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Physics. — “On the solid state.” 1II. By J. J. van Lasar. (Com-
mwunicated by Prof. H. A. LorenTz).

(Communicated in the meeting of May 29, 1909).

10. Before proceeding to the discussion of the course of the p-7-
hine liquid-solid, we shall first adduce some more material to prove
our statements. For the values assumed by us of &, d, ete. (Comp. II
p- 27) we shall namely successively calculate, besides the already
caleulated 1sotherm for 77=9 (see I and II), also the isotherms of
100°, 128>, 144°, 160°, 200° and 400° (all absolute temperatures), in
order to show that on increase of tewperature they really present
the shapes and transitions indicated by us. (see the Plate of Part I,
fig. 1—3).

The accurate course of all these 1sotherms p = f(v) for 7'=0,
9, 100, etc. has heen indicated on the Plate helonging to this paper.
In view of the available dimensions the scale of the pressure-values
had to be somewhat reduced, which appears particularly for the
critical isotherm (7= 400), where p. = 400, i.e. 400 X 41,2 — 16480
atms. — or after division by 100 (see II, p. 27 1)) =165 atms.,
which is rendered comparatively small in the drawing. The values
of v have not been indicated further than v =3 (300), so that the
last masximum no longer falls inside the limis of the drawing.

The isotherm 7'=10 (comp. II, p. 34) 1s indicated by a line of
alternate dashes and dots®). Further the locus of the maxima D and
of the minima C, which passes through the point of inflection I,
where Cand D coincide, has been indicated by an ordinary dotted line.
We may remind the reader that the solid phase (for so far as it is
realizable) always lies on the portion CD of the isotherms, the liquid

1) So all the pressure values of the following tables must still be multiphed by
0,412; all the values of volume by 100.
2) The values of » m the curvilinear part ED have been calculated from the

equation 1)~——-—A—b ;5 = 6400 — 1% [see II, p. 31, formule (8), which appa-

1
renily applies to all the points between E and D, where p=yg =0 s0 that
(p+a/2) (—aby=q, (see IT, p. 81-32)]. The corresponding values of # may be caleulated
for this part from the relation v=0 holding there (for o= +B(— Ab) = oo)

b,—
so that 8 becomes = —-E (See form. (11) of I, p. 35).




o’ v(121)
P
phase on the portion EF. The vapour phase (beiween A and B)

lies outside the limits of our drawing.

The locus of the minima in £ and of the maxima in /5, which
passes through the critical point K&, where B and £ coincide, has
not been indicated in our drawing.

Nor are the pressures of coexistence liquid-solid, solid-vapour,
liquid-vapour indicated by horizontal lines; only for 7'=0 the
pressure of coexistence liquid-solid is indicated (p ==1000), whereas
that for solid-vapour coincides with the axis p =20.

T7=100.
N ith = 200 _ the formula (39) [see II, p. 26] becomes:
ow with 6= =15 ormula (39 [ ) P :
Bz 1 3/2 —16 eS’ —16 ef
= 82000 — — =500 —,
& 32 X 16 e " e p
hence
g 25 — 4950 4 04843 log™®
0g __6_2— — — % + 3 @ — tog™" @,

2700
while for p we tind p =400 ¢ ——— (see II, p. 28).
v
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= :
:lg——@(——Ab) log*® “l—j[f—? 1-6:5—2 ) B v P
) ® o0 1 0,30 o
93 431 | 28810t | 1— 48%_.0 054 | 4 00
17 1903 | 80,0 0,99% 0,56 | —1760
16 1,495 31,3 0,98 0,57 | —1920 ‘
15 1,089 12,3 ’ 0,96 0,58 | —1900
13 , 0,282 17 0,81 0,66 | — 920
12 —0,147 | 0763 0,66 0,74 | — 130
1 —0514 | 0806 0,48 0,83 | 4 440
10 —0907 | 0,12 0,33 0,90 | 4 670
‘ 95 ; —1,402 | 0,0791 0,27 0,93 | + 600(
i 9 —1993 0,0509 0,22 0,96 | - 660
7 —2,055 0,00881 0,093 1,03 | 4 260
5 —2.777 0,00167 0,041 1,08 | — 300
3 ~3,4%4 0,000265 0,016 1,16 { — 800
2 —3,682 0,000208 0,014 1,25 | — 940
1 ’ —3815 | 0,000153 0,012(min)] 1,50 | — 800
0,5 —3,732 0,000185 0,014 2,0 | — 470
0,25 —3539 | 0,000289 0,017 30 | - 190
0,1 ~3,206 0,000622 0,095 6,1 — 32
0,03 —9,726 000188 0,043 18 -+ 40
s 0,02 ) —2542 | 0,00987 0,054 97 44
‘ 001 , —2,245 0,00568 0,075 55 3.1
10-3 —1,249 | 0,563 0,93 620 039
10—t —0950 | 0563 0,60 8000 0,040
10—5 0,750 5,63 0,92 96000 0,004
106 1,750 | 56,3 0,991 10° 0,0004
0 o) o 1 ) 0
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The minimum value of B for v = 1,5 (¢ = 1), which amounted
only to 10-%8 for 7'=19, has now aheady risen to 0,012 = 10—2.
2a
=y =pr = == 27, which holds for

B and Cif =0 (see I, p. 33), we should find »g=1,28 and
1

vp=124,9. And as v=1 e for $=0, we have p¢=1,8 and
V4

From the approximate relation

9p=0,021, while then the corresponding values of p are further
pe=—930, pp=4,0. So these approximate values agree pretty
well with the exact values of the table.

7= 128.
256 1
N ith = —— ——. .
ow with 5200 — 12.5 (39) becomes

ﬁz —-125 e ’
= 82000 52

1§ X (12 5> @

or
62
log*® -1—_—52 = — 2,569 4 0,4343 ¢ — log*° @,
2700

whereas further p=>512¢ ——.
v

Y*
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|
3 2
¢ log™ lfgz 1i(32 8 b F
) ) <] 1 0,50 ©
| 17 3584 | 3830 1—-7—7106 056 | 4+ 6
; /19 1,563 36,6 0,987 059 | — 1630
11 1,167 14,7 0,97 061 | —1730
'10 0,774 5,04 0,93 0,63 | — 1600
9 0,386 9,43 0,34 0,68 | —1210
8 0,002 1,01 0,71 07 | — 660
7 — 0,374 0,423 0,55 0,84 | — 260
6 — 0,741 0,i81 0,39 092 | — 120
5 —1,096 0,0801 0,27 0,9 | — 190
4 — 1,434 0,0268 0,19 1,05 | — 380
3 —1,743 0,0181 0,13 142 | — 610
‘ 2 — 2,001 0,00997 | {0,099 1,23 | — 770
‘ 1 — 9,135 0,00733 | 1 6,085(min.) 1,5 — 690
05 — 9,051 0,00890 | 0,004 2,0 — 390
0,25 —1,%58 0,0139 0,12 3,2 — 140
0,1 — 1,595 0,0290 0,17 6,3 — 18
0,05 — 1,246 0,0567 0,23 13 + 104
0,04 —1,154 0,0702 0,26 17 -4 107
0,03 —1,033 0,0927 0,29 29 + 100
0,01 — 0565 0273 0,46 74 46
0,001 0,432 9,70 0,85 930 0,51
0,0001 1,431 27,0 0,98 9900 0,051
0 ) w 1 « 0
The minimum value of 8 is almost 0,1 at this temperature.
In the maximum at ) the pressure is now negative, so that we
are alveady above the {riple-point temperature at 128°
r=144
With ¢ :;:O—%:Ig—é the equation (3¢) becomes:
32 9 Ve ﬂ)e"’
1-(—(?’ = 82000 X (i?)ﬁ) e 2
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hence
log** I—% = — 1,889 4- 0,4343 ¢ — log"°® ¢,
. . . 2700
while p is calculated from p =576 ¢ — "
5 5

2 log™ 1TB-E5 15 7 B v P
o0 w ] 1 0,50 o
145 3,049 | 2810 1_5_610U 057 | 4+ 16
10 1,454 984 0,98 061 | —1550)
9 1,085 11,6 0,96 0,63 | — 1640
R 0,682 4,81 091 0,66 | —1510
7 0,306 9,02 0,82 0,72 | — 1160
6 —0,061 0,868 0,68 0,80 — 710
5 ~—0,416 0,383 0,53 0,89 — 530

‘ 4 ‘ —0,75% 0,176 ‘0,39 0,98 | — 510

( 3 ( —1,063 0,0865 (0,‘28 1,07 | — 620
92,5 1,201 0,0629 0,24 113 | — 690
p) —1,321 0,0477 0,21 1,20 | — 733
1,5 —1,414 0,0386 0,19 1,30 | — 1730
1 1,455 0,051 0,18 (min) 15 | — 620
05 —1,3M 0,0426 0,20 21 | — 32
0,25 —1,178 0,0663 0,25 34 | — 90
0,10 —0,846 0,143 0,35 76 | 4 107
0,07 —0,731 0,186 0,40 108 | + 173
0,06 0,641 0,299 0,43 127 | 4+ 179
0,05 —0,566 0,271 0,46 154 | + 174
0,01 0,115 1,30 0,75 89 54
0,001 1,111 12,9 0,96 980 0,57
0,0001 2,111 129 0,996 10000 0,058
0. ® o0 1 o ]

Again B, is larger, now already — 0,18. The maximum at D
and the minimum at € have drawn very near to each other; we
shall presenily see, that ai 160° the comciding takes place in
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a point of inflection /= C,D. (Ct. Tig.3 of the plate of part I).

7= 160.
With 8 = 5352% ::1—10 we have now:
2 ¢
iﬁﬁ = 82000 X (t/,,)h £=10 35’ ‘
or
g?
g = 1,338 + 0,4348 ¢ — log™ @,
The pressure is given by p=1640¢ —gzvgg
2 3
P log*® lf 7 1—2?; B v P
® o w 1 0,50 ®
19,5 9004 | 986 1— 201-—0—0 058 | — 48
8 1,233 17,1 0,97 064 | —1530
7 0,857 7,20 0,94 067 | —1536
6 0,490 3,09 0,87 072 | —1350
5 0435 1,36 0,76 080 | —1060
& —0,203 0,627 | 0,62 089 | — 832
! 35 | 0,362 0,435 | 10,55 09 | — 775
3 —0,512 0,308 | 10,49 1,005 | — 753
25 i — 0,650 0,22 | | o043 1,07 | — 75 P
L2 | i—070 0,170 | | 0,38 115 | — 4
1,5 — 0,862 0137 | 035 1,98 | — 700
1 — 0,904 0,125 | 033 (min) | 15 — 560
05 — 0,820 0451 | 0,36 9,2 — 20
0,25 — 0,627 0236 | 0,44 8,7 — 40
o | — 0,204 0508 { {058 86 27,6
0,09 — 0,253 0,559 ‘ 0,60 9,6 28,2 )
0,08 — 0,206 0,622 | | 0,62 10,8 981 |
0,07 —0,152 0,704 | | 0,64 19,4 27,38
0,01 0,667 4,64 0,91 9 6,1
001 1,663 46,0 0,99 1000 0,64
0 ) w 1 ) 0
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The minimum value of B is = 0,33. The horizontal point of inflection
I=C,D lies evidently in the neighbourhood of ¢ = 2,5, » = 1,07,
pP=— 750.

At 200° not a trace is left of the horizontal point of inflection,
and only the minimum Z# and the maximum B of the ordinary
isotherm of> vaAN DER WaaLs is to be seen, as will appear from a
following table.

11. We shall, bowever, first give a survey of the situation of the
maximum D and the minimum C at the different temperatures from
T=0 to T=160 calculated by us.

T—0 9 100 128 144 160
®» ® 173 9,5 5,9 by .
5
¥ » 8 18 1,3 1,8 ’
0 0,027 0,27 0,37 0,45
31) ) ] ] ) 0’43
Bec 0 1,7740—27 0,014 0,096 0,20
1 0,99 0,93 0,93 0,94
P ’ ' ’ 1,07
ve 1 1,06 1,28 1,26 1,24
. 3700 3470 690 —1920 | — 500
Po + + + 750
Pc | — 2700 — 2100 — 940 — 7710 | — 1730

As was said before, the locus of maxima and minima (one con-
tinuous curve, on which the point of inflection is also found) is
indicated by a dotted line on the plate.

If we wish to know the data of the point of inflection accurately,
we may calculate them from the formulae which I drew up in the
before cited paper in the Arch. Teyler for a critical point (i.e. for
every point where a maximum and a minimum in the isotherm
p=/F (@ coincide to a horizontal pomt of inflection), viz. (see loc.
cit. p. 29 and 31):

% __ 3—__?2 ; BT, — E a 1 . n“‘(‘a‘m’——2n),
be 3m*—n® 27 b 14-8 m’
in which m and n have the following signification :
m=1+"/, f(1—p) 1—9¢)’ . (15)
n=1 72/, (1—B) 1—p) + '/, (1 —B) (1—3p*) (1—¢)

(14)
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Then the pressure is further determined by the equation of state,
whereas B depends on 7' and ¢, i.e. on 1" and », according to
formula (3) in II B

Ao g TADAEB) (148

= , and v, — b, as follows” from
ve—b¢ ve—0¢ .

the above equation for v, is evidenily = 26 X 3——:1—2—,we have also:
m-—an

1 148, 3m*—2n .
Po == — the s e e ... (149)
41-%,8 n
because b = b, + gAdb =1 — */,B. Further with ¢ =2700and BR=2
becomes :

400 n*(3m?* —2n)

T8 w
We further remark (see also Teyler loc. cit.) that for f =0 or 1

(149)

c

8
the formulae (14) duly pass into v, =30, and RT, = 2—7—5—, as then

m and n are = 1. It is true that for 8 =1 we find the expression
8a 1
57753 for BT., but as all the quantities refer to double molecular

8 a
quantities, @ =4a,, b, =20, for 3 =1, hence again R7. = o7 f .
3

Now in order to calculate the exact values of ¢., B, and T}, from
(149) and (14} in connection with (3), we may begin with assigning
to ¢ an,arbitrary value, which lies in the neighbourhood of the
expected value of ¢.. With some values of B, which lie hkewise in
the neighbourhood of 8. we may then calculate the corresponding
values of m and n, and further those of ¢, and 7. from (14¢) and
(14%. Then we may determine B by interpolation in such a way,
that the calculated value of ¢ corresponds with the assumed value.
Then a value of 7, also belongs to this (to be found by interpolation).

Now we examine (from the above tables) what value of 8 corresponds
with the assumed value of ¢ for the value of 7. determined just
now (formula (3) in II). In this we shall, of course, have to inter-
polate again. The value of 8 thus found will not at once correspond
with {he value of B determined just now; we then repeat the whole
caleulation with another value of ¢, till the two values of 3 correspond.

Thus we find e.g. with ¢ = 2,5:

m | = A A )
©=25 p=0,4| 1,27 (0,67740,4838| 172,8{ 5,144 | 2,251
’ $=0,5[ 1,281 0,6924]0,4916I 174,8 | 5,114 | 2,557

’

-10 -
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n*(3m*—2n) |
— 18

in which for the sake of simplicity the expression

represented by f, and —nﬁ by /.

We see at once that we must assume 8= 0,48 to find ¢ = 2,5,
in correspondence with the assumed value. Then 7, would be =174,4.
But according to the table for 160° and that of 200" on p. 130,
a value ') for §=0,59 corresponds to this with ¢—2,5 which does
not agree at all with 3—=0,48. Hence the assumed value ¢ = 2,b
is not correct.

Let us now assume ¢ = 2,6.

‘ m | n f . | f ¢
9=2.613=0,4| 1,307 | 0,6481(0,4214 | 150,5|| 5,911 | 2,586 |
B=0,5] 1,32 |0,6680/0,4382| 154,0| 5,823 | 2,912\

So to find p=2,6, 8 must be = 0,404, to which corresponds
Te=150,7. But as according to the tables 8 = 0,34 corresponds
with this, also ¢ = 2,6 is not correct.

As for ¢ =2,5 the first found value of 8 is 0,11 units lower than
the second, whereas for = 2,6 the first is 0,064 higher, the accurate
value of ¢ will lie in the neighbourhood of 2,55.

s m | n I T, 1 e
=255 { 3=043 | 1.2940,6643 [0,4492 | 160, 5 5,667 | 2 535 ?
2,572 s

$=0,44 | 1,296 {0,6654 {0,4491 | 159,9 5,573

So 1if we take ,8—-_—0,434, we find ¢ = 2,55. Then 7, becomes
=160,3. To this corresponds 3 = 0,439, so that ¢ = 2,55 1s still
slightly too small.

| m n | f Te f! ® '
¢=2,56 |3=0,40 | 1292 (0,6600 (0,4462 | 159,4 | 5,586 | 2,444 }.
|8=0,45 | 1,308 |0,6643 |0,4187 | 157,9| 5,645 | 2,640 (

From this follows §=10,430, 7. =158,5. This latter value,
however, gives g#=0,421, so that ¢ =—2,56 is slightly too high.

)
The accurate value of pc is therefore = 2,55 - m x 0,01 =2,554,

to which belongs g. = 0,433, 77, = 159,6.
For v, we find then further the value 1,064 from

1) It appears viz. from the two tables, in connection with that for 144°, that g
in the nughbmnhood of p=2 or 3 and T =160 increases by about 0011 with

every degiee the t(impelatme LiSes.

-11 -
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!

1
v=1-—"1/, ({ — - B) , whereas p,= 1630 — 2385 = — 755 is

10 —_—
2700 -
found for p. from p = 6384 ¢ — .

,U2
So the values found theoretically agree perfectly with the values
of the point of inflection derived from the table for 160°.

12. Now the tables for 77—=200 and 7'=400 may follow.

T = 200.
With 4 :ﬂ :—1— {he formula for 8 becomes:
3200 8
__@2_ = 32000 X (}/o)2 €8 i,
_ 1—§ ¢
1.e. Bz .
log** 5 = — 0,3238 -} 0,4343 ¢ — log** ¢,
the pressure being given by p =800 ¢ —~%7—?2.
v
7 z

¢ |log" - IEB’ B8 v p
o o o 1 0,50 w .
9 9,631 | 427 1 ’"saLo 061 | — 16
6 1,504 31,9 0,98 067 | —1150
5 1,149 144 0,97 071 | —1300
b 0,814 648 | 1093 078 | —1280
3 0,502 3,18 0,87 0,88 —1420
9 0,244 1,75 | 080 1,05 | — 80
11/, 0,152 142 | 0,77 1,9 | — 660
1 0,110 1,29 | 075 (min) 1,5 — 400
0,5 0,194 156 | 078 9,4 - 72
0,25 0,387 9,44 | 1084 43 + 5]
015 0,565 367 | 1089 6,3 + 62
0,10 0,720 52 | 10,92 10 + 54/
0,04 1,681 479 0,990 100 + 77
0,001 9,677 | 475 1—9—;3 1000 0,80
0 ® o 1 (o] 0

-12 -
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The influence of the temperature on the values of 8 becomes
stronger and stronger. Though B.. was ouly 0,33 at 160°, this
value has now risen to 0,75. As we already remarked above, not
a trace of a point of inflection is now found; only the minimum at
E and the maximum at B of vay prr WaaLs’ ordinary isotherm
have been left.

T = 400.
For 8 we have in this case the relation
- == 82000 X (/) e—* = = 4000 ¢~ —,
1-—p P ®
go0 1
as § =——=—, So this yields:
3200 4 y
62
log"? 1—? = 1,865 -+ 0,4343 ¢ — log*°® .
o 2700
Then the value of p is further found from p=1600p— .
v
s B
g log*® —_— v
P "I F | T B P
o ® ® 1 0,50 )
1
5 3,387 2175 1-— o 0,70 2490
1
4 3,000 1000 1— 5000 0,75 1600
1
3 2,691 491 1— 90 0,83 910
. 1
2 2,433 271 1— a0 1,00 500
1 2,999 199 0,9975 (min) 1,3 40 (K)
1
0,5 9,383 949 1— 2o 9,5 370
1
025 9,576 368 1=z 45 270
1
01 2,908 810 1— 1600/ 10 140
1
0,01 3,369 7400 — 15000 100 16
1
< 4 et
0,001 4,805 73300 1 150000 1000 1,6
0 % o 1 ® 0

-13 -
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The temperature is here already so high, that the dissociation of
the double molecules is almost complete; even for ¢ —1 the mini-
mum value is still 0,9975. If 8 were exactly =1, the isotherm of
400° would be the critical one (see the calculation in the previous
paper); now it is practically identical with it. The critical pressure
is 400, the critical volume = 1,5, i.e. just three times the volume
of the simple molecules (= 0,5). That the critical point is just found
at the minimum value of B, is a mere chance. For in general when
B=1, v,is=3<2b,. On the other hand the minimum of gis found
at v, =2 (b,—b,) ="0,—Ab (see before), s0 v, = vn, if 60, = 2(b,—0,),
ie. b, =23 2b,. Now we assumed for our arbitrary substance
b, =1, 25, =0,5, so that this condition happens to be fulfilled.

It appears from the table and the plate, that there the former
minimum at % and the maximum at B have coincided in a horizontal
poini of inflection, ie. in the crizical point K. For temperatures
higher than 400° this point of inflection, too, will gradually disappear.

- The different minima % and maxima B lie all on a curve, which
passes through the critical point X, because there the maximum and
minimum mentioned coincide. This locus is not indicated on the
plate (see p.’ 121)

The following table gives a survey of the situation of these maxima
and minima.

T=0 9 100 | 128 | 144 | 160 | 200 | 400
¢ o 186+ 16 ‘1 9 7 5
- . - 1
(] 0 0,0017F 0,02 0,04 0,06 | 008 | 0,15
(85 L | 1= | 098 | 097 | 096 | 09 | o0 o
B 0 | 92407 | 0034 | 026 | 043 | 061 | 089 400
v 050 | 0,506 057 | 06l | 068 | 067 . 071 .

2
vg o 298 97 17 13 10 7 ’
py | =400 | 8840 | —1920 | —1780 | —1640 | —1540 | —1300

O - - 400
P 0 | 40030 | 444 | +11 | 448 | 428 | 62

In a fourth continvation the discussion of the general course of
the p,7-ine liquid-solid (the line SM in Fig. 4 of I) will follow.
As io the (ermination point of this line at 7’=0 (absolute), this
was already fully discussed in II, § 8 (p. 31—36).

-14 -
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Fig, 3.

Isotherms of G te. 400°.
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