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Mathematics. — “On polar figures with respect to a plane cubic
curve. By Prof. JaN pr VryEs.
(Communicated in the meeting of March 26, 1910).

1. If a plane cubic curve y* is_represented symbolically by a®=0
then a, ay @, =0 represents the polar line p,, of the points X and
Y, ie. the polar line of X with respect to the polar conic a, of V¥
and at the same time the polar line of ¥ with respect io the polar
conic a, of X.

The three polar lines pyy, Pz, and py. will concur in one point
W when the three conditions are satistied

Gxttytyy = 0, oty = 0, aytztp =0 . . . . (1)

By elimination of the coordinates wj we find out of it

(abe) azaybypbacye: =0 . . . . e (@)

So to two given points X, ¥ belongs a conic y> as locus of
the point Z; it passes also throngh X and Y, for when Z and
X coincide, we find

(abde) axayb;zcycz = (cba) clcybiaya, = — (abc) a,,a,,bgaycx =0.

As we can substitute (abc)ayaycsc.b,0. =0 for (2), thus also
(abe)az ayb,c. (b, ¢y— byc:)=0, we can also represent «/;‘; by
(abe) azayb-c. (be§) = 0, where & are the coordinates of the line X1
Consequently (2) ean be replaced by

(k) (bey) b =0 . . . . N ¢))

From this ensues that the conic y‘j-_q is the poloconica mg, of the
lines § and 7. '

So the poloconica of two lines is the loecus of the points Z which
with relation to the points of intersection X,Y of this conic with
one of the given lines are in such a position that the polar lines
Pre and py. concur on the other one of the given lines, which is
then at the same time polar line of X and Y.

2. If Z and W are the points of intersection of zy, with x, it
follows out of the symmetry of (3) in connection with the equations
(1), that the four points X, Y, Z, W form a closed group, so that
each side of the quadrangle determined by them is the polar line
of the vertices not lying on it, therefore a polar quadrangle (Rey).
~ Out of our cousiderations ensues that a polar (uadrangle is deter-
mined by two of its vertices, but also by two of its opposite sides.
In the last case the vertices are determined by the poloconica of
the given lines; in the former case we can use the poloconica be-
longing to the polar line of the given points and their connecting
line.
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Out of aeyay =0 and a.aya. =0 follows
gy (Aay -+ paz) = 0.

Here 2 and p can be determined in such a way that Aa,+pa.=—a,
relates to the point of intersection U of XY with WZ.

As auaiz 0 indicates the polar conic m, of U we find that X
and ¥ according to the relation a.aya, =0 lie harmonically with
respect to a,. In an analogous way ensues from a,a.a, =0 and
awa.0; = 0 the relation aye.a, =0, according to which W and Z
are also separated harmonically by ar,. -

But then also the points 7= (XZ, Y W) and V=(XW,YZ) are
conjugated with respect to a,, i.e. we have a,a,a,—=0. Now U,V,T
are the diagonal points of the complete quadrangle X YZW, so that it

is proved that the diagonal triangle of a polar quadrangle is always
a polar triangle*).

3. When the conic y? degenerates we can take for Z each point
on the line XY, To trace for this the condition, we put zp=221}pyx;
from (2) follows

(abe) agaybacy (Aby - uby) (Rer + uey) =0,
50

22(abo) axaybicxcy + 2u (abo) azaybzcz +
+ Ay (abe) azaybsbycicy -+ p? (aba)azaybxbyo; =0,

By exchanging two of the symbolic factors a, b,c, we see that
three of these terms are identically zero; so we have

Ay (abe) axaybicz = 0.
For an arbitrary choice of X and Y this equation furnishes only

2=0 and g =0, thus the points X and Y. It furnishes each point
of XV, as soon as

(abo) Gaipbpoy =0 . . . . . . . . (4
When X, Y, and Z are collinear, the polar line p, of X and the
polar lines pu, pz concur in one point; for these three lines are
the polar lines of X, Y,Z with respect to the polar conic =, If
now (4) is satisfied, then also Py: passes through that point, hence,
the six polar lines p., vy, Pz, Pay, Pyz> P €OnCur in a point W. But
when pg, py and p. are concurrent, the poloconica of §=XYZ
degenerates and § is tangent of the Cayleyana.
From this ensues that for given ¥ the equation (4) will represent

1) Mentioned without proof by Caroraur (Transunti d. R. A. dei Lincei 1877,
p. 236). . )
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¥

three right lines, namely the three tangents which we can draw
out of ¥ to the Cayleyana.

This can be confirmed as follows. Let Z be a point of the locus
‘of X, which is determined by 4) and X a second point of that
locus lying on YZ, so that we have @z=2ay—-4pn.. Out of 4)
then follows r

- (abe) ayey (ay + pas) (b, + ub,)? = 0. .
By exchanging @ and ¢ we see at once that

l (abo) ayey (3B, + ub.)2
vanishes identically. Analogously we find that (abc) aycjazbz and
(abc) aycy.b,b, vanish identically. As finally the form (abe) ayc,.02
is zero because Z lies on the locus indicated by (4) the above
relation is satisfied by all points of Y7, so the locus consists of
three lines through Y.

4. That the line §==X7T is tangent to the Cayleyana as soon as
(4) is satisfied, can be confirmed by reducing (4) to the tangential
equation of that curve. In the first place we find out of

(abo) axaybzcj =0 and (acd) azaycib; =0
the relation
(abe) azay (bxey 4 byer) (baty — bye) = 0.
The last - factor can be replaced by (bc§) where §; indicate the

coordinates of X7Y. After that the equation can be broken up into
two terms, which pass into each other when & and ¢ are exchanged.

So we can replace it by

(abe) agayhoey{be§) =0 . . . . . . . (B)
farthermore it is evident from ’

(abe) ayaybacy =0 and (0ba) catybiay = 0,

that at the same time is satisfied

(abe) b:aycy (ac§) =0,
so also
‘ (bac) azbyoy (Gef) = 0. . . . . . . . (6)

By combining (5) and (6) we find -
(abo) azoy (be§) (ab§) = 0.

So
(abe) exay (bc§) (ad§) = 0.

. * Out of the last two relations follows finally
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(abo) (ack) (bef) (@bg) = 0. . . . . . . . (7

This tangential equation really represents the Cayleyana®).

So we have found that the siz polar lines pa, Py, Pzs Pay» Pyzs Pex
concur i one point when the pomts X, Y, Z lie on a tangent of
the Cayleyana.

5. When p,, py, p- are concurrent we have

(b)) bys=0.. . . . . . . . (8
This equation gives thus the relation between the coordinates of
three points lying on one and the same polar conic.
For an arbitrary choice of X and Y this equation is satisfied
except by X and ¥ by no point of the line XY. If it is to be
satisfied by =1 = Aw; 4 pyr we must have

(abe) o b; (Acz + pey)* =0,
therefore
Ay (abe) oy bj exey=0.

This is satisfied for each value of 2:u when the relation (4) is
satisfied, so when X, Y, Z lie on a tangent of the Cayleyana.

Now in general the polar lines p.y, psz, py- form a triangle inscribed
in the wiangle ps; pyp- (see § 3). If (4) is satisfied then puy, pa:, Py=
are concurrent; but then their point of intersection must be at the
same time point of intersection of p., py, p-.

It X, Y,Z are three collinear points of the cubic, then py., pz
and 734y pass successively through X, ¥, and Z

For, from a) =0, aj = 0 and (Ja, + ya,,)'3 =0 follows that the

point Z is indicated by a.ay (2a + ua,) = O So we have a,a,a. = 0,
so Z lies on the polar line pg,.

If moreover X,Y,Z lie on a tangent of the Cayleyana, then
Pyes Prus Poy must coincide with the' tangents p,, py, p. in X, ¥, Z.

6. For p,, py, and p,, to be concurrent, there must be a point W
for which we have aiaw=0, b;b,,,: 0, and c,cyc, = 0.

But then (abc) aibjam{: 0. '

For arbitrarily chosen Y the locus of X becomes a figure of the
third order, passing through Y, because we have (abc) a,;b_;';c;EO:
But by taking notice of (4) we see that this figure consists of three
langents of the Cayleyana.” Out of

2
'} . Ayl == 0 ayaw =0 and azayaw =0

1) See e.g. CresscH, Legons sur la géométrie, 11, p. 284,

ot
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follows indeed

(Aaz + pay)ay = 0;
ie. if Z lies on XY, then p. will pass through the point of inter-
section W of p,p, and pyy, which bears then at the same time

Pye and Pgz. -
So the three lines ps p,, and ps concur only then in one point

when X and Y are united by a tangent of the Cayleyana. Their
point of intersection bears then also all the polar lines and mixed
polar lines belonging to the points of those lines.

The lines p,, pry, and p,, will be concurring, when

(abe) @3b,B,0,02 = 0
is satisfied, thus also
(abo) asey0ybabs = 0,
hence also
(abe) afluci (bye: — bacy) = 0.
It we put
Ykt — Yylzp = §m1
‘we have the condition -
, (abe) asbac. (be) = 0.
As this can also be written in the forms
(abc) aszecx (ac§) = 0 and (abe) azbh ,.63 (abd) =0

and as out of
a, a, a, a,’

b b by b
G [ C; Cp
5 & & &

follows the relation
(abc) & = az (Vc§) -+ bx (cad) + ¢x (ad$)
the above condition can be replaced by
. (abe)® a.byoxfs = 0.
With arbitrary position of X this is satisfied by § ==0, i.e. when
X, Y, and Z are collinear (see § 3). i
If however
(abo)® agdgty = 0,
so that X lies on the Hessian, then X, Y, and Z are quite arbitrary.
This was to be foreseen, now namely n, is a pair of lines, so that
the lines pz, puy, and pg. concur in the node of =..



