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Mathematics. - "T/te oscillrttions aoout a lJosition oJ equilibrium 
wAel'e (( sim.ple linea1' 1'elation e;dsts between the fi'eq1bencies . 
of the viórations". (Thil'd Pa,rL). By H. J. E. BE'l'H. (<Jom-
111unicu,ted by Prof. D. .J. KORTmI'EG). 

(Comml1uicated in the me<::ting of December 24, 1910). 

~ 1. In Il1.'T dissel'tation 1) were ill vestigu,ted the oscillations U,bOUl 
u, l'0siiion of equilibrium of a l1lechanism witll (wo degrees of 
freedom yvhere a ]inea1' l'elation exis{s between the pl'incipal frequen
cies of vibru,tion fol' which relation the Sllm of C'oefficients is /3 < 4. 
In what follows this investigatiol1 wil] be extended to a mechanism I 

",Hit t1,11 al'bitral'y l1umber of degeees of fl'eedom. 
In j he fi.l'st place we shall 1,l'uce Lhc inflnence of a re]a1,iol1 between 

t wo of the fl'equenciei:> of yiumtion. Then the reln,tions shall be discl1ssecJ 
.vhich m'e possible between :3 or 4, of the frequellcies of vibru,lion. 
Relations of more thnn J of tbe fl'equencies of vibration are olltside 
our consic1eration, as we luwe ahrays to keep in minc1 S < 4.. 

RF!LATJONS l3I~TWml;N TWO Q:r' 'rlm 1<'REQ.UENCIJ~S Ol" Vl13UATION. 

§ 2. We inmgine a mechanist1l with k degl'ees of fl'eedom. Between 
tbe fl'equencies of vibration n1 anel n2 of the prülcipal coorrlinfttes 
ql and q~ exists the relation 

"1121 =n2 + Q, 

where y = 1, 2 Ol' 3. T11e l'emaining 7.:-2 prineipal fl'equencies of, 
vibnttion na' n4 , •••• nk do noi n,ppeal' in tlle reln,tion ; we suppose 
mOl'eOvel' that botween tIle 1.; f't'eqnencies Ol' bet ween some of the1n no 
exact Ol' approximate l'elation exisis except the ,iust mentionecl one. 

By the clisturbing ter/us of the ,jij'st kind in tbe equations of 
mo\'ement we sha,lJ l1l1del'stand terms which are always distnrbing, 
also when no relat.ion exists. When substitnting the expl'essiol1a fol' 
the coordinates by ihsl approximation we find out of sacIl a term 
ft term having tbe same period and the same phase as tbe cOOl'di-
11ate Lo which the equation, wh ere the disturbing term appear~, relaies 
more in particular. These disiurbing te1'ms a,re of order ha Ol' high0l'. 

13y distu1'bin,c; tel'lnS of the seconcl kind we understancl snch u,s 
owe th ei l' distmbing pl'Opel'ty io Lile existing l'elations. vYhen sub
stituling as nbove wo find out of such n term a term corresponding 
to the coorcUnate in period bUL not in phnse. These diRlnrbing terms 
are of order hS- 1 or higher. 

1) Amsterdam, 1910; a150 These Proceedings, page 618-635 and page 735-
750 (1910); Archives Néerlunduiscs, Séries 1I, Vol. XV, page 246-283 (19lO). 

n -rgp Û 
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§ 3. 8 = 3 (2n1 = n2 + Q). In general distm'bing terms of the 
second ~ind of order h2 fippefir. So t.he distm'bing terl11S of the th'st 
kind can be left out, because tllcy m'e at least of ordeL' It 3 and 
beeause in the cql1ations we use the disturbing terms of the lowest order 
only. The disturbing terms of ol'der 1~2 ttppear only in the equations 
1'01' ql find q2' and they contain no other cool'dinates but q: and q~. 
On ficconnt of this these two eqnatiolls, in fiS fm' fiS they must be 
consic1ered 10 give the (hst fipproximation, gel the same form fiS 
we hfi\'e formerly fOl1l1cl fOl" fin [ll'bitral"y mechanism with two 
degl'ecs of freec10m onl)". The c:ool'diJlates (b al1l1 f}z bem' themselvcs 
as if t.hey were tile only eoordinat.es. As in the equations fol' 
q3' q4' .... (1J~ no distm'bing terms of orde.' h2 appefil', these coor
dinfites bem' themselves fol' first fippl'oximation as ifno re1ation existed. 

§ 4. /3 = 4 (3nt = 11,2 + ft). Both kinds of disturbing terms firc 
at Iefist of order ha. Distul'bing terms of the second kind of order 
lta ttppeaL' in the cqlmlions fol' ql anu g ~ only anc! they contfiin no 
other coordinntes tl1an q! anc! q2; so they arfl the Sttme t.erms ns 
those which fippeal' in Cfise S = 4 fol' a merhmlism lVith two degl'ees 
of freedom as disturbing te1'11IS of tbe s~cond kind. 

Howcvol' it is elear that distnl"bing terms of the first kind of order ha 
appeal' in aU eq uaiions find thfit they win contain the coordinates 
q\ . , .. f}/.; as weU as ql find qz. We rec1uce them in the following 
mmmel', 

In thc first equation disturbing tcrms oflhe first kind oforder lta m'e those 

with: ql \ q/ql' ql'~b2, qlq2', qlq3~'" Qjqk2
, Qlq2 2

, qlq3 2 
••• Qlqk2

, qJ/2 2
, 

QlQ3" . q\(jl?, fJjq2Qp Qlq3q':· ., qlqIcQ~;. 
If we tfiko fiS solution fit fil'st fipPl'oximation 

Val' 
'11' = - COi (n1t + 2nl'{ll') (1' = 1, 2, 3 ... Ic) 

nr 

1hen in the terms of higher order we' mfiy su bstitute - n) ~Q,. for 

qr find ar - nr~f}/ for q/. We then l'eta.in as disturbing tenus of the 
first kind in thc fil'st equation only those with 

(trqll '11\ fJIfJ.2\ q/1a2.,. Qlg/l. 

a 
Vve then substltute ~ ql etc. for Qlf}2 2

• 

2n
2

-

If we deduce in the same Wfiy the clistul'bing terll1S of the firsL 
kind filso in tbe renuüning eqlHttions, we shfill find thfit t.hese terms 
are in the different eqUfitions the del'ivil.tives resp. accol'ding to 
ql' q2 . , ,qk of 
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r=7c I=Jc=Tc 
:2 A 111'4 + :2 :2 B)SCt

"
q/, 

-=1 1'=1 s=1 

where AI' and BIs represent cons1anis, 
So we have shown tbat thcre is a fnnetiol1 of which tbe disturbing 

tcrms in the equations are lhc clel'i\'atÏves, 1f we wl'ile it as fUl1clÎon 
of the a's, [rB and tand aftenval'ds leave out tbc tel'ms containing 
t explicitly, we find: 

- R = X2 (al' a~" .. cqJ + {/lt~a2 + 1nla l Va~ cos 6121 ([31-(lJ 
H131'0 X2 is ahomogeneous quaclratir fUJlction of the a's; the term 

Q?t 2a 2 is insertecl in order to take in the wellknowIl way tbe residne 
of relation into account. 

The a's and (l'S mnsl no\\' be detel'minecJ as fUl1ctions of t wilh 

the aid of the follo wing system of eg nations : 
aR, aR 

(/1' = ~, fJl' = - -a . (1' = 1, 2, 3, ... Ic). 
ufJl' a" 

We immeCliately llotice tlmt now also 

Hence 
al + a2 = constant. 

Fl'om the absence of (1:1' (14 ' • - [:h in R it is e\'ident that: 

;'3 = ;'4 = -, .. = ~J.; = o. 
Eence 

Ct 3 = constant, a 4 =,constant, . - . - . ale = constant. 

fIere ~l and ~2 have thc same farm as fol' the mechanism Witll 

two degl'ees of fl'eedom, 

The expl'essions fol' ~I [tnc! 112 con/ain bo/b, besides (he (el'l11S whieh 
Illey have for lhe mechnnism wilh t wo degl'ees of fl'ocdom, one mOl'e 
11l1em' fnnction of ((3> ((1' ' • - • ((1.- On aCC'Olll1t of \VImt wnb jost fonnd 
these functions cnn be l:ed ncee! 10' eonslall ts of order Jt2 _ Let 111 Jt2 

bc this con$tant teml in the ;,eeond. mem bel' of tlto eqnation foL' l:lp 
m/l2 tbe term in thc seco11(l momber of the eqnntion for ij~. This 
ifl then thc influence of these tel'ms that tho frequency of vibmtion n l 

must be inrl'easecl by mJt J fieel the l'cbidne ohelation by 6n l (m 2 - ?n1 )1t 2
• 

rrhen cell a21 (J1 find {12 are detet'luined out of tbc same equatiol1::i 
as in the ense of thc meehanism with I \va degl'ees of fl.'eedom, , The 
cool'dinales of (jl and q2 behave here toa as if thoy were tbc only 
onos. The inflllence of the 1..:-2 l'emaining degrees offl'cedoll1 consists 
in n moclificfition of n1 and n2 , which modiflcation is of order h2 

nnd depondent on the amplitudes of the l'cmaining k-2 vibraUons, 
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Then (ja' {J4' ..... (j4 are, as the form of R teUs us, linear functions 
of a" a 2 •••• alc• As a 3 , U4 •••• ak are constant and as a

2 
ean be 

expl'essecl in al we can write ~a, i:lp .... /h as linear flll1ctions of at' 

So the coordinates q3' q 4 •••• q/c feel t11e influence of the relation, 
however ollly in tIte phase, not in tbe amplitude. As U

1 
(just as 

liJ' iJl' and /j2) was eletermineel before already as function of t, we 
enn nbo c1etermille i~" (jp .... (jk. So the pl'oblem lms beell l'ec1uced 
to qnadl'al ures. 

§ 5. S = 2 (n 1 = n 2 + (,l). All lhsturbing l,el'ms which we luwe 
Lo regat·cl are again of order ha. Fo!' this case the peculiarity appears 
thnt nll disturbing tel'ms of tIle second kind must be regnrded nt 
the same time as distul'bing of the nrs.t kind. So a term qlq2 2 in 
the fll'st etluntion gives ns 9isturbing torms a term with cos (nt + 2n(j2) 

and one with cos (nt + 4n{J2-2n{Jl)' 
,Just ns wns clone above fol' the cnse S =- 4 we cnn prove ensily 

a1so fOl' this cnse tlmt, apart fl'om a modifieation of their frequency 
of v ibration , tbe coorc1inates ql and q2 behnve as if we had to do 

. ,~vith n mechanism with hvo degl'ees of freedom, wllilst tIt3 remaining 
cool'dinntes fee I tho inflllence of reiatioll in lhei1' phase, but not in 
theil' nmplitudo. 

RELATION m~TWl\l'~N TIJRE1~ Ql!' TIIE FREQ,UEKCIBS 010' VIBHATlON 

I/OR WHIOlI S = 3. 

§ 6. 'rhe only re]ntion w hich fol' S = 3 remains to be discusseel 
runs: 

Jl1st as was done in § 3 fol' the case of a l'elation between two 
of the feeql1encies of yibration fot' ,v!üeh S = 3 we can nlso show 
here, thnt nt fJt:st npproximtttion only the coordinaLes ql' q2' nud q, 
feel !he influence of the relation allel that qu q~, anel q3 behnve as if 
they wel'e the only coordinätes. So we can l'esil'ict oUl'selves to a 
mechanism with but three' clegrees of fl'cedom; ql' q2' anel ga nre 

I 1he pl'incipal cool'dinates. 
As in tbe equations of moiion tel'ms of order h~ appeal' alreacly 

among the disturbillg terms we need not tnke into account any terms 
of a higher ordel' than 1~3 in the expressiolls for the kinetic energy 
nucl tlle potential fnnction. Hence 

1=3 1'=3=3 

'1' = ~ :2 q/2 + ~ :2 :2 (PIIQ1.2 + 2 P1'Sql'1.s), 
1=1 l=ls=l 
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r=3 

U = t ::s n/ q/ -f, Ha (gl' gz' qa), 
,=1 

where Ha l'eprescnts n hOll1ogeneous function of order th ree, nnd 

P,s - arsq] + b,sqz + ol'sga' 
.-' 

The equation of LAGRANGE fol' the coordinate ql runs: 

"=3 ,'=3 ,=3 alf 
11+n/ql = -::s Pll'q;,-:2 (b1"12+01 qa)qr+t:2 (t,rq,2+a2sQz1a --a a, 

,=1 1=1 "=1 ql 

When in tlLe lerms of Lhe second member q;. is l'eplaceel by-n,2q" 
then in the case of the supposecl relntion we hnve 10 rcgm'd as 

di&inrbing in ihis equntion the te1'l11S \vith qzqs nnd lhose with qJ)y 
Omitting nll ihe l'emnining le1'111s of a higher order lhe eqnntion 
becOlues: 

ql + 1112 ql = (0 12 n/ + bIS 11/ - p) q2 ga - (- ct~3 + bla + (12 ) qz is· 
(p being the coefticient of the term QlQ2QS in Hs). 

Vfe mny now 1'eplace qzqs by n2nsq2qs, because these two produets 
furnish the snme disturbing term when we substltute 1'01' q2 and qs the 
expressions to be taken at first appl'oximation. We then find: 

"ij + n l
z 

ql = {Ct z3 n2 na + ~ 1 ns (na - nz) + Ca n~ (n z - ris) - P l qzqs' 

Pntting in the seconel n~embel' n 1 + n~ - na = 0 we tlnally finel: 

1'1 + n 1
2 ql = (a2S n~ ns + bIS n j na - c12 n1 n2 - p) q2 ga' 

In th is wa)' we can a1so simplify tlle two otller equatiolls; wc 

must then bear in mind 1hat in the sccond equntion qlqa must be 
l'eplaced by n1naqlqsl in the third equation however qjq2 by -nln~qlq2' 

The l'eslllt is that the equations of motion are to be written as 
1'o11ows: 

whcl'c 

aR 
q,. + 11 1

2 qr-~ = 0 aq,. (1' = 1,2.3). , 

- B = lp - (a l3 n2 ns .+ bIS n l na - Cl 2 n1 n2)1 ql q2 fJs' 

H, 1J0wcvcr, we lnke ns abridged 31'd equntion 
) 

q3 + (nI + n2)2 '13 = 0, 
thên we finel: 

- B = lp - (a 23 nz na + b13 n l ns - Cu 71 1 n2) I fJl fJ2 g3 --

. (1) 

- f! (nt + 11 2 ) gs~ = p' '11 q2 qa .- Q (nI + n2) qa 2 

Pw'e 1'elation 71 1 + n2 - na = 0, 

§ r. As first npproximation of systcm (1) we inke: 
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VOl ( '») 1.1 = -- COS rilt + ""nl{jl , 
nl 

Va2 
q2 = -- COS (n 2t + 2n2~2)' 

n2 

'. 

q3 = Vaa cos!(n l + n2)t + 2 (nI + n 2)Sal· 
n1 + n2 

The a's must necessarily be positive quantities and in general do 
not uecome zero c1nring the motion. vVe now write - B = P'QlQ2Qa 

I1S a funct.ion of the a's, {J's, anel t, and we then omit the terms, 
containing t explicitly. Then we find: 

- R = pil Va 1a2 C1 3 cos p, 
where 

p' 
pil = , 

4n 1n2 (n l + n2) 

cp = 2 !nl{J1 + n2fJz - (nI + nz)fJal· 
The system of equl1tions, determining the variability of the a's 

\anc! fJ's, rnns: 

An integral of this system is: 

V al CI:Clz cos cp = constant 

Furthermore we notice that: 

Cl2 - -
n2 

Therefol'e: 

. (2) 

. . . . (3) 

I Cl l Cl2 _ C 72 Cl l CIa 2 Cl2 aa 
- - - - 2/l, - + --- = C31i, - + --'-=(Cs-C 2)h

2 (4) 
n1 n2 n1 n1 + 112 n 2 n 1 -1- n2 

Cl l + Cl2 + CCa = constant. •.•.• (5) 

Here C2 allel Ca are constants ; 0.1 is positive anel Ca > Cz• We 
sllppose (}2 to be positive too, which eloes nol imp!y arestriction; 
fa!' if Ca were negative, we shoulel have but to exchange the COOl'

elinates ql allel 12' 
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If we put 

then 

Thi& gives to (:3) the tOl'll1: 

V;(;-C 2 ) (C 3 - f) cos (p = Ic, 

wheee 1~ repl'esents a constant. 
The fiTst equation of (2) becomes by inLeouuctlOll of ;;: 

; = 2p" Vnln~ (nt + 122 ) h V;(;-C.~) (Ca-Ç) 8~n cp 

Elüninaiion of p between (6) anel (7) fnrnishes 
d~ 

V !, = 2p" Vn1n, (nt + n2 ) helt. 
± ;(;-C

2
) «(\-;) _lcJ 

" 

. (6) 

(7) 

On account of this b can be detel'minecl t1S functioll of t, which 
makes al' a2 , and {.(3 to be 1010wn; then ljJ ean /Je founcl out of 
(3); finally flp fl2' anel flJ out of (2). 

§. Ilet us suppose l'elation (6): 

V; (;-C 2 ) (Ca-;) cos P = 1., 

to repl'esent a curve on polar coorclinates; we taJce; as l'tl,clim: vec'L01', 
qJ at> polar angle. 

As al' a2 , and aa are positive, ;, ; - C2 anel Ca -; ure positive, 
; l'emains between C2 ::tnd CJ • 80 we luwe to l'egal'd only cnrves 
situated between the cil'cles ; = C2 anel ; = 0". 

The curves l'emain on t11e l'ight Ol' on the left. of 0 accol'ding to 
k being positive or negative. In fig. J the curves have been dl'awn 
fol' dennite values of C2 aud Ca, tor same vulues of 1,;. 

The disiances of the points of intel'bection of a CUl've with tbe 
axis of the angles is Lound [ts thc positive roois of the equation: 

; (;-C 2) (C~-;) _lc2 = O. 

Fa!' a given \'a.llle of C~ anel C~ thel.·e is u maximul v::üne of I.:}, 
fol' which ibis equatioll has two eqnal roots anel below "\vhich it 
has 3 realones. Fol' this; valuc the cnrve h[ts contl'actecl to [tIl 
isolated point. This roneerns ,L &peeial case of ll1oiioll. 

Anothel' special ('ttSC we ]wNe fol' 1/ = O. Degenemtioll takes 
plaee to tbe point ; = 0, lbc eÎl'cles ; = C2 allel ~ = C~, and the 
right line cos cp == O. 

Fl.ll'ther 1110re there are special cases fol' special values of C2 anel 
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c3 • It' C2 = C3 , I'hen of neccssity Ic = 0; so this' belongs to the 
second special case. If C2 = 0, then by putting ; = C3;' the relatiol1 
(6) passes into the one ·which ·we hael with tho mechanism with two 
dog rees of fi'eeelom, fol' whieh nJ = nl' 

The special cases will be c1iscussec1 in § 1.,1,. 

§ 9. OSl.:uZrttin,Cj curves. In order 1,0 lllustrate the moiion of the 
meebanism somewhat beitel', wc usc au image point. 

To tlllS end we rlloose tho poü1i whose rectangular coorclinates 
,v, y, anel z are at al1 al'bitral'y moment eqnal to the val nes of the 
pl'incipal cool'dinates ql> qJ' anel q1 at th at moment. The motion of 
this point is then givell by 

Val 
.1J = -- cos (nlt + 2nJ11)' 

n1 

By oliminating t belweon those equatÏons two by {WO anel by 
ascl'ibing io Ihc a's and (J's, {he values at a clefinite moment, we 
Jlnd tlle p1'ojeetions of tbe osenlating' curves on the planes of COOl'

elinates. 
Thebe projertions are LISSAJOUS curves; the osculating cnryes them

selves wo can eaU IJISS.\.JOUS t\':istecl curves. 

§ 10. Snch a iwistod CUl've 1'o111ain8 enclosed illsiLle a rectangulal' 
[Jnmllelopipec1 bouneleel by tho planes: 

t/ al t/ ((2 t/ a 1 m=±--, y=±--, z=±---. 
11 1 lIJ nl+nJ 

In cOJ\scql1cnco 01' {ho variabiliLy of tho a's this ellclosed pal'allelo
pipeü varics coutinnally. 'The vertices move along a twisted C11l've, 
wllich accol'lling to (3) pl'ojects itself on the _\y:..plane as a hyper
bola, on the ..L\.Z ftnd on ihe YZ-plane as an elIipRe. Out of (5) 
follows that this ClU've is situated on an eHipsoid, whose axes lying 
on the axes of cooL'dinates are in the ratio: 

1 1 1 

UI • ~ U 1-!-- 1t2' 

As the (('::, change perioclically betwoon doJlnHe limils, the vertices 
vvill move to a,nel 1'1'0 along the above menlioneel Lwisteel CUl've 
betweoll two extreme po::,iLiol1s. (fig. 2). 
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~ 11. Besides on the a's the fOl'm of an osculating curve depenels 
moreovel' on the (fs. However for an osc111ating curve descl'ibed in 
a definite parallelopiped it depends not on 3, but onl)' on 2 quantities, 
as is evident when we change the ol'igin of time. We can get: 

Val ~ 
lIJ = -- cos !nl t + 2 (nl{jl - nl{ja») , 

n l 

The form of the oscn1a.ting C1ll've evidently depellels on the quantities 
{jl-(j3 anel (j2-{j3' 80 if we pul.: 

Val VCC 2 \/((3 

-- = A , --= B , --- = C, 2 (nl(jl-nI8a)=Ct, 2 (n2{~2-n21~3)=b, 
n l n2 n l +n2 

then we find 

:v = A cos (nlt + Ct), I 
y = B cos (n 2t + b), , . (8) 

z = C cos (ni + n2 ) l. } 

It is evident out of (7) that in the extt'eme parallelopipccls curves 
are descl'ibed for w hich sin cp = O. 80 for these curves 

2 (nl(jl + nZ{j2 - nl (33 - n 2(ja) = t:rr:, 

where l is an integer, 
a + b=l:rr: 

b = l:rr: - a. 

80 the curves described in the extreme parallelopipeds are given br; 

tI! = A cos (n/ + a), 

y = B COB (n 2 t - a + l:rr:), • \. • (9) 

z = C cos (ni + n2) t .. 

~ 12. The literatme concel'ning the L1SSAJOUS twisted ClU'ves seems 
to l'estl'ict itself to a paper of A. RIGHT (IJ N novo Cimento, vol IX 
and X, 1873). RIGrrr discusses onl)" the case that the periods of the 
thl'ee mutuaUy perpenelieular vibrations have a common measure anel 
he investigates which properties of symmetl'y these CUl'ves can luwe. 

Let 118 pUl. in (8) t = + 't' anel t = - 't' ::tnel let us eaU. the val nes 
of ,u, y, and z belonging 10 these values of t, respect. ;u" 1/1, Zl allel 
aJ2 , Y2' Z2' then we fintl 
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1 (,VI +,'/]2) = A cos a cos nl't' , ~ Üh +V2) = B cos b cos n2t: , '::1 = Z2' 

The clIl've repl'esentecl by (8) JUtS thel'e/'ol'e with L'especl to dil'cctious 
of chol'ds pal'l:tllel to the XY-plane as diameter a, curve l'epl'esenLecl 
b.r the eql1ations: 

where 

aJ 3 = A' cos n1t, 

,'lj~ = B r 
cos nzt, 

Z 3 = C cos (?t! + 71.,) t 

A' = A cos a , B' = B cos b. 

(10) 

To invesligale the curves l'epresented by (8) we can stad tl'Olll the 
simple C l1l'V es repl'esented by (10). IJl tig. 3 snch a. CUl've is given 
pel'spectively, in fig. 4 (continuous lines) by pl'ojections for the case that 
n l a.nd n2 a.re commensmable a.nc! th at we ha.\'e n l = 2n, ; the twisted 
CUl've begins a,nd ends in two vertices of the cil'cumscribec1 pa.l'allelo
pipec1 a.nd is tlescl'ibeel 'backwmds anc! forwal'ds. 

When a. CUL've (10) is constl'uctcc! we must bear in minc1 that 

wheL'e 
(11 -= A bin a , (r, = B sin b 

80 we can think the CUL've (8) as descl'ibed by a. poiut llloviug 
along the CLll've (10) anel vibl'ating at the same lime tj,(~col'cliJlg to 
the X- and Y-dil'ection. 

Fl'om this we can see how f,be osculating curve changes fol' 
incL'easing vallles of ct anc! b, aml wc can ll1ttke out when it shows 
double points. In tig. 4 the pl'ojections are repl'escnfec! (c!ottec! lines) of 
an oscnlating curve foL' n l = 2nJ anc! smal! vallles of ct anel b. 

~ 13. Fol' tbe C11l'Ves l'epresentec1 by (9) exists a simple methoc1 
to consfL'Uct tlle ZX- a,nc1 ZY-pl'ojcctions: when fbe XY-projertion 
is given. We eau imagine l as even; thc CUL'ves foL' odd ntilles of t 
are the mÜ'I'ol' ima.ge of Lhe curves fOl' even vaIlles 0(' l wirh respect 
to the ~YZ-plalle. Tlte X V-pl'ojection Ïi:, tl,n enLirely al'bitraL'y LISSA,lOUS 

CUL've; fol' t = 0 the Pl'ojcction of Lhe point is on a cliagoual of tlle 
cil'cU mscl'ibed l'cetangle. 

Now llowevel' follows out ot' (9) 

.:: m ~ 
/Jos -1 - = COl! -1 - + cos 1- ~ . 
CAB 

In fig, :3 is given how fOI' ove!',)' point on the XY-projedion z is 
1,0 be conskuc(ed, It Ü:l easy (0 show, thai tile points of intel'section 
of (9) wilb Lhe X Y-pla.ne lie 011 the ellipse: 

, 49 
Proceedings Royal Acad. Amsterdam, Vol. XIll, 
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.v 2 '!/ -+--1 ....12 B~ - . 

'[Ile points w here the cueve tOllches the planes z = + C I.ll'e pt'o
jectecl in the l'ight lines 

§ 14. Special cases. At (he conclusion of § 8 the special cases were 
nmned which may appeal'. They are: 

A. Fa?' ,qiven vahws of C2 ancl Ca 'We find 1.; = O. The l'elation 

V all!~a3 co.s cp = 0 

n,llows of val'ions })ossibilities~ 

1. One of the a's is continnally zero. Not Ol1e of these forms of 
Il1otion, howe\ el', [lroves to be possible on sllbstitlltion inLo (1). 

. :r 3.ït' 
2. cos (f' = 0; (jJ is continnally '2 Ol' 2' The form of motion chl.llt-

ges pel'iodically between those fol' which & = C2 (a2 = 0) and (hose 
fol' ,,, hich ç = Ca (((a = 0). 

B. PO?' !Jiven C2 a7~d C:) we jind k~ ma,vÏ?nwn. Here ~ is constant, 80 

the a's are aIso constant; the cil'cumscribed parallelopiped does 
not change. The l~'s incl'ease uniformly wit.h the time; the osC'ulating 
elll've ebanges iLs form; sin p = 0 remtüns howevel'. Tho of\culating 
curve is thus l'epl'esflnted by (9); Cl increases uniform1.r with the time. 

al CC 2 r 
C. C~ is eqHal to zel'o. Then - = -. The lllovement of the \'el'tices 

11} lIJ 

of the circumscribed pal'allelopiped takes p!aee along ,"t plt"tlle 
CUl've; the plane pa,8ses' Hll:ongh the Z-axis. When C2 = 0 a,nel al 

the Stlme time /.; = 0, 111en the form of the movelllenL approaches 
tl,symptotical1y tIte Z vibration. 

D. Cg = 0,. All X-vibmtion continually takes plt"tce. 

Appl'o:vimatect relation n} + 12 2 - na = Q. 

§ t5. We lTInst llllagine !? to be of order h. Now 

- E = p' ql q2 qa - (ni + 712 ) f! Q3
2
• 

A.s [h'st appl'oximation we lake fOl' ql> q~, allel qa lhe same expres
sions ,"tS in the case of I he pl1L'e relat iOJl. vVe fint! tal' Ras l'ulIctioIl 
of t.hc ( 's anel l~'s 
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We c,m again write clown thc syslem of eqnatiolls which indicn,tes 
the val'iabiIity of the a's allel {3's, This system has again us inlegl'u,]s: 

al az - - - = constcmt, 
al ((3 - + --- = constant, 
UI n l +n2 n l n 2 

al + az + ((3 = constcmt. 

T..Jét US aguin put 

al 1"7' a o a'l - = ~Il', --= = (; - C2 ) li,2, --' - = (C3 - ;)h2
, 

n 1 n2 n1 +nz 

then the integl'al R = constant takes the form: ' 

V; (; - 02) tCa -;) cos (P = f!' (Je - ;), 
where k represents a, constant and 

Q 
Q'= . 

2p" Vn 1n2(n l +nJh 

We IlOW eee easily in what wa}' the coQt'dinates al'e to be fOl1l1d 
as functions of time. 

~ 16, A survey of the general a,nel special cases which can appeaL', 
as well as an insight inLo the manne1' in which the transition takes 
place on one hand to the case of the pme re1ation, 011 the other 
hand to the general cnse, where 110 l'elation exists, is to be obtained 
by l'epl'esenting the l'ela,tion betwecll ç; aud Ij) on polur cool'llinates, 
ç being the radius vectol', Ij) the polnl' angle, In 

V; (;-C~) (C 3 - ;) cos (P = f/ (k-;) 

we mtl'y l'ep1'eseni !," ns positive; for the Clll'ves fOl' Ilegative vallles 
Jl' 

of f!' are the minor images with l'espect to the righi line Ij) = '0 .. 
of the CUt'res fol' positive vallles of f/. 

Wo give to O2 anel C,I consimlL vnlues aml wo (iml for a cel'iain 
vailLe of f!' (he fOL'ms of the curves satist'ying t.he different possible 
values of 1.:, vVe then see how UIis s~Tsiem of CUl'ves val'ies when fI' 
passcs thl'ough all vallLes fl'Olll vel'y little to VOl'y laL'ge, 

Fol' e\'el'y vaille ot' !? thl'ec cnses can be distingnished: 
1, l.; > C:I , As ; rcmains smttllel' than Ca, tlle seconcl 111e1111Je1', so 

tllso cos rp, l'omnins positive.' Om'vos on the l'ight or 0, 
2, l.; < C2 , As ~ l'emnins lmgol' t1mn C2 , tho socond membel', so 

also cos Ir, l'emn,ins negativo, Om'ves on ihe left of O. 
3. O2 < 1.; < 03 , Tho seconcl member, iheL'etOl'e also cos rp, becomes 

ZOl'O fol' ; = 1.:, Olll'ves which sl1l'I'ouncl 0. 
1'110 cm'vos l'OpL'CSent.ou by tlte n,bovo l'elntion lio Lhol'cfol'o cit.hol' 

entil'ely on one side of 0, Ol' they sUl'l'ouud O. 
49* 
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The doml1ins of the plane occnpieel by these diffel'ellL kinds of 
C1ll'ves I1re uouneled by the curves which corl'espond to l~ = C2 nud 
k= C~, 

Fol' these values of k a elegeneration tl1kes place, 
Fo!' k= C~ in: 

s= C~ anel V;((,'3-;)I.lO~<P= - ;'V;- C~. 
The lattel' curve lies on the left of 0, it begins anel encls in the 

J'C 
points: ; = C2 , rp = ± -, 

, 2 

For l~ = C3 in : 

;= C3 anel V;(; - CJ cos <p = !,l'VC, -;. 
The lattel' cmve lies on the l'ight of 0; it commences I1lld enels 

J'C 
on the points: ; = Cz' rp = ± - , 

2 
To investigate ho\v the systel11 of Clll'ves vl1l'Îes when !,l' is chl1ng'ed, 

it is snfficient to investigate Lhe vaI'il1tion of the clegeneratecl CUl'ves. 
The l'esult is, t1w,t the clOl11l1in of the curves snl'l'ouncling 0 is vel',)' 
sml111 fol' Sll111l! vtlilues of r/ and it extends accol'dillg as f/ 
increases, so that lhose curves are most important fol' grel1t vIllues 
of r/. 

So we have fol' small vallles of f/ by pl'efel'ence the case, thaI p 

111o\'es to anel ft'o betweell two extreme opposite values, fOl' gl'eat 
va,lues of !,l' by pl'efel'ence the case thl1t aS'3l1mes nl! val nes. 

Fl1l'thel'mol'e we notice that accol'eling as r/ incl'eases tbe ClllTes 
sUl'l'ounding 0 as centl'e, i. o. w. g ancl on acconnt of this the a's 
ValT bilt little. We thus approach the general cl1se whel'e !!' has 
beco111e so greaL, lhat we can no longel' spe11k of a l'ela1.ion. 

Here too we geL fol' each vallle of v' fol' the maximal a,nd minimu] 
vallle of l~ an isolîtteel point on the axis of the angles. 

Fig. 6 gives some Cl1l'ves fol' a, raLhel' small value of f/, fig. 7 1'01' 

a ratbel' gl'eat valne of !,l'; the _. - lines indicate the degenentted 
curves. 

nIU ..... 'l'lONS Im'l'WHI"X a o~' 'l'Il]<] l<'lmQUI~Ncms 01<' VlBRA'l'IOK 1"01{ 

wmon S = 4. 

~ 17. Two of these l'elalions have 10 be discllssecl, nameI)' : 

(A) 11 1 + 2/1 ~ - ua = fh 

(B) - n 1 + 2n~ - n.1 = Q. 

We \commence with the cleteL'minai.ion 0(' lhe clistl1l'bing tel'l1lS or 
11le seconcl ldnd in i.he eqntlltiolls of' molion. TlJese contain no 
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011101' ('OOl'dillUl0c, Ilmil rit, fj~, allel q" allel lito,)' appeal' 01l1y lil 
Ihe oqnaliollf .. or 1l101i01l \vhielt 1'efol' lllore i1l parLicnh\'l' lolhese 
couI'c1iJln,les, 80 il is c]eal' IhaL 10 delel'lllille Iho elibLlll'bing tonns of 
Ibe &ocond Jdnel we ean l'esll'icl ol1l'selves 10 a mechanism ,,"jlh Ihreo 
degrc13b or fl'eedolll, 

IJL tlle oll11ations t here are 110 elislurbing tel'ms among the tel'l11~ 

uf order ft2; lernls of a higher order t1mn ft:\ are not inserted. Hence 
wo call Wl'lte tbe potential fnnction and the kinetic enel'gy as follows: 

I='j 

U = t :E n1 2ql 2 + 114 (~b , q. , Q1)' 
r=1 

1=3 . 1=3. 

'1' = t :E fJ/ + t "2 (Pn q,' + 2P1Sf},qS), 
,=1 ,=1 

wbere H 4 l'epl'esenls a homogelleous flll1cliOlI of degl'ee 4, anel 

.P'S = ~ ar,f}I 2 -+- t b",fJ/ + t cn fJa
2 + e1s q!q. + .t;'sqrfJa + hrsq.qa· 

If e, g. we wl'Ïte tIJe equation of molion fol' q!, then fOl' the 
l'olations (A) and (B) the following terms 

q~ ~q~ , q2i2q~ , q. 2q~ , ib 2q3 and qibq~, 
are to be l'egarded as diRturbing, 

Let us l'eplace Ül njese tel'ms 'q~ by -n/q., 'q~ b~T -n22q~, q!2 

by --n.9./, ancl'q~qa by 1t.11,\q.qa' 
Lot 11S om i 1, all nou-elisl1ll'bing I enns of order TL 3 anel let us mako 

nse in the c1isturbieg iel'lllS of the rela,lion n! ± 2n. =F na = 0 (which 
iH pe'rmissible, as Q iR of ol'der ft2); we then finelllml tbe fil'st equ[Llioll 
can be "vritten t\,S 10110\\'s: 

q"l + n/q! = (=F !tIn/tl' ± ~ n!Jt J VI3 - ~ n,/j~2 + n2n"el3 - p) q2'fja + 
clistul'uing leems of (he fil'sl, kind (IJ being Ihe coeHicient of a terl1l 
qlQz2q, in U), 

Of the =F aud ± signs the top one must be taken in the case of 
the l'elation (A), Ihe bOUOlll one in the case of the relation (B), 

When c1elel'mining Ibe c1istul'bing le1'1l18 of l.he second kind in tbe 
eql1ations q2 n,nd q~, anel when reclLlcing these tee111S accol'ding to 
the lllothocl given jnst now, we find as l'esnlt tbat the disiul'bing 
tOl'l1lS ure the del'ivatives of one anel the same function, namely of 

whel'e 

p' = p ± n!n/112 =F n!7t~bl:\ + :\ n,~lu - 1I 2n 8e'8' ' 

This part of Ihe 1'unction of distnrbance can he agaln expressod 
in Ihe SH,me manner in tho a'f, allel the (3's. 

As dislUl'bing 101'111S of the first kind we llave buL 10 lake Iho 
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tel'lllti, whielt we IHwe deiel'lllincd jJl § 4. Fot' those 1.el'l11S <\1'0 

ÎJJ(lepelldeut of j,bc roJntioll, 
Sa we (i1lC1 that tlle dist ul'billg l'ullC'LioJl expl'essed iJl tbe a's tl,nd 

tbe [3's takes tho following fOl'lll: 

-B =:x~ (atla~, .. " (lIJ + r/h2(t~ + 'ln1 U 2 V-Ct!a.~ cos rp, 

whGl'e ngain 'J. 2 l'cpl'esenis a homogeneolls, quadraiic flll1ctiol1 of 1,he (t's, 
The second t01'm is inseded becanse we take as fil'st appl'oximation : 

_ Val, ( t + <) I~) '11 - -- cos n 1 ""nÜ'l , 
n1 

Va2 
q2 = -- cos (nzt + 2n2(32)' 

11 2 

Vaa I ) 2 2 ) l q~ = 9 COS (211 z ± n1 t + (n2 ± n1 [33l j etc. 
",n

2 
±?t1 

Furthel'mOl'e we find 

cp = ± 2n1{J1 + 4U2{J2 - 2(2?1~ ±nll[3~ === ± 2n1 ({Jl -(l~) + 4n2(~2 -(33)' 

§ 18. ':Ve ean again suppose the tlilfel'ential equations written dowll, 
detel'mining tIle val'iabilit.:v of the a's and WB. W-0 then immediately 
find: 

a4 = constant, a. = constcmt, ....• , .. ai. = constant. 

However, [34' [36 ... , .[31.' are yal'iable. The coordinates q4' q • ... qk 
expel'ience the influence of tIle 1'elal1on in theil' phase, bui not in 
theit' amplitude. 

TJc! us l'egard in pal'tlcnll1l' 1he eqlmtions fol' al' ((~ and aa: 

~l = ± 21n1 n 1 ((2 V al a~ sin rfJ, 

~~ = + 4ml n2a 2 V'ala~ sin (r, 
Zt3 = - 2(2112 ± nJ rn1 (f2 Vct l a3 .,in (I" 

'iV c dcdllCe from 1his: 

al ((2 aa =t=-=--=----, 
n l 2n~ 211 2 ± 11 1 

(~l + ~~ + ~(a = O. 

§ 19. Càse A. 

al ((2 ., a~ + Cl:\ _ C 12 --9=(CI -CJ)1t.-, - ----_ "n, 
11 1 ""n 2 • 2n2 2n2 +?1.1 -

whOl'e Cl and C2 are positivo cons1ants. 
If we pllt 
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wc Lhell fÎlICl 

((1 = Jt l (Cl-;)IL~, ((2 = ~1l2(G~-;)ll2. 

The integral R = constant then takes the fOl"ln: 

(C
2
-;) VÇ(C l -;) e08 (f1 = 1.7;2 + q; + I'. 

Case 13. 
al a2 "(,(2 I a:! ,aa - + - = C/~-, - î--- = G/l-, 
n

l 
2'11

2 
2n2 2n2-nl 2n2 -'I1 1 

where Cl anel Ca are positive constants. 
Ir we pu't 

then we finel 
al = 11 1 (Cl -~) h2 

, aa = (2n2 -:- 11 1) (Ca -;) h2. 

The iniegral R = constant geLs the form: 

; V ( C 1 .- ;) (C ~ - sl eo,~ (p = p;2 + q ; + 1'. 

~ 20. In ease A we finel that ; lies eontinually between 0 anel 
Cl or' between 0 a1lC1 G'2 accol'c1ing as Cl Ol' C2 is the s111l111er. 
In Oase B we find t1mt; lies eontinually between 0 nJnd C\ Ol' 
between 0 anel G.I accol'eling as Cl Ol' Ca' is the smaller. 

,",Vhen ngain ,,,re represcnt t he l'elations bel ween ; anel cp as p01m' 
cool'dillates, we find CUl'Yes of quite the same kind as in the case 
of a mechanism with two degl'ees of fl'eeclolll fol' which 1t2 = 3n1 • 

So thore are Cl1l'VCS wilich elo noi en close 0 anel which lherefore 
l'elate to fOl'ms of motion, whel'e (p runs to anel fl'o betweell two 
limits; anel cnrves which clo enclose (j ancl which therefol'e relate 
to fOl'Il1s of motion, where cp takes all values. The transition is 
tormeel by a (',U1've, having El double point on the axis of the ang1es ; 
this points to a pal'ticnlal' case, where tile form of lllotion tends 
tlJsymptotically io a movement ""here sin cp = 0 and ; is constant. 
To anothel' special case the isofated point reters situated on tbe axis 
of the angles; it points io liJ form of motion, ",here sin lP = 0 
a,nel whero ~ is constant. 

~ 21. Osculating CU1'ves. The osculating CUl'ves 0(' lhe image point 
me again LISSA.10US lwisted Cl1l'\'es. The yedices of i,he circl1mscl'ibecl 
parallelopipecl move [l,long t"t l.wist.ed curve lying on an e1lipsoid, 
whose . axes l,Ying aJong the cool'dinate [l,xes have leng/hs pro-

1 I 1 
por/ion al to 2 ± ; /he twisted curve J)l'ojects i/selt' 

n 1 nz n~ n 1 

in easc A on the X}Zplane as a hypel'bola, on thc YZ- anel the Z}Zphmo 
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ai; all elEpse, ju case jJ OIJ (lJe XZ-plane as a Ilypet'boln 011 UlO X )7_ 
nnd the Y Z-plane n,s tUl ellipse. 

The oscnlating Clll've clescl'ibecl Ül a cle(inile pal'allelopipecl call 
be gi\'en in [he eqllalions 

m = A eos (UIt + a), -

,Ij = B cos (n 2 t + b) , 

z = C cos (2n2 ± n l ) t , 

where rz and b repl'eRent the 11l0menlal'y valnes resp, of 2?7
1

({11-{js) 
finc! of 2n2({j2 -(j~), 

In Ihe extreme parallelopi peel cnt'ves a,re descl'ibccl fol' w hich 
sin rp = 0, so for whicIt 

2b ± a = l3t, 

,,,,here 1 is au integer. 
Fol' Ihis case we have, if ,',re suppose 7 to be even, 

Rm,ATJONs BWl'WREN 4 Ol<' Tlm FHEQUENcms Ol<' VIl3HATION 

FOR WITICIJ S = 4, 

§ 22, Thcl'c are two of these reJations to ue discnssecl, nameI.)' : 

(A) 11 1 + n2 + nR - n4 = Q, 

(B) n l + n. - n R - n4 = Q. 

Aftcl' (he preccdil1g it will be cleal' thaI we havc 10 take. 

1'=4 1'=4 s=4 

']' = t :2 q/ + t:2 :2 (Prrq/ + 2Pl'Sq~, qs), 
1'=1 1=1 ~=I 

whel'e 

P .1 2 + .1 b 2 + 1 2 + 1 d 2 _I + .f _I 
I'S= 2 aISIJl 2 I'slJ~ 2 (JrslJ8 2 /81J4 ,- ersIJl IJ. JrsQl 1J3'-

+ [Jrsql IJ, + hl'slJz I]~ + krsIJ. 1]4 + ll'sfJs fJ4' 

We Cfin again point on(, ",hieh lel'ms in tIte dim~l'ent eqnatiol1s 
of motion are 10 be l'egardecl as elistlll'bing, anel we can reduce 
them according' 10 Ihe melhocl inclicated in § 17, 

The 1'esnlL of the l'eclllction is thai the distlH'bing tel'l11S of the 
second kind in the eql1ations 1'01' gil q., ga, find q4 arc thc del'iva!.ive::; 
resp. 10 qll q2' q~, and (j4 of: 
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(p beÎllg ! ho coetïicienL of H, leem Ihl.HH.} I 111 111), 

Of the =F anel ± siglJs we must take the (op Olle iu (he l'ase 
or the l'elation (.ti) anel tIJc uolLolll one in the case of lhc l'elatioll (B). 

Wc take as fil'st appl'OXilllatiop: 

v'a] 
(11 = -- 1;015 (ult + 2Ill{l\), 

n l 

VlI~ 
IJ.~ = -- co.; ("2 t + 271i/J, 

n, 

_ Val. ( t ' ') :») 1:1 - -- 'JOS n 3 T .. US, IJ , 
n 3 

Va, 
1]4 = COh 1(71 1 -t n2 ± 11 3) t + 2(1/ 1 + 1/ 2 ± 11 3)[341; etc. 

111 +n~±11.1 

vVe have then to take as fUl1ciion R: 

- R = 1..2 (al' ({~, .• ((k) + f/ ,,~ ((4 + 1111 V ((1((2((.1((4 CO.~ (P, 

in which 

I/ = 2111 [31 + 2n21ll ± 2n .• [33 - 2 (ni + n~ ± na) [31 = 
= 2nl ([31 - 1~4) + 2n2 (~2 - /34) ± 2n, (~3 - {3~). 

~ 2:-3. Wé call wl'ife down the equations which show Ihe variability 
of the ('S and {I's with time and \\"e fin cl , as always in l.he case 
S = 4, that the cool'elinates q., q H ••• qk feel the inflnence of the 
J'clntion i11 thell' phase, bul 110t in theil' amplitllde . 
. We (herefol'e OCCUI)"I' ol1l'sel\'E's l)al'ticu I al' I "I' with q (f (J allel q 

J J 1''J~':L3'< 4' 

The eqnalions fol' ~1' ~3' ~3' ancl ~(4 run: 
. ') /----. 

al = + _11 I m] " ((l a2((3a4 SUl Ir, 

d2 = + 2n2111] VCl 1 Cl 2 C1 s((4 sin .p, 

(;:1 = ± 2n31111 VCllCl2a3(~ sin (f, 
. ;---

lI4 = - 2 (nl + 11 2 ± n 3) 1nl J! ala2a~a4 sin (p. 

Wo doduce fl'om this: 

al a, a~ a4 -=-=±-=- , 
n l n, n~ n l +n2±lIa 

~l + ~~ + ~3 + ~4 = O. 

~ 24, Case ... 4. 
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whel'e Cl' Cl' C~, repl'eSent positive constantE" 
If we put: 

we find 

(tl = 'lIl (CI-~) Jt~, a2 = n2 (C2-Ç) 7t\ Ua = na (C3-~) Jt2, 

The integral R = constant take::; ihe form: 

Case B, 

where Cl' C2 , anrl C~ are positive constants, 
If we put: 

we find 
al = n l (Cl-~)TI\ a~ = n~ (C2-;)1/2, a~ = n:l (C a+;)h2, 

The integl'al R = constant takes the form: 

V; (Cl-;) (G'2-~) (C 3+;) cos lp = p~2 + 1; + 1', 

H is cleal' that the problem is again 1'ednced to quaell'atmes and 
that tIle coordinates with the help of elliptic functions cau be 
expl'essed in the time, 

~ 25, The mdius veelal' ~ val'ies periodically bet,ween two li.mits, 
lying in case A between zero and the smaller of the three quantities 
Cl' C2 , and C3 , in case 13 between zero and the smaller of Cl and C2 , 

The curves l'epl'esenting the l'ela.tion beL ween ç a,nu (p have here 
again the same form n,s fol' the case of tlle relation n

2 
= 3n l , 

Thus as general forms of motion wc have those where cp takes 
all va~ues anel those whel'e (p moves bacln1iTal'd :::md forward between 
two opposite values; the th'st we luwe by pl'efel'ence fol' g'l'eat v[I,lues 
of the l'esidlle of relation. 

FUl'therIDo1'e there is again a special case whel'e the amplitudes 
[l,1'e constant, and sin'{J l'emains 0; and [l,l1othe1' special ('[I,se where 
such [I, form of lllovement is [l,sympiotic~1.11y Hppl'oached. 
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( 761 ) 

~ 2() ()~cul((tin,l/ cUJ'ves, The image poillt ",hielt is tu j'cpl'c:,elll 
t be lllovcmeni of the llleelHllIislU wHIt 4 degl'cctJ or rl'ccdolll, moves 
111 a, space 1~1' rfbe cool'dilln,te~ ,I:, ,Ij, z, anel Lr, or tbc image point 
on <1, rectangnlal' system of cool'dinate& are at ever~' moment equal to 
ql> q~, g~, Q4' lts movcmell1 is 1hen eletermined b~': 

Vaj 
,I] = -- CO\ (n l'+21/ j (/1)' 

UI 

Vaz H = -- cos (n 2t+2uz (12) , 
n 2 

If we asC'l'ibe to the a's <tnd 1~'S 1 heit' momental'y values, 1hen 
these eqnations represent the o8clllating curves fol' the indicated 
moment. rfhe osculating curve we can caIl a 1..rssA,1QuS ctlrve, 

The curve n~maills encloseel lI1sicle fi fOl1l'dimentJional parallelotope 
bonnded by tbe spaces : 

Val Vaz Va~ Va4 ,/;=±--, H=±--, z=±--, u=±-----. 
1/ 1 nz na 1/j +n2±n~ 

13y the vfiL'Înbihty of' the (('S the cil'CUJllscl'ibed pfil'fillelotope filso 
chfingcs; the yel,tices move bfiCkwfil'd anel forward bctween lwo 

~ , 

extreme positions along a 'Yl'ung C11l've; this cnrve lies on a hyperel-
lIpsoid, whose fixes lying filong thc fixes of eool'clinfites tWC proportionfil to 
1 1 1 1 

, .. _---
71

1 
• n

2 
• na . n

l 
+nz±na 

The for111 of the wrung 1..rs&AJouS Cl11've in a definite pal'al1elotope 
depencls, fiS is fonnd by a change of the ol'igin lof timc, on the 
qUfin1ilies 

2n l (l'jj -(14)' 2n2 (,'j2 - (14)' 2n" (['j~ -(14)' 

rfhc o&culating (,l11'yes described in the extreme pfiml1elotopes lmve 
the prope1'lr thai 

271 j (/:1 j -{14) + 211 2 (1~2-1'j4) ± 2n" ({:13-1~4) = l7r. 

FOl' 1 hese CUl'ves the relntion holels : 

m y z u 
cos-1 - + cos- 1 ~ ± cos-1- = Cos-I -
ABC D' 

when i!, 15, C, ttncl IJ m'o written for ihc fil11plitudps fillcl 1 is 
sllpposccl even, 


