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by a corresponding one in which the constant index 7 is given to
the coefficients «, b, ¢, s0 we have:

G:[j(at“+btﬁ+0t7)2.] =gi(we + b+ ay)

from which results afler division by ¢* the relation T was to prove.
Using this relation I find:

2

My =1—~aea— b[ﬁz——c,'y,)g—.

i

g

1—=x

can be calculated

If we call ae - b8+ ¢y =x, then fg/

out of each appavent error and the mean value of this system of
errors is equal to p, as that of the system of unknown errors is
LV g. Ii therefore seems to me not only permissible, but for a test
of the weights even useful, to make use of that system of errors
which allows the mean error of the umty of weight to be deduced
out of each definite part of these errors. The connection hetween
the quantities = and the number % of the above formula appled by
me can be indicated by the relation == —=1£.

Physics. ~ “Contribution to the theory of bmary miztures”. VIL
By Prof. J. D. van DER Waars.

ON THE RELATION BRTWEEN THE QUANTITIES ,; AND @, AND a,, WHICH
bCCUR IN THE THEORY OF A BINARY MIXTURE.

I have already frequently traced the course of the thermodynamic
curves for the case that for a binary system minimum plaitpoint

. G ..
temperature occurs, and so also the quantity b—has a minimum value
2z

for certain value of . Both the course of the isobars and the course

of the lines (@) =0 and (Ci}i):O may be assumed as known
dz /, dv J, ¢

for that case. And experiment has shown that the shape of these

lines predicted by theory it at least qualitatively accurate.

I purpose to demonstrate in these pages {hat in the case mentioned
the course of these lines (see among others tig. 1 page 626 Vol. 1X
of these Proceedings 1907) is not compatible with the supposition
a,," =a, a,



( 147 )

d
1 begin with pointing out that the line (&1—;- =0 hasan asymptote
v

for such a value of 2 for which MRT f‘l—llzidf

de d»
either exists or must be supposed to exist for a value of z which
is negative, and that this curve approaches the line v = b asympto-
tically for continually increasing values of & — at least if a,4a,—2a,,

is positive. I shall presently come back to this supposition, but on
2

, which asymptote

page 626 I have explicitly stated this supposition in the form T

positive. With increase of 7' this line proceeds to higher value of
2 and v.

. d .
At lower temperatures the line (f) = 0 consists of two separate
V/ix

d*p d a?
branches. From it L4

Tide T dnde 0 follows that the liquid branch has

P =0 and the vapour branch mini-
& AV

mum volume on the same curve, which curve has an analogous

d
course to <d—p) = 0. It has the same asymptotes, but is always con-
1

maximum volume on the line

fined to greater volume, For 7' = minimum critical temperature the

.. . . . a d?

two branches coincide in a point for which both k4 and —2
dv? dadv

. . . . a’p .
is equal to O, so in such a point of the line > =0, for which

dp d*p . -, . .
(-) =0 and also T 0. Hence in the critical point of the mixture
v

dv /J

taken as homogenous, for which gf has minimum value. At sfill higher
z

d
value of 7’ the curve (CTP) =0 has split up into a lefthand branch

v Jx
and a righthand branch, both which branches possess tangents parallel

o , dp &’p
to the »-axis, in points for which also == Oandg—;z 0. Among
V /% v

the special values of this constantly increasing value of 7T we must
mention in the first place that for which the last mentioned point

a
has got on the line (ZZE)Z 0, the point P of fig. 31. This is the
i v
10~

;.M
=m—eny
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remarkable point for which plaitpoint
and critical point of the mixture

-\\_\ taken as homogeneous coincide. So
Iz

.................. ,'}3,.-(%);50" afil this temperattje the two curves
,"; (—]—0) = 0 and (—p) = 0 still inter-

R de /)y av J,
S sect in two points. The other point
L of intersection lies, of course, at

greater volume. With further rise of
temperaturé the two curves contract

d
further. The line (f) =0 moves to

&)y

d]
Fig. 81. the right and the line (dﬁ) =0 to
v Jx
the left. At a certain temperature these two curves touch, and at
still higher temperature they have got quite detached. This point of

contact of the two curves lies, of course, on the vapour branch of

d’U z
We can calculate the volume in case of contact. The condition of

d d
contact of (f):o and (f):o is given by equal value of
v

V/ z &L

d,
(—}Z):O, and so has a greater volume than the critical volume.

d
= in the two following equations:

dz
Fpdv  dp
dvtde ' dwdv
and
&p dv  dp 0
dedo du | dae®
or from:
d*p d°p dp \
- Zl_z—“:(m (see p. 691).

. : . dp dp
This latter equation and the two equations (£)=Oaud(d—v—):0

v
form a set of three which is sufficient for the determination of the
three quantities #, » and T of the point of contact. If we assume
b to be constant in the equation of state these equations have the

following form:
urr(% o urr® %
MRT  8a7 [ .o\ do 1 da? __[ do  do W
[(v-—-b)’ Tt (v —b)° 2 o |7 L (v=b) 2
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MRT db da 1
— T . . . . . . . . (2)

(—b) dz~ du v*

and
MRT 2
=2 L
(v—>5) v
If now we make use of (2) and (3) for the elimination of MRT

db .
and of 7 e get a simple form for — , viz.:
&L

&2
—_— e e e e et 4
b d’a da\? @

v .
We may also get a quadratic equation in 7 but then it appears

that one of the values of % =1, and that at 7= 0 the linev =5
may be considered as coinciding with the branch of the volumes of

d, d
(—1—0) =0, and also with (—1—)) = 0. In the same way the line v = c.
d'U x d'z v

. . da’\* d .
If we now write for the ratio of (;l—a-) and ad—f the quantity m,
& &

da\?
de
so that m = then (4) becomes:
1

a ——
“ dad

) 3—2m

b l—m

And drawing —:~ as ordinate when m is laid out along the axis of
the abscissae, we get fig. 32. For m —= 0 we have —z— =3 and for
m =1 we have -Z— =oo. For m>1 —z— is at first negative, but for
m="71, ;—’=O, and for greater values of m %is positive and stead-
ily increasing. The limiting value is %: 2. For negative value of

v
m = is always positive, descending from —z— =3 to —Z— = 2. The
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traced curve is an equilateral hyperbola. So a value of % larger

than 3 is possible only when » lies between O and 1. Thus %:4

requires a value of m=",.
Accordingly it is impossible to account for a minimum plaitpoint
temperature of substances for which m does not lie between 0 and 1.

Now I have already repeatedly called atlention to the equation:

d*a da\? \
ZaE: du + 4 (a,0,—ay,?),

which follows from the supposition that o is a quadratic form of «,
and already in my Molecular Theory for a binary mixture I pointed
out, realizing the desirability of a relation being found belween a,,
and @, and a,, that the equation of the spinodal line for a binary
mixture might be very much simplified if we were justified in
assuming a,,> =a, a,. 1 also pointed out other relations between
these quantities; but I have caretully refrained from even giving so
much as the slightest indication of the greater probability of one
relation. I have only repeatedly, then and later, assumed as relation
for mixtures with minimum plaitpoint temperature a, + a, > 2a,,,
and reversely, when also mixtmes with mazimum plaitpoint tempera-
ture might occur: @, + a, < 2a,,, And I have repeatedly pointed
out that there is no reason whatever for putting e.g. a,,’ = a,a,.
And to this the following considerations have chiefly led me.

In the equation of state for a simple substance the two constants
b and a have not been introduced on equally sufficient grounds and
with the same certainty. To the existence of the quantity & we
conclude with perfect certainty if we believe that to occupy space
is an essential property of matter Even Maxwerr, who would not
attribute a volume of their own to the molecules, but wanted to
cionsider them as so-called material points, understanding that colli-
sions could not {ake place between material points, could not but
attribute to them at least an apparent volume. By assuming a
repulsive force he had to account for their never meeting, and for
their hebaviour as particles possessing impermeability on approaching
each other with reversal of motion. A hypothesis whose improbability
is not to be denied. The force would be a repulsive one, and pro-
bably in inverse ratio to the fifth power of the distance. How and
why the attraction at somewhat larger distance is converted into such
a repulsive force is a question that was probably never put by him,



(151 )

and at all events was not answered by him. So the introduction
of the quantity & into the equation of state is perfectly natural — and
for everybody who assumes the existence of matter as real, indis-
pensable. But this is not, at least not in the same degree, the case
with the quantity . Why should molecular attraction be a necessary
attribute of matter? From the idea: “matter is something that neces-
sarily occupies space” does not follow that matter will also have to
possess attraction. Perhaps we shall sooner or later learn to form
a conception on the nature of a molecule which involves that they
necessarily attract each other and learn to compute the value of this
attraction. Of late attempts have therefore been made to get a better
insight into the nature of molecules, and they are supposed to be
either vibrating or permanent elecirical double points'). But even
if this supposition appeared to account satisfactorily for the molecular
attraction, yet it does mnot necessarily follow that attraction exists.
Then the question has changed in so far that it runs: are there
electrical double powmnts in the molecule or not? It is true that in
my Thesis for the Doctorate (1873) p. 92, when the question occurred
whether hydrogen possesses a critical temperature I answered in the
sense of a high degree of probability, but only on a ground which
leaves some room for doubt, viz. that “It may be presumed that matter
will always bave aitraction”. 1t is not to be denied that everything that
we aceept as matler is subjected to gravity; but to derive from this
that the existence of the NnwroniaN attraction involves the possession
of molecular attraction is more than hazardous. All this is not
intended to rvaise doubt about the existence of a e.g. for helium,
for now that all other substances possess a value for ¢ we may
repeat what I said before for hydrogen, but to draw attention to
the fact that the value of a does not only depend ou the molecular

. . a a . .
weight. If this was the case, —1;:—’:, a relation which is cer-

ml mﬂ
. 1 a, Oy Iy
tainly not fulfilled. Then also — = —= = , and @, =aq,a,
m,>  m,* mm,

which very probably” will never be fulfilled either.

I was convinced from the outset that we should not be able to
explain a number of phenomena occurring for binary mixtures by
means of such an unfounded supposition. Already a long time ago
KorrewEe showed in his paper “La surface ¢ dans le cas de symétrie”
in how high a degree the phenomena exhibiled by a binary mixture,
depend on the value aseribed to a@,,. For values of a,, between

1) See these Proc, p. 132,

lgeeeyrn
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certain limits not only three phase equilibrium but even four phase
equilibrium would be possible, then of course always at a single
value of 7. So the supposition a,,® = a,a, is not one without far-
reaching consequences. Yet we see repeatedly that this supposition
is made. And I have undertaken this investigation to show
that such a supposition would also render the existence of minimum
plaitpoint femperature impossible. At the same time I wanted to
point out how the course of the isobars which I have given in
fig. 1 of these contributions would be entirely modified on other
suppositions about «,, than those I have started from. If we put
in equation:
d'a

da\*
2a —; (Ev') + 4 (axaa s au’)

de®
da\} d'a Co o o
for 7 the value ma ~— in whicb, if there is minimum plaitpoint
3 &L

&
temperature the value of m lies between O and 1 for the point of

d, d
contact of (—]—7) =0 and (d—p =0, we find:

dz /, v/ g
2 da’\?
(;z — 1) (%) =4 (a0, — a,?
d*a
(2 - m) a%} =4 (ala'n - auﬁ)

d'a

Now ﬁ_—_2(al+a2—~2a“)‘ As at the same time we cannot
have a,a,=a,,® and @, + a, = 2a,,, unless in the case a, = a,,
this equation cannot be fulfilled but by putting a,a, > a,,”

The supposition @,a, =a,,* gives for m the value 2, but then

d] d;
also for — in the point of contact of (Jf —=0and (2 =0, the
b dz /y dv /4
value 1 (see fig. 32). — Only when we put @, a, < a,,* does m

bécome > 2, and do we find for the point of contact of the curve
meniioned, values of ;— which are larger than 1, and which can there-

fore exist, but then this value can rise to 2 at the utmost. In such

d, d,
cases there is contact of (ﬁ): 0 with the liquid branch of (_Zj): 0.
dz/, dv )/«
Angd this means for fig. 1 of these contribntions that then again the

d d
ligquid branch of (f) =0 may approach fo (d_z) = 0 on the right

v/ v
side, but then to that part of this curve that lies beyond the minimum



A .
( 153 )
A
bas
'_—____—’// 3
2
¢ 7 2 Mas
Fig. 32.

volume, and where it proceeds again to greater volumes. On the
supposition that a,,® might rise above @, a,, fig. 1 would not repre-
sent all possible cases of the course of the isobars with respect to

2/
have to be extended if other suppositions on a, +a,—2a,, are
admitted e.g. @, + a,— 2a,, =0 or @, + a, — 2a,, negative, and
the supposition a, @, < @*;, lies in this direction.
If we continue increasing a,,, not only above Va, a,, but even
da

d
(—8 = 0. But I observed already on page 630 in what way fig. 1 would

v
, then m = is negative, and T lies between 2

above
a

a .
det

. dp dp
and 3 for the point of contact of (Zl—) =0 and (c—l—)=0, and so
v

& v/
. d;
this point of contact always lies on the liquid branch of (EE) =0.
V)
We might also have arrived at the above results by another course,
which would give us an opportunity of making some new remarks.

For if we think the quantity v eliminated from the two equations

al +a2
2

=

[ —— e

— — ne =
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d d
(_p) = 0and (2) =0, we obtain a relation between z and 7. In

dz /, v )

general we find two values of 2 for the same value of 7. The
value of 7, at which these values of a coincide, or in other words,
the maximum value of 7, then gives us the value of z for the
point of contact of the two curves.

From
MRT 2
(=07 o
and
MRT db _ 1 dv
(v—b)t da o' da
&
we find __‘;fzf? for a point of intersection. . (6)

As for values of v which will be realisable, v > b and v must
be positive, a point of intersection of the two curves can only occur if

da db
— 9=
da . . G dw . . .
e positive, and if —~<—b. This latter condition may be written
& a
a
d-s
b.

d—< 0. So the two curves can never intersect in a region of in-
&

creasing critical pressure. Let us therefore confine ourselves to decreasing
critical pressure. The locus (6) has as diffevential equation:

db d*a da\?
A d E_"(E")
& AU & {
—— = N2 (D)

v? dx a’

da\?
. %) dv | ] . .
So when m = . <1, PR negative. Only in a region where
“a T

ax*
dv . s .
m has become =1, T will be positive. And if we should assume
&L

a, o, =a,,", so if we put m = 2, the locus of the points of inter-
section of the two curves would move to greater volume with
increasing @, so perfectly different from what happens for mixtures
with minimum plaitpoint temperature. If we substitute the value of
v which follows from (6), in:

-10 -
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2a b b\
MRT =2 (1——
b v v
we get:
1 da 1 day?
o @ dz 2a da
= {1l — 7
MRT b 1 db 1 db Q)
b da b dz |
a
d log —
Forvalues of 2 for which %% 0 ang 2 % _ 1 d ogb=_0
or values of z for whic o= an —b_E;-aJZEOI =0

the value of 7= 0. Thus the same value of T always belongs to
a couple of values of z which approach each other. And at the
maximum value of 7" the two values of z have coincided. By differen-
tiating (7) we get an equation which may be written in the form:

3 d*a 5 da\?
2adb  da* \ds) da

b ds da da)’ da

dz? de

from which, taking (6) into consideration, we obtain again (4).

It appears from the foregoing that putting a,," =— «, a, comes to
the same thing as putting m — 2. For mixtures with minimum plait-
point the value of m differs much from this value, as it is then
smaller than 1, and so a,,* will have to differ pretty much from
aa,. If we put a,,* =’ a, @,, in which * <1, we find from:

d*a da’\? .
2ad‘?}2= + 41— a,a,

du
d?
@—m)a d—;; —=4(1—1)q, q,

or
¢ —ZT) (@ + 0, — 20,) 0= (1 — ) o, a,

It may be derived from this equation that m may lie near 2,
even when [ differs comparatively much from 1.

The value of @ varying with «, also the ratio of 1 ——Zﬁand 1—

will vary with 2. If we make g increase with #, which probably
will be in general the case, then @, is the smallest value of ¢ and

—

PSge——

=== v

-11 -
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1
a, the greatest value, whereas the value of ¢ for m_—_—z— will be

a,+0,+2a,,

equal to '————'—Z—— . ~

m
=3 1
So the ratio —-—~ is for & =0, m=? and 2 =1:
1" E
1-—-1#
a1+a2 ([/—____1) +2(1—~l)[/——
m [44
11— ac
2 4a, a, . a,

1-z = (a1+aa)’_4a’,m - a, : it
(=) +ea-ng

m
-3

- o+ 2a1, ([/__1) +2(1—1)[/—’

If we choose the second of these equations, from which it is
easiest to draw conclusions with regard to the value of m at given
value of [*, we write it first in the following form:

4.(1 za)ﬁ

2
m
o 1>
If we always take the same value of 1 — {*, but different values

of E, we find very great differences in the value of m. For instance
al

a 2 2
‘. "—,-: / —-—‘1 = —[* A =
with ", 2 we have ~ 8@ —18), or m T80’ but
L G, . 2 )
— = 1t = 1=—=1
with . 11, m is found equal to m 1104 (-5 With /

we find of course in both cases m = 3. But for smaller values of

{ the values of m differ considerably. For /=0 these values are
2 2

2 and — .
9 Y14

-12 -
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If we had discussed the third of the equations, the values of m
would have been found still higher. According to the first of the

equations of course smaller.

d
Let us finally examine the course of the line (f) = 0 in the
T/ v

d,
cases that there can be no contact with the line (d—p) , or only on
v/

the side of the liquid volumes. We saw already above, that then the
locus of the points of intersection of the two curves mentioned (cf. 7)
rung to greater volumes, if # is made to increase. Then at given 7,

d,
only that part of the line (f) = 0 exists, for which this line runs
&/ v

to greater volume. The lefthand part, for which this curve may
reach infinitely large volume lies in the common case ata value of &

db
da v—b MRT%
= —.Then — =
dx v da
da
and the first part of this equation is then equal to the unity, because

v vV—
— = . But
5 :

db
to be calculated from MRT -

(3

b . .
can also be eqnal to 1 in another case, viz.: if
v

b should be = 0. This can only occur, when extrapolating we also
admit negative values of @, and moreover choose for 6 such a funec-
tion of z that it can become equal to O for negative value of 2. This
is the case for a linear function, but putting 6=20, (1 —=z) 4 b,z is
only an approximation. Whether this can also be the case with a
more exact shape of & = f(z), must be left undecided. Moreover it
is necessary, if we choose always greater negative value of z, that

d
we first find 5 = 0, before finding E(i = 0. But then the shape of
&

the p-lines must also be modified. I shall however not enter into a
discussion of this, for one reason because Dr. Koanstaumm informed
me, that he had already been engaged in the study of the modified
course -of the isobars, and that he had also come to the conclusion
that the relative situation of the values of @, for which 5 =0 and

da . .. . .
— =0, is decisive. Moreover I leave undecided for the present

whether also on other suppositions than 0 < a2 <{1 there can be
question of minimum plaitpoint temperature, which is to be distin-

3 v .. [£2
guished from minimum value of b—x :
2

e R o
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