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culture-drop can have no harmful consequences; after the above
mentioned investigations of CrLarx and Dueear caution is however
advisable.

Taking everything into consideration among the changes which
NixuweNauis proposes in my method, there is only one with which
(and then only partly) I am in agreement and which is also in-
corporated in my simplified apparatus (of which I had wished, fo1
certain reasons, to postpone the publication): the two needle holders
are replaced by one. When however he advises always the use of
not more than one needle in isolating, we differ entirely. If he had
carried out more exiensive invesligations with difficult matevial, for
instance, with bacteria, instead of with the much larger fungus
spores, he would not have suggested any alteration.

I should be glad if the fact that the needles can now be obtained
commercially, should lead to a more exlensive use of my method.
I am convinced that it has a large sphere of usefulness. Those who
from the detailed description in my last publication conclude that
the method is too difficult, are mistaken : I have thought it preferable
to go into a minute description in order to make it as easy as
possible for those who use it, however tempting it was to give the
impression of a too great simplicity by a cursory description.

For the wvrest, those who hesitate to isolate bacteria, can work
with yeast or moulds. )

The technique of the method will improve by exlensive use, {or
1 cannot imagine it to be perfect.

With regard to the alterations, proposed by Nmvwrnmus, I felt
obliged to say at once, thatin my opinion, they are nol improvements.

Finally one hint more: I advise those who can afford it to
procure the apparatus with a moveable stand, on which the micro-
scope is placed; although it seems to be more compheated il is the
more convenient in use.

Mathematics. — “On the integrating of series tern-0y-term”. Com-
municated by Mr. J. C. Kruyveg.
(Communicated in the meeling of January 28, 1911).

When the function F(x) “is developed in a series converging
uniformly for a <2 <0, we can integrate ierm-by-term, i.e., out of
the equation

()= b5 uy (%)
0

follows
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b b
f F(2)de = S f un (@) de.
0
a

a

We may not conclude to this last equation as soon as one of the
two hmits of the domain of integration is just excluded from the
interval of the uniform convergence.

Wellknown instances have shown, that in that case the rule of
the integration term-by-term may hold or not.

Instances. The series 3 (%) converges uniformly for 0 < < 1.
0

-]
I =4, (%) converges for z=1.
0

e @=m+1)l—2)z — @+2)1—2) .

1 1

Fay=(1—2) , fF(x)dx::—l— , o}éfun(a;)dx:]—.
2 0 2
U 0
U (@) =1 (1 — ) e——2° — (n+1) (1 — 1) g—lHDa—2%,

1 1

Fr)=0 , fF(x)dCc:::O . %f@tu(a}) de = —
0
0

1of =

0
3
=

N 1—z)yn" 1 —2) (n-}-l)z
un () = T r A —g)ime — T+ (—o)in+ 1)
Iix) =0, f F(z)yde=0 , 3 ‘J u* (%) dv diverges.
0,
0 0

LT (x) diverges for x=1.
0
Un (T) == (— 1P 2" .

1

F(’U):I_—}_E_ R fF(x)da:-::Zog.Z , ?fu..(m)dx:log?.

0
0 0
e ()= + DT — O+ ) g+l *
1 1
Fry=1 , fF(.'U)dx=1 , E’fu,,mdx:o.
0
0 0
Uy (@)= (—1r (n+D 2. )
: 1 1 '
F(m)::——L— , F(x)de=—= L , S (x) de diverges.
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When (he upper limit & of the range of integration belongs no
more to the interval of the uniform couvergence, we can prove
still pretty simply in some suppositions, that the integrating term-by-
term gives a correct result.

: SR "
We arc-sure of this, when the series X u, (») converges uniformly
0

for a L2 < b, when the series of integrals converges absolutely and
when moreover each term w, (v) has a constant sign in the whole
domain of integration.

For, now we find in the first place for a <1<
1

i
f F(a)yds = 3 ‘J uy (@) d.
0
a

T
Of this last series the absolute value of each term is smaller than

the COITGSpOl'ldil]g term of the Con\'el‘gent series
[

f ty (2) du

4

from which ensues that willl respect to ¢ the series

®
>

]

0

3

(
Y
24wy (@) de
0w
a

converges uniformly in the domain a <t .
The principal property ol the uniforinly convergent series furnishes
then immediately
b ! b

o o0

f P&) do = Lim =2 | uy(e) do = 3 fu,,(tv) .
=b 0 0«

a a a

Very oflen this theorem proves sufficient. Thus we find that for
0 <2 <1 the equation holds:

1 \s—1
(log _z,—) .. 1\t
. Flo)= 1—+;«:::% {(—1)n (Zog :) an,
and the development at the right-hand side is in this interval
uniformly convergent.
The series of the integrals
I(s) b g:l—)ﬁ_l
1

converges absolutely, if only s > 1 and under this condition there-
fore the equation
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log — ) _
f( v/ _st i _ 1"(.5) (___]_)n 1
1 /+1 ns

will hold. -

However the theorem under diseussion does not serve to show
that the above eqnation rvemains correct for 0 < s<1. Here as well
as in other cases this theorem needs amplifying and as such the
following theorem can sometimes serve.

When F(z) is developed in a series of continuous functions we

shall be able to deduce
b b

f 7 (2)da = ;j u, (%) das,
0

a a

out of

7]

Fo) = 2wy (2)

=4

as SOOIl a3 18 given:

@0
1st . X w,(w) is eonvergent for a < a < 0.

0
b
w
gnd Xy, (¢) de converges.
0
a
314, The function u,() does not change its sign in the interval a< 2 < 0.
(%)
geh, "7}—7 is monolonic with respect to x and that fov all values
Un (&

of the index 7 in the same sense.

In order to prove this theorem we must show in the first place,
{hat the series fo be infegrated converges uniformly for a <a < 0.
In the main this follows out of the fourth datum, which siates that
for all values of » the inequality
Un—f—l_@ Up+1 (:1/_)

tn (@) o (Y)
will exist when 2 <y, or that for all values of n that inequality
will hold when 2> .

I fivst suppose thal the inequality holds for w<Cy. On the ground
of the third daium we find

Ut (@)
oy — a,nd «
" wa(y) e @)

fo be positive numbers and the inequality expresses thal e,q1 < an.
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In the sequence

Cpy  Gptly pt2s .
the numbers are therefore not ascending and as according to the

[ > .
first datun the series Zw,(y) converges, we conclude from the well-
0

known lemma of Apun, that

w o
Zup(y)otn = Zup(a)
» p

is situated between Gle,, and Ku,, where G' and KX denote succes-
sively the upper limit and the lower one of the sums:
). wo(y) + wptr(y)y oo w(y) A wpr(y) + wpay) + -
If we take p large enough |G| and | K| remain below an arbitrary
small quantity &, so that we have for p large enough:

< &a.

@
Zup(x)
])

In the supposition under discussion lere concerning the fourth

s
datum follows out of the convergence of =w,(y) the nuiform con-
0

o«
vergence of the series uy(2) for all x, satisfying a <2 <y, and
0

as we can make y tend to 0, the uniform convergence for ¢ <@ < b
has been proved.
In the same way we mnghl have concluded out of

Unf1(®)] o |tnfr(y)
udw) | 7| wnly)
(@ > 9)
the uniform convergence of Zwu,(#) in the range y < <0, and
0

as this series converges for a=a, we should have uniform con-
vergence in the whole interval of integration a Sx<0, from which
would immedialely follow what is to be proved. So we have only
to investigate further the supposition

Unt1(y)
ua(y)

up (@)
un(®)
(@ <9
where the series converges uniformly in the domain @ <& <4 and
where divergence for 2 =10 remains possible.
When we put

<

H
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1

fz w(@)da

a
ﬁn =3 )

fuu(y)d.t/

a

then this number, because wu,(2) has a definite sign m the range
of integration 1, (#), is positive and smaller than unily.
The numbers
Bry  Botrs  Buto-
are not ascending, for we have
t

ﬁun(w)l‘d‘v ﬁa,,+-.(.v)|dn;

Bn — 571-{-} == 3 —= 5 s
flu (y)]dy ﬁwn+l(y)ldy
w(y) i

t b \
ﬁlw j‘cly [a(e)| [ren()]
a 4 - - ,
ﬁ wa(y)|dy . ﬁ un1(y) | dy

a a
and as in the double integral y always remains larger than 2, the
double integral can in connection with the supposition just made
concerning the fourth datum never be negative.
Again we can apply the lemma of Asrr, from which ensues that

or

Mpd) («’0)

(@)

| “n—{—l(y) _

Bn - Bn-{—l -

b t
i ®
Zp, fuity =3 fuite
I \ P b

is lying between 8,6/ and 8,K’, where ' and K’ denote succes-
sively the upper and lower limit of the sums

b b b
‘ﬁl’l’(y)d% J‘“p(y)d.’/ + up+1(y)cly, e ey
o a pt
b > b 3 i
\
f up(dy + | 1)y + | upge(y)dy +- .+ - -
a a a
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By taking p large enough we can make |G’| and |K’| according
to the second datum smaller than an arbitrary small quantity & and
for p large enough we have thus at the same time

b

§j%@@%f&

»
a

14

= up(@)da| < By e < &
P

By these inequalities is expressed that the series

t
[

= N un(2)da
0
a
converges with respect {o ¢ uniformly in the domain a £¢<b. We
@
have alveady proved that in the domain ¢ <z < { the series X u,(z)
0

converges uniformly, so that the equation
i 4

f F(a)de = 2 [un(2)da
a Oa
certainly holds, and when we then finally apply the principal property
of the uniformly convergent series we find when ¢ tends io b
b t b
@® [¢4]
f F(a)de = Lim & | un(2)de = = | un(e)da.
0 0

=b
a a a

With this we have given the proof of the enunciated theorem and
it is clear that the proof holds if the third and fourth data only
hold for all numbers n surpassing a definite number.

For the cvaluation of the inlegral

. 1 \s—1
f’m‘ys-—~1 . f (log ?) d
ar1 J 1t+a 7
0

0
(where s > 0) the theorem can be applied.
We have
( 1 \s—1
log ———)
& 1 ‘S—l hiod 1 S""l
- | log— == (—1)*| log— | an,
() =F ()

and the series converges for 0<2<1. The terms do not change
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signs for 0< <1, the quotient

un(®@)
increases with @. The series of the infegrals
I’(s)§ (=1
9 ns
converges for s > 0. The theorem therefore holds and we find fov
all positive values of s

o:;s—-l . ; (__1)11—1
fe.'/-}—l dy=1T0 T ows
0

= {

In general we shall often be able to use this theorein when cva-
luating an integral of the form

1
f F(@) g (a) d
4]

Suppose it possible to veplace f{(z) by a power series = , & such (hat
[\]

w

the series = uaa® g () diverges for =1, but thal the series of
0

the integrals
1

*
= a, f'v" g (@) da
0

0
is still convergent. Then this series will certainly be equal to the
integral, if only g¢(v) does not change its sign in the domain of
integration, because then all conditions under which the theorem
holds arve satisfied.
We shall likewise, if the development

(]
, S (@) = 2 apan
e

holds for all finite values of #, be allowed to conclude by means
of the theorem to the equalion

w0
el
f f@e=2de =2 n!ay,
0
0

if this last development converges.
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