10' 

Q = 35°5' or - 35°5' . 

ct 0,43625 
sin (J = - - cat f.! = - cat Q = 0,36096 ent 0 .f -1,20858 ~ 

from which 
!?1 = :35°5', (Jl = 30°55' 

!?2 = - 35°5' , (J2 = - 30°55', 

As will appeal' aftenval'cls the optie extinrtion offers an expediellt 
to decide in a given case whethel' one has ta do witlt the seCant 

plallc (Ql(Jl) Ol' with Ü?2(J2)' " 

111 a gmphical war fhe pl'oblem I)f the ol'ientation of cl'ystal
sectiolls can be solved in a cOllsiclel'ably simplel' war. Ta clo sa one 
call make nse of c\iagmms, that give fol' ally c\iscrelional angle 
between two planes, th~ appal'ent allgle h as (f, fnnction of () allel (J, 

l~'ig. 3. 

In fig, 3 be E agltin t11e pl'~jection plane j TT thc cl'YsütJplane, 



- 12 -

( 730 ) 

Ibat wilh B illclucle5 all u,ugle «, (0) 0 (.1l") Uw 50calll \iJle betweel1 
E a,nel V; tile nziml1th of asecant plane (p,Q) be measul'ed fl'om 
(0) posiLiveJy opposite to t11e dil'ection of the hands of a c]oek. If 

one indicates the globe octants (0) (;), ( ;) (.1l") , (Jt) (~ ~ ) and 

(~ 3'() (0) respective]y by Ihe J1l1mbel's 1, 2, 3, and 4, in RO fal' as 

lhey lie above the equatorplane, by 5, 6, 7, and 8 in so fal' as they 
lie below it, t11en one can deduct~fl'om the tigure wilh regm'd to 
tlle sign of ft in the varlOUS octant5 what follows. 

Jt 
If 0 < {( < -, anel if the po]e q of tlle seeant plane Q lies in the 

2 
fil'st octam, h becomes = L A 013 > O. In the opposlte 7th octant 
one finds for the secant plane (q',Q') a negatlVe apparent angle; if Q 
and Q' coincide, so that the distance of the po]es is q: q' = 3'(, the11 

ftl becomes = - h. 
lf the pole of the secantplane he5 in the 2nd ottant, then ft becomes 

< 0; if one è.l,pplies Q2 with l'ega,l'd to the pJane () ( ;) symmetl'ic

ally with Q then lis becomes again = L A~013s = - h (L A013). 

If at last tlle pole lies in the plane 0 ( ;), Ihe11 Il ' 0 indepen

dently of the valne of (J. 

In the octant5 3 and 4 the pole of tlle secan1 pIa,ne moves excln
sively within the obtuse angle E: V. If with a constant vallle of (I, 

we substitute fol' the pole (p) of Ihe plane (p) successlvely all the 
3'( 

valnes of (J between ° alld 2"' it appea1'5 th at fol' (J = 0, ft = 0; 

if (J beCOlDes > 0, as in the plane (p' P'), h b~cOlnes = ,c.' Cl on < 0; 
this negative angle becomes la,rger if (j incl'eases tilt tIle pole lies in 

p, and h bas become = L COD = - ~ . No\V the negative angIe
J 

3'( 
sUl'passes the valne - ~ and iE, consequently men,sured p05itively 

'" 

1T 
By construction the point p can easily be fOllnd, because ,...... Gij = "2' 
From (1) follows, that here 

cot lL co.~ Q = 0 = cos (J cot ct -I- sin (j sin Q 
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cot ex 
lfJ(j=---. 
. sin Q 

Fl'OlIl this ratio thc course or the CUl've IJpO can be decluctecl, 
whieh is the loens of all poles of secant planes that cut thc augle 
between the planes V: E in a way so as to pl'oduce 1.he apparent 

n n 3 
a,ngle h = -" Fol' !? = 31: one finds (j = -; !? = - 31: pl'oduces 
222 

31: l"l.(' <) b . 3't ty (j = cat ex, Ol' (j = - - Cl:; W 11 st Lor !? = ... :lt, (I ecmnes agam 9.' 
2 ~ 

l:; I C'1 ~ I C'I 

+ 0 0 1 

11 11 11 11 
~ 

~ 
(';\1 

~ ~ ~ 

:;:;, ~ 
C'I 

~ 

èb 

l:; 
colC'l 

Q:j ---
~ 

l:; 

~ 

b 

~ I C'I 

i:.) 

~ 

0 o 

11 ~ 11 
Of 



- 14 -

( 732 ) 

11, is casy ia see tlmt the. areas 0 (31') (: jt ) vpO .. wel OVI' fUl'llish 

(
3 ) a negati\'e, 0 (0) -2 j'Ç V1'O a.ncl Ovp on the contral'y fu l'fIis I! a 

posiiive vallle fol' It, Fa!' the o(~tants 5 anel 6 we find the same as 
fol' :3 anel 4, only ft takes here the opposite sign, 

In UlC figUl'es 4 anc! 5 one tinds the sche,me of the' /t-diagmru 
fol', a = 60::1 ,,,,üh the are[t-division cliscm;sed here; the secanL plan es 
the poleR of which }ie in the shadoweu mcas, farm a positive angle ft, 
the white areus fOl'ln i1 negaii\'e angle, The slll1al'es into which t.be 
fignres are clivided, [tl'e :30" by 30°; the mel'idiancil'cles, on which 
(J is m'easlLl'ed out, are drawn as parallel lines, so thai. H/.line equal 
in Iength to the equator takes the place of the pole Q, In fig, 4 
the octants t-4, in fig. 5 the octants 5-8 are l'epl'esented. 

In the [il'st octant tile CUl've AB inüicates the locus of the 
poles of a,ll tlle secant planes tlrat prodl1c,e h = 60::1; the curve 
CD gives ft == 30°; symmetl'icatly with l'egm'd 10 the line 

(!? = ;}( a =~} (!? = ;) (IJ = 0), to which cOl'l'esponds ft = 0 

lie in thc 2nd octn/ut the curves C' D' with ft = - 30° anc! A' B' 
witl! ft = - 60°. 

31' • 

If 1'01' !? = 31', (J val'ies {l'om 00 to 2" tllen h takes -successi vcly 

a.ll ntlues fl'Ol11 - GO° 10 - 90::1; here the cu\'ve 0lJV of {jg. :3 

( 
3 jt ) begins going' ove\' llte point Q ="2 :.r, IJ ="2 - a = 300 la 

(
0 == ~::r, Û =!), 'rhc CUl'ves ElP ancl GH pl'OdllCè here ngttÏll , 2 

vttlllcS 1/,::.= GOJ anel /t = BOa, (he curves A' B' aml J!J'-.f]' l'cspectivcly 
_ :300 allel - 60°, :r 

'rlle dittgml1l fot' - - < (j < 0° needs no fm'tltel' elncidatioH; it 
2 

plainly e~pl'e8SeS "thc above-ll1enLioned iclolltily of the ttngle ft rOL' 

plfilles w(lh poles + Q, ± (j Mc! - Q, =F ti. Consequently j,iJc oclallts 
1 : 2, :1: 4, 5: G, 7: 8 arc lmt fOl' (,lte sign symmell'Ïc .. tl with l'ega/l'd 

to lito plano (~): (~ :r) , er, 'ig, 3, wlllls( (ltc OClt~ntpttil's (1,2) : (7,8) 
2 \.2 

ttnt! (5,H): (3,4) n,re sylUllloll'ieltl, hnt rol' Ihe sigll of IJ willt l'eglwd 
10 Ihe pla1le (0) : (:r.), 

As appmws fnl'lhcl' fl'om lig. 3 tiJe diagl'l1m 1'01' {( == 60° is lhe 
8ttlliO as rOl' a == - GO°, if anc snbstitntes 1'01' (! (he vl1111e ft ± j'Ç, 
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tl,nel conseqnently clw,nges the octant pail's (J ,2) allel (7,8) !'esp, fol' 
(:3,4) anel (5,6). 

The dia,g1'ams of which I Ilave se!'ved myself for the gra,phiea,l 
Sohl~ion of the -pl'oblelllS discussed above, and which will-be publishecl 

:rr: 
elsewhere, give fOl' angles 0:: val'ying between 0 anc! ± 2" anel pl'O-

gl'essing with 10°, the valnes of h fOl' secant planes, of wliich azimuth 
anü ,height. of poles, likewise pl'ogl'essing with 10'>, "ary between 

Jr 
!,> = 0 aml 2.rr, (J -=- 0 and ± "2-' 13y intel'polaiioll t.he valne ot:/t tOl' 

an,)' indifferent seCt1.nL plane can be found from it fol' e\'el'y vaLue 
of a with suflicien!. accllraey, 

The way in which the pl'oblem must be solved may be explained 
1.0 two of the pl'oblems tl'ented analyÜeally above, Ir one ('011-

sidel's fig, I, then it is clem', that by n gl'aphical tl'eatment one 
eal1 find L AlO 13 = hl in lhe diagram fol' u = U l i, e. with 
f! = ..-... C)3 Ql' (j = PQ; in Lhe same way L A2 OB = "'2 in the 
diagram 1'01' a = lr2 with Q! = ----- C2 13Q = Q-Y and (}..:...- PQ. 

If on the cont1'l1l''y one wishes la cletel'mine t'l'om the gi ven angLes 
(il' ft l ) and 0:: 2 , ft 2 t.he loclls of' lhe seeant plane P Ü?,I)), then the 
diagl'mns 1'01' (,(2 anel U l mils\' he bid on eacIl oLhe!', the lat.tel' with 
l'egal'c1 to {,he t~1'lllCl' tln'netl ovel' an angle - Y, anc! one must 

"-~I ' ',' ,( I "~" 'I> I-of Já'l 

':":~'êr;;'~~If4"··,:>r:,,?~ITf1lli 
,j:"'4: 1"::':f'I::"I',:.::i. ,'I>! 

~ :: :~'''~>I,~·:~r~til·1. :~~~.:~.I"~.:/::f~;,;<::';~? c(:r71\1~ I 
I ::":-::'-;~ .:)~~·~~:~~·I~;'~~:::·;,: <~;~t :.i.:.!:: ,;·.J+i·.:::: \:-:: ~ 
._' ::!···I··.l', ':' .. : '1':' ".1 :. '.' : ' '!>~~'J' : ., :';'.. 1::: :.::':,' 

F~: 1/: 1:~ll'~::: ld.~ :~ti:: ~ 'frl ~,;/:, !r;:; : ;:;1'; : }~; :.c;::.>! 
:.: : :"~'.:: ;~;~:'I"'<><':: :. : -.'::::: [::i"~:l':< .' ::: ><~,:~ : I,:>:::-'~:::: : 
, ... ,~ .. , .... " I" I . r':" ~_~_L_~ .,.~, .c, .... 

~0!;;:~-~~'.' •• ':_:["j,~ ;-:,.-i-:-·:.'~r;:~~~;( 
1., ... ", d_ .. I·· ..... , .. , .. '1"' '''.' .. ·1·,· .. I .. , .. t .... 'I" . 

,;:( 1::-:,J:; -';1 ,~;:,t~~-, I ),', ,":~:rJ'[-;,-' I;~\, iE\ 
1.-'" ·11. 1,1 "' .. ' ,.·1, .... " .~ ... _" _ ...... " ...... 1L2~ .', -.. " 

ct ~ ,. :<: ~ ., )1" l' 

Fig. 6. 
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see where Ihe ClU'ves Ii'l(al) ulnd!t2 (1~2) meet. The meeting point 
indicates the pole P (!?,(I) of the l'ccJllil'ed seca.nt plane. 

IJl fig. 6 the gmphicaJ sol 11 tioll of t" 0 of the ab0\'e dil:lcnssed 
problems is I'epl'esenled. If Olle tnkes (cf. fig. 2) I.lle l'ilomboelocleca
heclronplanc l110) as eqllatol'plane, then tbe planes (101) anc! (011) .fol'm 
angles Witll it eqnal to (~l = - 60" anel ([2 ~ 60 . Tlle secant plane S 
gives hl = 60°, Il2 = - 60°; y = -109°28'17". lf the diagl'tl,m for 
u 1 is l'emo\·ed :1 09°1

/ 2 with regal'd to the diagram fol' U 2 , and both 
are placed OH etl,ch villel', 1.l1ell· it appears, tlw,t tIle curves hl (60°) 
anc! !t 2 (- - 60°) meet onl,)' iu the 5th octant. In the figlJl'e the curves 
for (J> 0 anel (j < 0 are dl'awn side by side. If the azimuth of 
/l is = 0, the ClLl've AB (a 2 = 6()o) indicates lhe poles fol' lt2 = 600 

with (I > 0; Be I.he polcs fol' Il2 = -- 60' with (j < 0, AG those 
fol' h2 = 60° wUlt (j < O. The azimuth of D = 109°1

/ 2 ; FD gives 
the poles fol' hl = - 60° with (J> 0; FE ~l,nd DE give those for 
ft l = 60° resp. hl = -- 60° with (j < O. The meeting point of the 
CUl'ves BG anel FE giyes I.he pole of the requil'ed secant plane with 
!? = 54°3/4 wHh regard to A, Ol' !? = -54":1/4 with l'egm'd lo f), 

and û = - 54°:1/
4

_ 

The second pl'oblem refers 10 Ihe mnphihole-cl'ystal spoken of on 
page 782, whicb is cut hy tbe section plane in sllch a wa,.\' thaI the 
appal'ent angles [Jetween the plalles (liO): (110) n,nd (010): (110) 
a.mount l'espe('tively 10 !ti = 43° and 1t2 = - 79°. 

In fig. 6 tbe zono-axis (!.) = 0) is indicated by j{; the Clll'VeS 
L01);J and HJ.VA indicate the Ioem, of the pol es fol' !tl = 43° 
with (j > 0 (1 ~t octant) and (j < 0 (8tll octant); the cnl'\'es 10 and 
IN indicate the locns of tlle poies fot, !t 2 = - 79° with (J > 0 
(1 st octant) anel {j < 0 (8 h octant). The meeting point of tlw (,lll'ves
LM: 10 and HA: flV gives the points 0 (!? = :35°, fi = 31°) anel 
N(!?=-35°, a=-31C

) which vn,lllcS likcwise cOl'respond en1.i1'e1,\' 
to those fOtllld n,uove in I,he a,nalytical wa,)'. 

Mathematics. -'" Un tlw fntegral equation I)f FmiDuoT,lIl." 13y 
Prof. VVo KAP1'J'1YN. 

1. Let 
IJ 

cp(m) = f(,v) + ). J K(a:s) cp ($) d$ (1) 

be (,he integnll eqnation of Fm<mnou\[, in which tlle constants (/" b, À, 

and the t'tmctions f(m) and J( (,1)//) [we known, and cp(m) is the fnnct.ion 
to be de1.el'mined. 


