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This ('URe is l'epl'escnlec1 Il1 fig. 10 fOl' thc edge (21, 24), wltC1'0 
3,49,50,57,58 [we thc {ive adjacent pOÏlltH, whilsl 50,3,49,57,58 
appeal's as the pentagon PJ).PIP.J~" 50, 49, .58, 3, 57 as Ihc 
stu1'pcntagon PI P3 Pro P,P4' Renlly P, P, [ll'ojecl::; itself into a point; 
11101'co\'er Pa PI anel PJ:JI on one hand and P4 p. anel PaP5 on thc 
othel' coincide in Pl'ojcction, whirh is closely ronnectccl with Ihis 
that Î. is thc same for the two constituent::; of eaeh pah·. 

Mathematics. - "On triple systems, pa1,ticu1cl1'Z'( tlwse 0/ tlti1'teen 
elements." By Dl'. J. A. BARRAU. (Uommnnieaicel by Prof. 
D. J. KORTBWEG). 

(Communicated in the meeting of September 26, 1908). 

In a paper to this Acaelel1lY I) Prof .• T. m: VRIES gave a, triple 
system of 13 elements of a diffcl'ellt type than the cyelic SJstClll of 
Prof. NETTO '); he nc1eled howev(>l' thc obsel'va,tion, tha,t no proot' has 
been fnrnished of tbese types being Lhe onl,)' ones. 

MI'. K. ZUMUF &hows in his clissertation a) tha,t thc s,)'stCll1S given 
fo1'me1'1y by KIRKMAN (1853) a,nd RI~ISZ (1859) a,1'c identica,1 to t1mt 
of DE VRIES, so that the num bel' of l.:nown systems is two; l1eithel' 
is a,nything bere deeided a,bOll t the num bel' of lJosûble systems. 

It seemecl elesil'a,ble 10 decide npon this point by means of a, RPècial 
in vestigtttion 4). To th is end some fa,cil it,)' is offerecl by llsing those 
expl'essions whicl! m'e nseel in the tlteol'y of the configllrations, by 
l'egmeling' t he 13 element& as points, the 2fl triplets as lines which 
bea!' thl'ec of the points; tlw wltole of the triple system then becomes 
the scheme of a, cl in,g'ona,1less Cf. (13 6 , 26J wheL'c it is il'l'eleva,nt 
whethel' Ihis Cf. ea,n be geometrically l'ea,lized Ol' not. A cll1ssifica,tioll 
of tltese Cfr. is non' 0111' a,im in view. 

The l'est fi~I1l'e of Ihe second o!'der of a, line of sneh a Cf., i.e. 
wha,t L'cmains if we lea\'(> onl tha,t iine with its thl'ee points a,nel 
tbe 3 X 5 lines passing thl'ongh these points, is of neccssity a, 
Cf. l10a), the 10 points of which m'e in thl'ee wuys pel'spective n,nd 
Ihat aèC'ol'dillg to the th1'ee points left ont. 

Bnt then l'evel'sely ea,C'h imaginable Cf. (13 6 , 263 ) of tltc desil'ed 
Iype is obtained by. 

l st . sta,rting fl'om all possiblc Cfl'. (10a), 
2"d. by constrllC'ting for cuch Cf. (102) tlto Ufo (103 , 15.) of its dia,gonfLls, 

( 

1) Versl. Kon. Akacl. v. Wet. m, p. 64, 1804. 
2) 8ubstitutionentlleorie, p. 220; M(/th. Annalen, Vol. 42. 
:1) "Uelm' 'I'ripelsystcme Don 13 fi.'lcmenten", Gics&cn, 18\)7. 
l) I subsequcnlly fincl this qllcstioll lJ'eatcrl all',O by Dl: PASQUALE (Rcl1(lic. J~. Isl. 

Lombcwclo, 2nd Ser., 32, 1899). 
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3rd • by investigating fOl' each of these GfT. (108 ,15,) in how many 
WTLyS it~ 15 lines bl'etLk up into thl'ee JJl'incipol five-sides 1), 

4th • by imagining fol' e~lch of these cases the 5 lines of each 
pl'incipal five-side as convel'ging to one point tlnd these thl'ec 
points as collineal'. 

The number of types of Oif. (10~) amounts, according to the 
classifications of KANTOR ') and SCHROETER 8), to ten, to be distinguished 

Those of the system of KmKl\IAN are: 

KI 11223355712346123 4612345a 

2464849678857099057807698b 

3576980090 aaaa ab bb bbcccccc 

I IX VIII V V V V VIII V IX V VIII V V II VIII VI VIII V VIII IX X III III X III X 

The OiT'. of the diagonals of the 10 Oif. (10a) al'C l'esp.· 

I 
II 

I 
III 

I 
IV 

I 
V 

I 
VI 

I 
VII I VIII I IX I X 

1 8 1 8 t 8 1 8 1 8 1 8 I 8 1 8 1 8 I 8 

1 9 1 !) 1 9 1 9 1 0 1 9 I 9 1 9 1 fJ 1 0 

I 1 
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 

I 
6

1 
2 5 2 5 2 :'> 2 6 2 2 fi 2 5 2 5 2 5 2 5 

2 7 2 7 2 6 2 i 2 7 2 i 2 i 2 0 2 6 2 7 

2 0 2 0 2 0 2 0 2 0 2 U 2 01 2 0 2 
41 2 9 

3 4 3 4 3 4 3 4 3 4 3 ft 3 4 3 5 3 7 R 5 

3 6 3 6 3 7 R 5 3 5 3 6 3 6 3 6 R 8 3 (j 

:~ 0 3 0 3 0 3 o I :3 0 3 0 3 8 3 7 3 0 3 7 

4 7 4 7 4 7 ..l, 7 4 ï 4 7 I~ i 4 714 7 I~ 7 

4 9 4 !) I~ 0 4 9 4 0 4 IJ Ik 0 4 8 4 0 If 81 

;; () 5 () 5 6 5 6 5 6 5 6 rl (j 4 0 5 6 4 0 
I I 

5 !) 5 8 5 8 5 8 5 8 5 
I 

8 5 0 5 7 5 0 5 0 

6 8 6 8 6 9 (j 0 6 8 6 8 6 8 6 8 6 8 6 8 

7 8 7 0 7 8 7 8 7 9 i 0 7 !) 6 0 7 9 6 0 

1) By pl'incipal n·side of a Cf, MARTINET'l'I and De VRies U1111erstand a group of 
n Cf-lines which conlain together ouee all the Cr-points, 

2) Wiener Sitzungsberichte 84, ] 881. 
3) Göttinger Nachrichten, 1889, N°, 8. 

I 

I ~~ 
I 
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1 1111182:123h51235712h:3G123~ 2q60h7656780q609fi701')07(j~~~ I 
i! 5 7 0 8 8 0 Ü 0 0 a a a a a b b b bbc c c c cC_I 

211 1 1 R 2 :3 2 :3 q ~ 1 2 i! q fi 1 2 ~ q 5 1 2 3 0 7 a 
2 -1 (j U -1 7 (j :i (j 7 ~ 7 0 D (j 0 () (j 7 8 0 ;-1 -1 H 0 b 
3 :i 708 8 U 0 U 0 a a a a a b b b bbc c c c c c 

311 1 1 8 2 :3 2 ::l 1 ij 1 ~ :3 q (j 1 2 :3 j 7 I 2 3 1 j a 
2 q G 9 q 0 7 5 (j 7 :-: 5 0 7 Ü 0 0 q (j 8_0 0 7 Ü 8 b 
:3570889000aaaaabbbbbcccccc 

411 1 1 82:3 2 3 h :i 12:3 q :i 1 2 3 4 5 123 q 7 a 
2 4 G 0 4 6 7 567 807 0 0 0 0 0 7 8 054 0 8 b 
3 3 7 088 Ü 9 0 0 a a a a a b b b bbc c c c c c 

5 111 1 823 2 " 351 2 :3 5 7 1 2 ~ 4 0 1 2 3 4 3 a 
2 " 604 7 5 6 Û 7 804 G 9 9 7 508 0 G 0 7 8 b 

\3570880000aaaaabbbbb cccccc 

6\11 '182324351 _ 34512346 12357a 

1

2409 h 7 5 Ci Ci 7 8 7!) (I Ci \) 0 5 7 8 0 Ci 4 8 9 b 
3370889900aaaaabbbbbcccccc 

1/1 1 182~2"a5123"512:3.012357a 
2 4 Ci 9 " 7 3 007 800 7 G 9 7 5 080 0 4 8 0 b 

/3570889flOOaaaaabbbbbcccccc 

811 1 I 823 2 3 3 -1 123 " 5 1 2 3 6 7 I ~ 345 a 
2 4 6 9 " ï û 7 5 Ci 8 0 Ü 7 0 Ü 5 4 8 0 0 7 0 9 8 b 
3 5 7 0 8 8 0 0 0 0 a a a a a b b b bbc c c c c c 

911 1 124 (j 5 :3 7 2 1 2 :3 4 5 1 234 5 1 2 3 6 7 a 
24Ci88075348700091187605-180b 
357000890Haaaaabbbbbcccccc 

10 11 1 1 3 5 7 :2 0 4 2 1 2 :3 4 G 1 2 3 4 (j 1 2 ::l 4 :1 a 

1

2 q 6 8 8 IJ 7 5 3 4 8 5 7 !J 0 IJ 0 5 7 8 0 9 Ci 8 7 b 
337900890Ciaaaaabbbbbcccccc 

11/1113572ü421234012345'123.10a 

I
:!. 4 G 8 8 9 7 5 :3 4 8 5 7 9 0 9 0 Ci 8 7 0 0 5 7 8 b 
3j 7ü008900aaaaabbbbbcccccc 

121-1-'13572Ci421~:34512H4Û123!~6a
:l4G88~)753480097!J578000578b 

135 7 0 U 0 8 n 0 6 a a a a ab b b b h c c c c c c 

13 I 1 1 1 3 5 7 2 0 " 2 1 2 3 -1 6 1 2 3 1. 5 2 :3 4 I (i a 

1

2/f (j 8 8 97 5 3 -1 80570 Ü 06875 790 R b 
3 5 i U /I 0 8 9 0 0 a a a a a b b b bbc c c c c c 

14 1 1 1 :!. I Ci :i ~ 2 :3 1 2 3 :i 7 1 2 3 4 3 1 2 :3 4 0 a 
2 4 G 8 8 0 7 5 7 4 840 0 Ü Ü Ci 8 7 005 708 b 

13 5 7 !) 0 IJ 8 0 U 0 a a a a a b b b bbc c c c c c 

15 1 1 1 I 2 " Û 5 ~ 2 ::l 1 2 ::l 4 5 1 2 3 1. 0 1 2 3 5 7 a 
2 " 6 8 8 Ü 7 5 748 0 7 U 0 0 5 0 7 8 048 0 ü b 
:3 5 7 Ü () () 8 9 U û a a a a a b b b bbc c c c c c 

16/1 1 1 :1 2 7 ;) û " 2 J ~ I~ 6 2 J 2 ~ 4 5 1 2 :3 4 Ü a 
2 -1 (j H 8 IJ 7 ~l :3 " 8 7 !) U 5 U 7 G 8 0 0 0 5 7 8 b 

/35790080()(iaaaaabbbbbcccccc 

"171 1 1 1 :j :!. 7 5 0 4 2 J 2 :1 " 5 1 2 :1 " 0 1 2 :3 " G a I 

1

2 " 6 8 8 0 7 5 :1 q 8 7 0 0 0 !l ij 7 X 0 0 D 5 7 8 b 
3 5 7 U U U 8 0 0 a a a a a b b b b b c c c c c c 

/181111 ::l 2 ï 5 U 4 2 1 2 :3 4 0 1 2 3 It 5 1 2 h q (l a 
2 It G 8 8 D ~ G 3 It 8 9 5 7 0 n 7 0 8 0 0 5 7 n 8 b 
:3 5 7 \J () I1 8 !) 0 û a a a a a b b b bbc c c c c c 

1911 1 l.~ 2 7 5 U <1 2 1 2 ~~ -1 5 1 2 :H û I 2 ::l " 0 a 
~ 4 Ü 8 8 0 7 53<1 8 D 0 7 U D 5 7 8 007 5 Ü 8 b 
~ 5 7 D 0 0 8 ü 0 0 a a a a a b b b bbc c c c c c 

---2011 1 1 3275 U 4 2 1 23 q 5 1 23<10 1 23 q G. a 
24û880753qHOCi70!)75R005708b 

l::l 5 7 !J 0 0.8 !) 0 H a a a a a b b b bbc c c c c c 

.. 
f 



- 5 -

( 293 ) 

according to their rest figures, If we use the list of SCHROETER, then 
the rest figul'es of the triplets of the system of NET'ro are resp,: 

N (01..a .. )"yc, all VII, (0 .. 6,8"),YL 1) all VIII, 
'fheil' possible decoznpositions into prlneipal tive-sides are: 

I none 
II two, see 1 and 2 

III two, ,,3 " 4 
IV none 

in the pl'ececling table 

" " " 

V th1'ee, " 5, 6, 7 ,," " 
Vlone,,, 8 "" " 

VII oHe", 9 "" 
V lIL fom', " 10, 11, 12, 13 " " " 

IX two, ,,14 and 15 " " " 
X fi ve, ,,16, 17, S, 19, 20 " " " 

According to 4 these decornpositlOlls HOW give riSG to 20 triple 
systems, mnong which OCCUl' with cel'tainty all possible systems; 
howevel', they can ue ldelll1cal llllltually and to K Ol' to N. We 
now l'emal'k that VI and VIL can be completed in but one 
way; sa as soon as these rests oreLl!' the system IS identictll to 8, 
rcsp, 9; 1'1'0111 Ihis follows nlretldy that K and 8, and hkewise N <.Lod 9 
are of the smne type (see table page 292), 

Now rest figul'e VII appen.1's for 11 according to the tl'iplet 37a; 
VI on tlle eontl'al'y fol': 

1,2,3,4,5,6,7,10,12,13,14,15,16,17,18,19,20 
re5p. aecording to the triplets: 

123, 123, 145, 167, 123, 128, 47a, 37((" 35c, 57b, 56((" 79c, 49a, 
27a, 18((" 35c and 60b; 

so 11 is identical to 9 and K, thc remaining are identical to 8 and N 
and we ha"e proved : 

t!tat etl'cept the two l.;nown fOl'm,~ na t1'~)le systl!JnS of th,i"teen 
element,~' e,r:ist. 

At the same til~1e is evident th at to l'ecognise a .given system it 
is sufficient to fincl a few rest figul'es Ulltil one mcets E'ithel' VII 
(or VIn in gl'eater llUmUel' than six) Ol' 1I, 111, V, VI,)X Ol' X. 

The pl'ececling bas 1ll0reOVCl' given a mcthod~) to detel'l11ine thc 

1) The cyclie ordet' is here: 0 1 2 3 4. 5 G 7 S \) 11 b C, 

2) Compal'e DE VRICS Ve1'st, en ][eded. Kon. Alcad, v, TVet. VI, p. 13, where 
in n more restrieled sense lhe same melhod is used la lmee the (cxclusively 
1·egulw·) principal poly·sides of lhe Oll'. ~tI, Slleh a principal poly.side howcvet' 
uelCl'mines a lriple syslem and reversely, Indced, lhe cyelie systems of 13 auel 15 
appear al ready in lhe work ol' DE Vmcs (I. c, p. lü aml 17), ho wever wilhout 
hcing regarded as sueh, 

\1. 

f~ 
I' 

11 
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nmnbel' of triple systems for arbitrary n (if only = 1 Ol' 3, modo 6), 
i.e. to classify al! diagonallcss 

G:tJ'. ~ nll-;l , (n(;. 3
I
)} !_, 

namely: 
1. by starting from all possible: 

\ (U-3)6(n-7»).! ' Cff. I (n-3)~ , • 
2 

2. by enumerating the OIr. of its diagonals, those are: 

Cff· l(n-3)3 , (3(n 2 3»),1 ' 
3. by investigating in how many ways each of these OiJ'. can 

break up according 10 its lines into three pl'incipal n-3 sides, 
2 

4. by every time assl1ming the lines of such a poly-skle to be 
convergent to one point and these th1'ee poinLs to be collinear, 

5. by arranging the obtained systems in types. 
Ah'eady fol' n = 15, however, this method is checked by the 

absence of the classification ot Oif. (12 4 , 163) neces&al'y for 1, of 
whieh only some six forms ha\'e been enumerated I). J..Jet us restriet 
ourseh'es to lhe best known and most 'regulal' form, of HESSE: 

A 1 2 3 4 

51-;;-;--;d-
û bed a 

7 cda b 

8/ dab c 

iu which eacll point of tlle quaclrllpleL ([bed is co1!ineal' to tllc points 
of tlle two olher quaclt'nplets in the same row of colnmn, tlten t/u'ee 
types of triple s,rstems of 15 elemenLs appeal': 

1. Oomplement ,'IJ a b, ,'IJ C d, ,~12, ,'IJ 34, ,'IJ 56, ,'IJ 78, 
Y(fC, ybd, y13, y24, y57, yB8, 
za d, zb c, z 14, z 23, z 58, z 67, 
ri' y z. 

All rests arc A, lhe system is iclenlicu.l to the cyelic one~): 
(1 . 2 .. 5 ... ) (1 . 3 ... 9 ... ) (l ... 6 ... 11 ... ). 

H. Complement ,'IJ a b, rL' cd, ,7; 12, ,'IJ 34:, ,'IJ .')6, ,'IJ 78, 
.tI a c, Y ó d, Y 13, y 24, Y 58, Y 67, 
zad, zbc, z 1J, z 23, z 57, z68, 
,'IJ Y Z. 

J) Comp. the author's dissertation; "Biidragen tot de theorie del' configuraties", 
Amsterdam 1907, § 36. 

2) L. HEF FT ER, Jilath. Annalen, Vol. 49. 
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There are three rests A, namely of 

(1] Y z, ,I} 56 alld ,/' 78, 
th ere are four resls 13, i. G. of [he Iype of the Uf'. (16~, 121) of 
Dl<l Vums of the cOlllpositioll 

B ~ 2:1-1 
I 

f)' a , b c d 
I 

G, 
I 

b c d a 

71 c d a b 

Si d a b c 
I 

These rests appeal' fol' ,I} ((, b, ,I} cd, ,I} 12, ,t: :34. 
Tho othel' l'osts arc of othol' types. 
UI, Complement ,eah, (Hd, ,v12; ,/:34, (1:58, ,1'67, 

Y (( c, y bd, !J 13, y24, !J 56, ij 78, 
za d, zb c, z 14, z 23, z 57, z 68, 
,e!l z. 

On]y ,1: y z has rest A, thel'e are no l'ests B, all other rests at'e of 
oUler 1.'1)8s. 

Whethel' by compleling olher Cff. (J 6a, 121 ) othel' systems thall 
the thl'ce n,bove-mentioned wiJl appcal', remn,ins 1111t1ccidec1; at n,ny 
rate 13 wiJl lead in at least ane way to II as it appeal's among its 
rests. 

Anatomy, - "Abollt tlw fll/lCtiol1 of tliI: ventrill /fI'uUfJ oj' nuclei 

in tlw tltrtlmnm opticus 0/ Inan." By Prof. C. vYlNKLI<lR and 

Dr. D. M. VAN LONDEN. 

The following l'emal'kable casc was oll'el'eu to OUI' obsel'vation in 
Lhe IlcUl'ological clinicn,l dcpn,t'Ll1lent of Iltc Binuengasthnis, 

All nnmal'l'ied woman, aged sevenly-sevell, not lltwing snffet'ed 
pl'eviously of an,)' seriouE> i1Jness, n,nel sotltewbn,L dull of hcnl'ing 
dl1l'ing tlle ln,st yeal'~, goL one bingle bu t se\'el'C fit of dizzincss thl'ee 
weel{s befol'e hel' n,dmiltance. 

On Jan. 8th :1908 she waE> fOllUcl in hel' room nl1collE>eious, ttnd 
lran~porled thencC' 10 tltc Binnengtt51 huis, on at'l'ival Lhcl'e she was 
slightly wnndel'ing' iJ! hel' mine!. This l:llate cOlltinueel fOl' three da.rs, 
ttfterwal'ds shc made no cOlllpJaints eithel' of pain Ol' of ptU't\eE>thesia. 
Incontinencc ne\·et' occUl'l'eel. Tltcre was found sclerosis of tlte arteries 
anel elilnlation of Iltc Iteat't. The lII'UIO eOlltained )/4 °/110 of albnmen 
a11(1 Ityaline-l',\ Iilldl'O~. A nOl' I It "oe 1l101I1 hs deal h cnsncd eanscd by 

I1 


