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cultl11'e-drop can have no harmful consequences; aftel' the above 
mentioned investigc:ttions of CLARK and DUGGAR caution is howe\'er 
advisable. 

Taking evel'ything into considel'a~on among the changes which 
NmuwENHuIS pl'oposes in my method, thel'e is only one with which 
(and then only partly) I am in agreement and which is also in
corpol'ated in my simplified apparatus (of which I had wisheJ, fOl 
cel'tain l'easons, to postpone the publication): the two needle holc1el's 
are replaced by one. When however he ad\'Ïses always the use of 
not more than one neeclle in isolating, we differ entirely. lf he had 
cal'l'ied ou t mOl'e eXLensi ve iJl vestigations with dif1icul t material, for 
instanre, with bactel'ia, instead of with tbe llluch hu'geL' fungus 
spores, he would not have suggested ally altel'ation. 

I shoulcl be glad if the fttct that the needles can now be obtaiJlecl 
commercially, should lead to a 11Iore extensive US\? of my method. 
I am convincecl that it has a large sphere of usefuilless. Those who 
fl'om the detailed deRcription in my last publication conclude that 
the method is too difficuIt, are mistaken : I have thought it pl'eferable 
to go into a minute descl'iption in ordcr to make it as easy aR 
possiblc for those who use ir, howevel' tempting it was to give the 
impl'ession of a too great simplicity by a cursory descl'iptioll. 

For the rest, those who hesitate to isolate bacteria, cau work 
with yeast or moulds. ' 

The technique of the m\?tbod wiJl improve by exten&ive usc, rOl' 

lcmmot imagine it to be perfect. 
With regm'd to the altel'ations, proposed by NmuwI~NIIUIS, I felt 

obliged to say at once, that in my oplllion, they are not impl'ovements. 
Finally one hint more: I ad vise those who can affOl'd it LO 

pl'ocure the apparatus with a moveable stand, on which the micro
scope is placed; although it seems to bc mOl'e comphcateu lL is the 
more convenient in use. 

Mathematics. - "On tlw integrating of series tel'm-by-te7'm". Com
municated by Mr. J. C. I(WYVER. 

(Communicuted in the meeting of JUlluury 28, 1(11). 

When the f'unctlon F (.E) "is developed in a sel'Ïes con verging 
uniformly fOl' ct ~ .v ~ b, we can integl'aie term-by-term, i.e., out of 
the cquation 

follows 

00 

P ({I)) = ::s Uil ({I)) 
o 
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Ó b J F (a:) d,'v = f J ~~1l (,v) d,v. 

a a 
We may not conclnde to this last equation as soon as one of the 

two hmits of the domain of integration is just excluded from the 

interval of the uniform convel'gence. 
WeUlmown instanees have shown, that in that r,ase the 1'nle of 

tlle integ,ration tel'm-by-term may hold or not. 

Instctnces. The series "i tt" (X) con verg es uniformly for 0;;;; x < 1. 
o 

I. i 2b (x) con verg es for x = 1. 
o 

2t" (x) = (n + 1) (1 - x) X" - (n + 2) (1 - x) X"+l. 
1 1 

F(x) =(1- x) , f F(x) dx= ~ , ~J2tn (x) dx= ! . 
u 0 

nu (x) = n (1 - x) e-II(l-.r)2 - (n + 1) (1 - x) e-(11+1)(l-.r)% • 

1 1 

F(x)=O , J F(x)dx=O , gJttll (x) dx=- ~ . 

o 0 
3 ' 

u" (x) 
(I-x)n2 (I-x)(n+l)2 

1 + (1-x)1n2 - 1 +(I-x)~(n+l)2' 

F(x) =0, Jp(X)~x=o , ~j'2t" (x) dx diverges. 

o 0 

ao 
H. l: Uil (x) diverges fol' x = 1. 

o 

n" (xl = (-1)" X" • 

1 

F(-x)=_l_ , JF(X)dX=--=lOg2 
l+X 

o 
2tll (.x) = (n + 1) 1.:" - (n + 2) xn+l, 

I 1 

, yJUIl (a.) dx=log2. 

o 

F(x)= J ,J F(x) clx= 1 , ~Jtt" (x) dx=O. 

o 0 

tt
" 

(x) = (_1)" (n + 1) x" . 
1 

F(x)= (1:X)2 ' J P(X) dx= ~ 
o 

1 ' 

, yJUIl (x) ~l.t divel'ges. 

o 
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When ihe nppel' limit b of ihe range of integl'ntion beIóngs no 
more to tlle interval of the llnifol'm cOllvergence, we cnn prove 
still prett)' simpI)' in some suppositions, that the integmting term-h)'
term gives a correct resnlt, 

00 

We arc 'sure of this, when ihe series :2 ~tn (}:) convel'g'es uniformly 
o 

fol' a ~:lJ < b, ,,,,-hen the sel'Ïes of Il1tegrals COnV01'ges absolutely and 
when mOl'eover each term Uil ((') has a constant sign in tbe ''''hole 
domain of integration. 

For, now we find in tlle fh'st place fol' a ~ t < b 
t t J F (,v)'di/J = ~ J~ Uil (,v) d,v. 

a a 

Of this last series the absolute value of eacll term is smallOl' than 
the corresponding terUl of the convergent series 

b 

~ IJ ttn (,v) diu I ' 
(J 

from VI' hich ensues thnt wiLh respect to t thc series 
1 

.2 (un (,v) d,u 
0<./ 

a 

converges uniformly in the dOlllain a? t ~ b. 
The pl'incipal pl'opel'iy or the unifol'lnI,r convergent series fUl'nishes 

th en immediately 
b t b 

IF(,v) d,v = Lim f}tn(,v) d,v = ~ ~q,lJ) do/:. 
t=b 0 0 J' 

a a a 

Very of/en tltis theOl'em pl'oves snfficient, 'rhns we find thai fol' 
o ~ ,'IJ < 1 the equaiion holds: 

(log~y-I 
F(.v) = __ ,IJ_ =.2 {--1)11 (lOr! ~)'-I.vll, 

, 1+11) () .v 

anel the clevelopmenf aL the l'ighl-lmnd sic1e is in this inlc\,\ral 
ullifol'mly convergent. 

The series of the integt'als 
fI'.! (_1)11-1 

r(s) 2--
1 n' 

converges absolutely, if only s > 1 and under this condilion thel'e
fore the eq natioll 
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( 
1 )<-1 

1 la - 00 

J 9 ,v J !Js-l ~ (_1)11-1 
---'- d,v = -- dy = r(~) ..:::E --

• 1 + ,v eY + 1 1 nS 

o 0 

will hold. 
Howevel' the theol'em lUlder discnssion does not serve to show 

that the above eqnation l'emains correct fol' 0 < s ~ 1. Here as weIl 
as in other cases this theo1'6l11 needs amplitying and as snch the 
foJlowing theorem eau sometimes serve. 

When F (x) is e1eveloped in a series of continuous functions we 
shall be able to e1educe 

b b 

fp (a:)d,v = ~ fbI! (,v) d,v, 

n a 

ont of 

'" F(,v) =:2 UI! (m) 
o 

as soon as IS gi ven: 
00 

1 st. :2 u,,(,u) is convergent fol' a ~ IV < b. 
o 

b 

2nd . ~ftlt(,{;)(l,C converges. 

a 

3111 • 'rite flll1Ctiol1 ttu(./}) does not ehange HE> slgn iu the intel'vtll (t~ ,l;;;:; û. 

!
lt

ll+1 
(,u) I is monotonie with respect to x anel that ful' ~l,ll values 

/t1l('v) . 
of the index n in tlte same sense. 

lil Ol·del' to prove th is tbeol'em we must show in Ihe fi1'st plare, 
that the series 10 be integl'ated C'ollVel'ges uuiformly fol' a;;:; ,'l.' < Û. 

In Ihe main this follows ont of lhe fom'th datum, which stat es that 
('Ol' all values of 71 Ihe ineq uality 

I 
7tll+l_ (:1:) I :::; I Un+l (y) I 

Ztn (,'IJ) - UI! (y) 

wiJl cxist ",hen .v < y, Ol' thaL fol' all "alnes ai' n thai inequalHy 
will holLl when ,l] > y. 

I lh'st suppose thaL the ineqllality holds fol' ,u < y. On the gl'ound 
of the thil'd datum we lind 

1t" (m) d U,,+l (,,!:) 
all = -- an an+1 = -....:._-

UI! (y) UI!+l (y) 

to be positive numbers and the inequality expl'esses thai I:tn+l ~ all' 
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In the seq uence 

all ' ap+l , (Xp+2' ... 

tlle numbers are the1'efo1'e not ascending anel as ac('ol'elJJ1g ro the 
00 

nrst datutn the series 2U11(Y) com el'ges,~ we conelllde ft'om the well
a 

lmown lemma of A Bl!]J" that 
00 00 

2uiy)an = 2un(,t) 
p p 

is sltllated bet ween Gup, and Ku,,, where G and J( denote 811cces
sively the upper limit and the lowel' one of the Sll111S: 

~tp(Y). ~tp(y) + U,+I{Y), ... , np(Y) + ltp+l{.'I) + 1t,,+2(Y) + ... 
If we take p large enough I G I and I [( I 1'enuün below an al'blLrary 

s111all qllantity 1:, so that we have fol' p large enongh: 

/ ~un{'1!) I < I:ap • 

In the supposition l1l1del' discuSSlOll here concerning the fourth 
00 

datum follows out of the convergen('e of 21tll {Y) the uuiforll1 con
a 

Cl) 

vergellce of tlle series 2Un{'L) fol' all ,'D, satisfYing ct ~ (I' < .11, and 
() 

as we ean make y tenel to b, the unifol'lll conveJ'gence fol' ct;; aJ < b 
has been pl'oved. 

In the same waJ we 1l1lghL have (,ollcluded out of 

/
un+I(,V) I ~ IUn+I(Y)/ 
~q,v) - ltll{Y) 

(,v> y) 

the uniform convel'gence of 2~tll{a;) in the range y < IV ~ b, ançl 
a 

as this series converges 1'01' Ir: = a, we shollld have 11l1lfol'm con
vel'gence in the whole inteJ'val of integration a;;,v;;b, fl'oln which 
would immeeliately folIow what is to be proveel. So we have ollly 
to invebtigate fl1l'ther the sllpposition 

l ~tll+1{'~1 ~ lun+l{~I, UIl('v) un(y) 

(a; < y) 

where the series convel'ges uniformly in the domain ((, ~ IV < û anel 
wh ere elivel'gence fol' ':IJ = b remains possible. 

When we put 
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f 

}ln(lIJ)dllJ 

a 
t~lI==-1 --, .. - ) 

}tll(Y)d,lJ 

a 

then this llumbel', because 'ltn(X) luts n, definite sign 111 tIJe l'a,lIge 
of integl'atlOn 161/ (,'IJ), is positive and smaller tha,n uni!,)', 

The nnmbers 
fJtl , (Jp+l , 11,+2 , , .. 

are not ascending, fol' we have 

or 

t 

J!un(lIJ)!d.v 

[:lil - fJlI+~ == _ft -b--

Jiît (y)!dy 

a 

t IJ 

ft 

b 

Ji 1tn+l (y)! tly 

ft 

f lmfZy !ltll(,c)!!nl/(lI)! \ l_ltn+_I(~I_I_nn+_l('~I! I Itll(y) 1l1l( lIJ) \ 
a t 

{lil - fJll+l = -----b---------:b,.---------

f!lt ll(Y)!dY • J!UI/+l(Y)!(lY 
a a 

anel as in the double integral y aJways l'emains larger than .:1.', the 
double integl'al can ip connection wiLb the sllpposition ,just made 
conceming the fOUl,th datum nevel' be negative. 

Again we eau apply the lemma of ABlHJ, from whieh ensues thai 
b t 

2fJIl ~tll(y)dy = i}tll(ilJ)da, 
iJ J' \ P 

a a 

1S lying between fJ,/}' anel [~pJ(', whel'e G' a/ncl K' denote succes
sively the upper anel lowel' limit of the sums 

b b b 

ftp(Y)dY, ftJl(Y)dY + jUP+l(Y)clY, .... , 
a a a 

b b b 1 

\ Jup(Y)dY +ftp+l(Y)dY + f tp+2(Y)dY +. 
a a a 

56 
Proceeclings Royal Acad. Amsterdam. Vol. XIU. 
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By taking ZJ large enollgh we can make I G'I and I IC I accord~ng 
to the second datum smaller than an al'bitrary small quantity E anel 
for p large enough we have thus at the same time 

b 

I ~ fn(Y)d!l1 < E, 

a 
t 

I ~Jun(aJ)dml < ~p E < E. 

a 

Hy these inequalities is expressed that the series 
t 

"* JUII(,'/))d.v 
a 

converges with respect to t uniformly in the domain a ~ t ~ b. We 

"'" have all'eady proved that in the domain a::; tv < b the series:2 lln(.X) 
o 

converges uniformly, so that the equation 
t t 

JF(tc)d,V = ~fulI(''/I)d.v 
(I a 

certainly holds, and when we then finally appIy the principal pl'opel'ty 
of the uniformly convergent ser'ies we find when t tends to b 

b t b 

JF(,'/))d,'/) = Lirn iftn(,'/))d,V = i}Un(,'/)d,'/). 
t=b 0 0 

a a a 

With tItis we have given the proof of the enunciated theorem and 
it is clear that the pt'oof holds if the third and fom'th data ,only 
hold fOL' all nnmbers n E,nrpassing a definite number. 

Fol' tile evaillation of the inlegral 

t
""'YS-1 J1 (log ~ Y-1 

-- dv 
eY+l-- 1 + lIJ ' 

o 0 

(where s> 0) the theorem eau be applieel. 
We have 

( 
1 )S-l 

log -;;; (1 )S-l "'" (1 )S-1 
------ log- =:2 (-1)11 log- ,'/111, 

1 + a: .v 1 \{IJ 

ttnd thc sel'ies convel;ges fö~' 0 < JJ < i, . The terms do not change 
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sign& fol' 0 < ,v < 1, the quotient 

l ~tll+1('V)1 = ,v 
ulI(,v) 

-
incl'eases wi1.h {IJ. The series of the inlegrals 

00 (_1)11-1 
r(s)2--

2 ns 

convel'ges 1'01' s> O. The theol'em thm'efol'e lJOlds und we filJd JOl' 

aU pORitive va lues of s 

00 

j;YS-1 ~ (_l)ll-l 
-- cly :::: r (8) ..::i --. 
e!l+l 1 nS 

o 

In genel'a.l we s11a11 aften be able to nse this theol'em vl'llell cva,
lllating an integTal of the form 

1 J f(m) rJ (.v) cl,v. 

o 
rL) 

Suppose it possible to replace f(x) bJ· a, power serieEl :E (til X'I sneh Ihai 
o 

00 

tlle series :s all af' ,q (:v) cliverges for ,IJ = 1, but th .. "t the Elel'Îes or 
o 

the integl'als 
1 

~ allJv ll 9 (a:) cl.v 
o 

is still convcrgent. Then this series will cel'ta,inly be equa,l la lhe 
integral, if only g(.'IJ) does not change lts sign in tlle uomain of 
in tegl'ation , because then all conditiouEl uneler wbich the tlleol'em 
holels are satisfieel. 

Wc sha11 likewise, if the deve]opmen t 

00 

f (<,u) :::: :s a" a:n 

c 

bolels fol' a,11 finite val nes of .'IJ, be allowed to couclude by mefmi:> 
of the theorem to the equation 

00 

jf(.v)e-:t d.u:::: -! n! all, 

o 

if Ihis last developmeut convel'ges. 
56-1< 


