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opllllOn are oldel' (e. g. C. nodijlom FORS'l'. and C. sumatmna JUNGH.) 
still survive for instance, in Allstl'alia, in Sumatra, Borneo, Celebes, 
and in the lVIolllccas, but recent forms are now wanting in Jaya, 
and fossil ones have not yet been found in Java. 

5. Of the two Javanese indigenous species of Casua1'Îna, C. montana 
JUNGH. appeaL' to be phylogenitically younger than C. equisetifolia 
FORST.; the former species is pl'obably a mutant, which has only 
maintained itself within the l'egioll of the lVIn,[ay Archipelago, and 
which has arisen from the latter species. 

6. Probably C. montana var. valiclio7' MIQ. is a mutant, which has 
maintained itself in Java only and which has aI'isen from C. montana 
var. tenui01' .MIQ. 

Physics. - "Contribution to the theory of bina7'y mixtZtl'es," XI. 

(Continued). By Prof. J. D. VAN DER WAAJ,S. 

Now we shall proceed to the investigation of some properties of 
d't', d'tp 

the loci of the points of intersect.ioll of - = 0 and - = 0, in the dtl]2 dv S 

first place w hen this locus is a closed figllre, lying wholly at volumes 
larger than b. Let lIS write. 

(v -- b)' + tIJ (1 - tIJ) - =.'IJ (1 - ,'IJ) - u' . (db)' C 

dtv a 

in the form: 

v' 11-.v(1-,V): 1-2/Jb+ !b1'+,V(b,'-b/ J! =0 .. «(p) 

The form of the thil'd term in this equatiotl appears onIy to depend 

(
db)S . 

on the fil'st power of x, becallse b'+:v (1-.1') do; may be written 

,b
1 

S + 2,l]b
1 

db + ,v' (db)~ and to th is aclclecl ,v (I-,v) (db)! The 
~ ~v ~ 

db( db) db tbird term then becomes b1 S + -d 2b1 + -d .v, in which - = b,-b1• 
IIJ.v d,v 

IJ 
If we put x (l-x) - = A, the equation (p) becomes 

a 

«(p') 

Let us seek the points of this line in which the tangent is parallel 
dv 

to the .v-axis, allel so in which - = 0; then we fine! another equation 
d,v 
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by differentiating g/ with respect to x, anel by keeping v constant, viz. : 

dA 
- v 2 

- - 2v (b 2-bl ) + b2
2-b/ = 0.. (g/') 

dm 

By elirninating v from (Ipl) and (q/') , we obtain an eqllation in x 
on1y - and for the values of x which satisfy this resulting equation, 
dv 
- will be = O. We shall, howeyer, seek a resulting equation in tV 
d,'/] 

in a somewhat different way. 
lf we subtract x «(P") from «(P'), we get: 

v1 
\ 1 - A + .'IJ dA I - 2vbl + b/ = 0, ! cl./' \ 

and addil1g this last equation to (g/') , we get: 

V
2 1I - A - (1 - a:) ~: t - 2vb, + b,' = O. 

Hence: 

-=I±V A-iu-bI l dAl 
v d,'/] 

auel 

- = 1 ± V A + (1 - IV) - • b, l dAl 
v d~ 

6 
N ow.2.. is certainly smaller than 1, hence in the expression fol' 

v 

bIl' - 0111y t 18 81gn ean be l'etained befol'e the l'adical sign. And 
v 

leaving undecided fol' the present whethel' v> b, or v < b" we find 
b. bI 

when we divide ~ by -: 
v v 

1 ± V ~ A + (I-m) dA I I dm \ 
n= 

1- V IA_.-udAI 
! dad 

or 

l dAl j dAt n - 1 - n V A - m -\ =F V A + (1 - m) - = O. 
dm d,v 

(g/") 

Now 

A + (1 - IV) - = (1 - m)2 - 1 - - -dA Cl''/] da I 
dtv a Ct d,vl 

aod 

~ , 
I 
\ 

I I t 
1\ I 
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{lA c l-.u da 
A - [U- = ./J~-1 + ---

dm Ct Ct drv 

The first membel' of equation (cpi") beCOll1eS fol' ()] = 0: 

n-1 
n- 1 =F----

V (1 + 1\) 

and sa, whether the sign - or the sign + is chosen, always posi
tive, if as in tbe case considerecl, the quantity Cl is positive. For 
tV = 1 the first membeI' of (cpi") beCOll1eS equal to: 

V a 
(n - 1) - n -

a2 

or 
n-l 

n-1- . 
V (1 + c2) 

This value would be negative when, ns will be snpposecl in a 
following cnse, 1: 2 is negative - bnt it is nlso positive, if as is now 
the cnse, 1:

2 
is positive. If the sign of the value of the first member 

of (g/") is different fol' tV = 0 anel tv = 1, then there will be a 
value of.'IJ between 0 allel 1 satisfying (cpl/l). Bnt in our case the 
fh'st membel' of (rpi") lms the same sign fol' tV = 0 anel tV = 1. From 
this it eloes not follow, of course, that there exists no root fol' (cp'''), 
but only that this equation either has na roots Ol' an even number. 
This equation haf, no roots wüen the locus is imaginary - but if 

VS1+nVE2 the latter exists, as is the case when 1 > , anel when the 
n-1 

locus is a closeel figure, then thel'e must be two. lf the vaille of 
the fil'st mem bel' of (cp"') is gl'aphi('ally l'epresenteel between tV = 0 
nnel tV = 1, the curve re}Jresenting this value, begins auel enels positive. 

,If this valne passes to nega,Live values, it must have an ordinate 
equal to 0 at least twice, nnd so also assnme n minimum "alne. 
Hencc if thel'e nee two mines of tV satisfying (gJ") , the etluation 
obtnined by ditfel'entiating- (g;''') with respect io [IJ, must have a root. 

d(p"') 
Now is equal to: 

d,v 

- tV --
1t dtc2 1 

- 2 I dA! =F "2 j dA I V .ti-tV - V A -+ (l-tl:)-
dm dlV 
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So fol' the minimum value of ((p"/) tl1is equation must be equal to 0. 
d~A 

This expression is equal to 0, if - = 0, Ol' if: 
da: 2 

n,v I-a: 
-------0- = ± ------
V (A-.'l! dA) V IA + (l-m) dAl 

cl,v dlV \ 

The latter can only be tbe case, if in the second member the 
sign + is l'etained, and - is rejected. This means that in tbe 
expression : 

1 ± V I A + (I-iv) clA I I cl:/! \ 

n = 1 _ V I A -iC clA t 
cl,v ! 

only the sign + ll1nst hold in the l1nmeratol' of the second membel', 

Ol' that &2 > 1. Sa if the closed CUl've is l'csll'icled to volumes smaller 
v 

than b2 • 

If we seek thc value of ,'IJ which salisfies: 

(l-m) 
----------

clA dA 
A- ,v -cl,v A + (l-lIJ) -dm 

then when - tliis value of ,'IJ is substituted, (tp"') must be negative, 
becau~e ((pl/l) bas provcd to he positive fol' x = ° anel /IJ = 1. 

Fol' it it:l not sufficient for the existence of 2 roots of the equation 
plll = 1 that tplll has a minimum vaIue, but it is also requil'ed that 
this minimum value is negative. 

If we substitute in: 

n - 1 - n V I A - .1) dA I _ V ! A + (l-m) dA I 
~ dml I dm \ 

thc value of: 

V A - iV- --::=-V A + (l-m)- , 
I

dA nm 1 dAt 
~I l-m ~ 

tben: 

n - 1 - n
2

m+(l-m) V I A + (l-m) dAl 
I-iV I d.v I 

mnst be negative. 
Now we find from the cOliditlon on which cp'" has a minimum 

vaiue: 

I I 
I I I 

I 
I I 

I 

I 

I 

, I 
~ t 
\ 

fI 
1/ 



- 6 -

( 480 ) 

and 
dA (1_.U)2 c; (1- m)2 

A+(L-a:)-=A------
dre (1-.v+n 2iV)iV(1-iv) a 1-tv+n~,v 

Hence 

V IJ 
(n-1) - -; \1-iV+n\vl 

must be negative. 
al 1+81 

Now if we write rt = Cl l (1-,v) + ({2'V - c,v (l-v) and -= -( - 1)2 
IJ n-

a2 1+82 

and - = n2 
( 1)"' then 

IJ n--

V 1-,v+,v2{/J 
(n-l) - (n-l) 

(1-,v)(1 +81 ) + tlJn2 (1 + 8
2

) - (n __ 1)2 a: (I-iV) 

must be negative. This will be the case jf under the raelical sign 
the numeratol' is larger than the clenominatol', or if: 

(I-iV) (li 81) + n~,1] (l+c2 ) - (n-1)2 ,v (l-,v) < 1-.1] + n2,v 
or 

or 

_81 __ ,v \ 1 + 8 1-n
2

8 2! + m2 < O. 
(n-l? ! (n_1)2 

The extreme values of ,v of the doseel curve are given by the 
eq l1ation : 

--- - ,v 1 + + tV 2 = o. 81 I 8 1-n
2
82 / 

(n-l)2 (n-l)2 \ 

If the fil'st mem bel' of (his eqnatiol1 is negaiive, the vaJues of [IJ 

sutisfJ'ing the same value, <l,re neut'er together, as was to be expecteel. 
Vve hn,ve reclllCed the conditiol1 thn,L fJllII be negative 111 lts minimum 

value to: 

El _ m 11 + 81 - n
2

8 2 ! + m2 = _ b, 
(n-l)2 (n _1)2 I 

if b is n, positive quantity. lf this is Lo be (he case fol' 1'en,[ vaIlles of 
x, then (8 1 anel 8 2 posiü,-e), 

1 
81 -n3

8 2 ! 2 81 

1 + (n-iY I > (n-l)2 

must be, Ol' 

V81 + iVVf 2 

1 - n -1 > O. 

Th1S condition JS fllifilled wh en the points of which 8 1 anel 8 2 ["\,re 
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tbe C'ool'dinate'3, He in lhc 1 egion 1'01' which tbe locus considered is 
a dosecl curve. 

So we may sum up wbat bas been clemons!'rateel as 1"ol1ows. We 
(drfJ"') 

have clerivecl -- = 0 from (ql') = 0, and statec1 the conclitiol1 on 
die 

dg;'" 
wbieh q/" beeomes negatiye by the substitution of - = O. Strietly 

dm 
dq/" 

speaking we ShOllld still have to show th at - = 0 has reai roois 
dal 

- aud mOl'eover that tho valne of t.lIese roots is 111 accordance 
with the result obtainecl. Let us, for this purpose, exal1line wh at 
follows C'oneel'ning the value of iV which satisfies the equation obtained 

dep'" 
befol'e, whieh wc cleriveel from - = 0, viz.· 

d{l' 

dA (l_m)2_1/~m2 - = A ----.---
dm lv(l-,v) [1-,v+n2,v] 

dA c[al(I-.v)2-a~l/J2J A c,v(l-m) 
Now - = anel = allel aftel' l'ecluetion 

d.v a2 a2 

we nnd: 

Ol' 
n2(E,-l\) ----= (l-fv)2- n\v2 

(n-I)2 

For iV between 0 anel 1 the seeond mem bel' of "his equatioil has 
a mIne of n whleh e1eseends contiuually anel lies between 0 anel 

n 2 (e -e ) 
- n2

• So there will be a root if __ 2 ___ 1 < 1 anel > - n2 , Ol' if 
(n_I)2 

(n-l)2 
EI >132 - -n-

anel 
81 < 8, + (n-1)2 

If we tl'aee hvo lines at an tl;ngle of 45° with the axes thl'ough 
(n-I)2 

fhe points P anc! Q, thell 81 < Ez + (n-l)2 allel el> 132 - --n-
,V" 

d ·1 
implies thai - has one real root bet ween tV = 0 anel .'1.: = 1 for all 

d.v 

points bet ween these lwo Iines. lf we c.on!ine ourselves to positive 
valLles of El anel 8 2 , this space compL'ises a vel'y large part of the 
first parabola, anel moreover the space wbieh I shaU inelicate by OPo. 

\ I 
[ I 

\ I 

\ rl 
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Ih'2+J~ 
belween UlO panl,bola anel 1110 nxes. IC we pn! (1- X)2 = -

(n - 1)2 
n2El +lc 

and n2.~2 = --0' these two equa(.ions, wh en Ic has been properly 
(n-l)-

determineel, will hold tOl' the valne of .'IJ of Lhe root. By applieaLion 
of 0 -.'IJ) + .IJ = 1, we IJring tbe conclitioll 1'01' the determination of k 
in tbe following for111: 

V(-~) V Ic 
n E2 + n2 El + n2 

+ =1. n - 1 n- 1 

If fol' tbe binary mixture El and E2 were sneh that: 

nVE2 + J/'El = 1 
n-l n-l 

the point (El' E2 ) lies on tbe pal'abola, anel the whole locus reduces 
d(r "') 

to [\, point. Bui then it appeal's that for the root of _'P_ = ° the 
cl.v 

qnantity Je must be = 0, anel that t.he valne of.'IJ for this root 
coincides with the point in wlJich tbe locus 1][\,s eontl'acted. If "1 and 

nVE. VEI . .. 
E2 have snch a va1ue that ---=- + --< 1, the pomt 61 , E2 lIes III 

n-l n-l 
the spare OPQ, anel there is a loens between two val nes [I}l alld .'lJ2 • 

k k 
If we adel - both io El and to 6 2 , then -:;- may be ehoscn in sneb 

n 2 n-

.. d( <pl/') . .• 
a way thai the condJtlOl1 --= ° lS satlshed, anel so also: 

cl,v 

V -k V-IC 
n 6 2 + n 2 61 + n2 

-----+ 
n-l n-l 

1 

The addition of all equal arnount to El and io E2 involves, of' 
co~m,e. tl, shifring of the point lEl' E2 ) in a elireelion which makes 
an angle of 45' with the axes, anel that in sllch a way tlJat thc 

k 
projection of tbe shifting on each of the axC's is equal to -;; We 

n-

suppose k to be positive. 80 Vlre fincl the vallle of k by taking n2 

times thc amount whieh is to be aeldecl to the pl'ojections of the 
&aid point 10 l'caeh the parabola. Ir th~ point (6 1 ,E2 ) lies in OPQ, l~ 

is positive. Bnt fol' points within the parabola, Je is negative. But 
as fol' the case tha/. thc closed lo('us exists, the point (El' E~) must 
lie insiue UPQ, we !Jave only to deal with positive values of k. 
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S I 
V~I nVe2 o we uwe ,IJ> -- nnd 1 - ,IJ> --, aud {he equn.LÏoJl : 

n -1 n-l 

1:1 n2 e, 

(n-l)' + (n- 1r = 1 
lIJ I-lIJ 

holding' fol' the vallles of (IJ of Ihe points of ihe locus, we find, nfter 
VSj nVe, 

substiiution of x>-- and 1- tIJ > --: 
n-l n-l 

Vel nVs,< 
n-1 + n-1 1 

al'elation which exists indeecl fol' points of the space OPQ below 
the paraboln, 

Bnt now we have to make the following l'emark about the equa
dv 

tion whieh indicates t11e vnlne of x fol' the points where - = 0 
d,v 

fol' the closed CUl've. Fol' this equation (q/") we found the following 
1'01'111 : 

11 - 1 - 71 V 1 A - .v dA / =F V \ A + (1 - .'IJ) clA I = 0 
dil: ! I d,v ~ 

Ol' 

(11 -1) - n'1JV~ \1 + l-,
vda l =F (1- ,v) V~ 11_:da l =0. al a ~j a ahl 

da da 
a + (1 - .'IJ) d,v a - .'IJ dil: 

If we seek lhe values of and of ---. we 
a a 

a, - C (1 - ti.')' d al - Cll:
2 

filld an for this. These quantities must be 
a a 

positive, bccause they oceu!' under tbe radical sign, And tbis gives 
dv 

a resiriction fol' tlle values of ,IJ fol' which - can be = O. lf ((" > C 
d,'/J 

{he former of the vnlues mentioned is positive for nll the values 

• ' R2' n2 (1+s 2 ) 
from x = 0 10 ()) = 1. The quanhly - ll; eql1al to ---,-. , anel 

C (n-l)-
so cel'Laillly gl'cn.tel' tban 1 fol' poslti ve 1:,. 'rhe qUi\.ntity al - cx2 is 

CG CG a 
positive, when ,'lJ2 < -.!. and negi\.iive for ,'IJ~ > .2.. So if -.!. < 1, 

C C C 

vn,lues of :r: lying 11e[l,1' 1, cannot exist. This \Vill be the C[I,se, [l,S 

al 1+1:1 
soon as 1 > - Ol' 1 > --- Ol' n~ - 2n > SI' If we put the 

C (n-l)2' 
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d,: 
gl'eatesl value of [vat w hich - = ° ca,n &lill.occu1' == [VIJ ' then 

dm 
1 + Cl = {vr/ (n _1)' Cl = {Vq

2 (n _1)2 - j, which va,Ine must be 
positi \'e for Cl' 

Now we ma,y pl'oceed to demonsLJ'a,te tha,t the minimum of ((J/'I) 
d( tp'll) cl' A 

ca,nnot be gi ven by the second factor of --= 0, viz. by - = 0; 
drv cl.v 2 

(lv 
a,nd a,t the same lime furnish a, proof for the theorem thaI - = ° 

cl,v 
('an on]y OCCUl' fol' volumes smaller tha,n b2 • The qnantity 

:v(I-.v)c 
A = ---- begins wilh a, value = ° fit {V = 0, and ends also wlth 

a ° a,t {V = 1. 80 there is a maximnm va1ne a,nd we find it fl'om 

clA = c [al (1-,v)' - a2.v
21 flt _,V = v_al. 

« For this maximum 
cl.v a2 1-,v a, 

cl2A 
value of A - < 0, and we should be apt to suppose that this 

cl,'/] 2 

will be the case throughout the course from x = ° to x = 1. This, 
ho wever, is not aIways the case. In some cases a point ofïnflection 
appears in the 1ine representing A a,t ce1'tail1 va,lue of ,'/:, and then 
d2 A cl2 A 
- is positive fol' greater valne of ,'/:. If we caIcu1ate -, we may 
~2 ~~ 

reduce it to the following farm: 

Anel na,,, it IS the qllestiol1 whether rtla2 - [al (1-x)3 + a,,,v3] 
can ue equaI la O. Fo1' ,,/: = ° this q uanlity is al La, - c], anel as 
a n2 (l+c2 ) 

-=. = ---1) , the vaIue of a, - c wil! certain1y be positive for 
c (n- 2 

d'A 
positive C2 ' Hence - is negative fol' x = O. For ,,/: = 1 this qnan

cl,v~ 

, al l+Cl al l+Cl 
tHy IS a, (al - c) a,lld as - = -( --l~ and - - 1 = -( 1--; - 1, we 

c n-) . c n- ) 

can get a negative vaIue 1'01' iI if the vaIue of el is sma,ll anel that 
of n la,rge, '1'his case occu1's when el < n' - 2n. Then th ere is a 

cl2 A 
va,lue of .'IJ fol' which - cha,nges the nega,tive sign into the positive 

d,,,,~ 

one. Now we saw, howevel', a,bove, th at if Cl < n2 
- 216, the vaIue 

of (rp"') = ° is Hot rea,I over the full extent ti'om .'V = 0 to x=1. 
Anel now the quebtioll 1'ISeS whieh value of x is g'l'eatel': the value 
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cZ 2 11 
al whieh g/" beeomes ill1agillal'y Ol' the valLIe of ,C at whieh 

d,v~ 

becomes = O. We can deeide this at onee by Subbtitnting ,'IJ" = val, 
c 

d2A 
the limiting value fol' (pil') l'eal, in -0 • We find then: 

dar 

or 

As a
2 > 1, anel à fOl'Liol'i > (1-iC,,), wc find d~ A stIll negative. 

c ~~ 

Finally by n,vn,ilinp: ol1l'sel yes of thc vn,!ue& obtainccl we sllaH be 
abJe to vél'ify IhM eve1l if the fnnelion ((p ") is not 1'eal o\'el' the 
full extent fl'on~C iIJ = 0 to ,'IJ = 1, anel so if OUl' eonclusioJl that this 
fnllctipn 1ll11&1 possess n, minimum value which is negative, Cn,l1 no 
1011gC1' ue cOI1&lclel'ed as pl'oved, there is even in tlllS cn,se also n, 

d(g/ ') 
root 1'01' --= 0 n,1 n, vn,]ue of:IJ which is sl11n,llel' than ,'IJ", n,nd 

d{/] 

which hn,s thel'efol'e the f01'mer meaning fol' (g/ ') . 
. d(p"') 

For Ihe root of -- = 0 holcls the equatton: 
cl,v 

anel so if al = ,'C,,2 is put, the following equation holds: 
c 

Ol' 

a2 • 
ancl as - - (1_''/)g)2 IS positive, (,IJ,,-:v) ml1bt also be positive, Ol' the 

c 
d((p''') 

1'001 of -- = 0 lies n,t sLl1n,llel' vn,lue or [V than t11n,t of the tinn,l 
cl,'/] 

i11lm 
lil 

I 1 

\ r 
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point of (g/"). At tbe /lil al point ((p"') = O. At :IJ = 0, (rp"') is posHive. 
Sa 1'01' the intel'mecliaLe minimum valne (lp"') is negative. 

The function cp'" = 0, the relntioH tl1\'ough which we may know 
dv . 

tlle vnlue of x fol' lhe points in which - = 0 for the closed cune, dt/J 
lllllSt also be satisfiecl by the valne of .IJ of the point in which the 
closecl CLll've hets conll'a.ctecl to t1, single point. To show this we have 

b · 1 I Vel] 1 Ve~ . 10 su sütute t 1e va nes .1' = -- alle (" -J.,) = -- 111: 
n-l u-I 

C V[ a2 ] t/JcV a2 ---(n-1) - 1l.U - (I-.v) --., - 1 - (1-1i!)- - --1 = 0 
a c(l- ,v)- a c,v2 

",bere it appeat·s t1Hlt this eqnation is satisfied. That we only retain 
Ihe sign - f'or the thil'cl term is in accorclance with Olll' roncIusion 

do 
that v < b2 fol' the whole curve. Anel that - = 0 must also be satis-

d,v 

fied ill thc isoJaled point, - lhc point to which the "dlOle curve 
has contractecl, - follows fi'om Ihe eil'cUll1stttnce that for sneh a point 
dv . a 1 
- has lUl al'bitrat'y value. The quanllty --- - is equal to: 
d.'IJ . c,v(l-.v) A 

al (1--2(+a 2'lJ-c.'IJ 1-2) al Ct 2 l+e l n(1+e2 ) -------=- -+ -- -1=---- + ----1 
c.v(l-m) C.'IJ c(I-.v) (n-l)Ve t (n-l)Ve2 

Ol' 

G.'IJ(l-.v) n-l 

Fmther 

Substituting these values we find: 

(n-l) -~~ [~+_1 J=o 
1 n V/;2 Vel -+-

Vel Vë2 

Lel us wrÎtc lhe eqllaLioll or the closecl curve in the followillg 
f01'111 : 

- (1-A) - 2 - + (1 + B) = 0, (
0)2 0 
h b 

l'epl'esenting by 13 
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v 
d

b 
Let us seek thc poiuts of tbis curve fOl' which - = 0, Snch a 

dtlJ 

point lies fol' the branch of tbe sma,ll vo1uL1I€'s on the L'ight of the 
dv 

point foL' whieh - = 0, anel on ihe 1eft fOl' the bJ'anch of l11e ln,l'ger 
cl//] 

voillmes, Hy eliffel'entüttillg the cquation of the Clll'\'e in the Jast 

llIentionecl f0l'l11 with respect [0 tIJ, t111el keeping ~ eon&üwt, we finel 
IJ 

as a, conclition: 

- - -+--0 (
V)2 elA dB 
IJ dtlJ (l,1] - , 

Ol' 

V elB 
V d,IJ 

b = + VelA' 
(!tv 

dA dB 
fL'om wIllcl! it a,ppmws that - anel must have the same sign fol' 

clm cl,1] 

, dA c ial (1-m)2 - a2:v21 dB 
sneb pomts, No\V - = a,nd fOl' - we (inel the 

dtv a2 d,r; 

(n-I)2'1(I -!vy - n2,v~l I-m < vnl 
val ne , 81 --> - lllllSt go togethel' 

(1-m+nm)1 .'IJ a~ 

1 -,'IJ < 1 ,'IJ < 1 m < 1 VI +1'1 
with -->-; Ol' --> - anel 1-- > - -1+ must holel m n I-,'IJ n -tV n é~ 

dB dA 
at the same time, WhM it c1epends on whether - and - is posltive 

dm dm 
V 

Ot' negative, i.s seen when the vü,Iue obtaineel foL' b is substituted in 

the equation of the cmve, Ir we wi'Îte th is as follows: 

wc finel: 

Ol' 

I 
1 
i 

[ , 

Î' 
" 
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'dB (B) 

(Vel'lJ - 1) = VA~ ~~-
dA dA dm 

dm ~dm 

B (b2-bJ~ a I a dA 
Allel as - - anc b" = 27 Pld', it al)IJears thai - H,ml sa A" - C b2 • d,1J 

dB 
also -

ilrv 

dPkr a2 al dA 
luwe the same sign as _' . 80 if -; > -; Ol' 13 2>1311 Ihe11 -

dm b
2 

bi d,l) 

dB 
and - is positive, antI vice versa. The line which c1ivides the angle 

d,v 
between the axes into LY'i'O equnJ paris in fig. 36 Ol' joins point 0' 

with point 0 in fig, 37, gives the clivision between E2 ~ El' For 

dpkr . a2 al - > 0, P!.'·2 > ph) Ol' - > - allel 13 2 > El' This is the ('ase fol' all 
d.v b2~ bi 2 

points lying l'ighi of thls line - anel Ihe olhel' way about. Fol' the 
elp!.,. d.A 

points of ihis line Ihel1lsel\'es 132 = 8) Ol' -' = 0. But then also -
d.v cl. IJ 

dB .v 1 .. 
aml -=0 and sa --=-, Ol' wlJUI IS the same thing 

dm 1-.1! n 

.'IJ Va~ 1 Vl+El 
1-,v = ~ =-; 1+8

2 

But, as we already obsel'ved above, tbis l'equil'es that tbe valne l2 

be gl'eater than 1 in the f01'111Ula l2 n2 (1 + 131)2 = [n + 1 ~ n
2 

El ] 

1 + n2 

Ol' l n (1 +131) = n -2- 13), Then we have: 

Ol' 

1 + n~ 
1+--13 

2n ) 
l=-----

1 + El 

(n - 1)2 
El ' 

2n (1 + 13)) 
l- I 

Now fol' tIJe aren, OPQ, undel' tbe parabola we haNe 

(1 + n) V El ~ n - 1 

and sa El call becollle equal to (n - 1)2 as highest vaIue, and hence 
n+l 

(n - 1)4 
(l- 1)lIIa:1'= 4n(n

2 
+ 1)' Fol' 110t Yel'.)' high valne of n, l-·) is 0111y 
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1 2 
small. So 1-1 is equal to e.g. fol' 11=2. Forn=3, 1-1=-

40 15 

But this is no longer ihe case fol' high value of n. vVe need 
not fear in ally case, howevel', that 1 vvill become sa gl'eat that 
al + Cl 2 - 2 ((,12 would become < O. rrha! c be > 0, the following 
oCjuation must holel: 

Ol' 

or 

Ol' 

Ol' in onr case 

Ol' 

Now 

v:: + 

1 
2.l<n+-

11 

(l-l) < (n-1)2 
2n 

(n--1Y 81 (l-l)=---. 
2n 1+S1 

1-1el1('e (1-1)lIla~ remains also below t.ho vttluc, whieh wonlc1 make 
al + a. - 2al2 etlual to O. 

Bnt now beforo proceecling io the comparison of the resuHs 
obtainecl here will1 those of the experimenl, I shall Ih'st httve la 
cliscuss 1110 qnestion whether the disappearttl1ce of the interscclion of 
cl2 tl' cl~ll' 
- = 0 ttl1cl - = 0 l'eally involves the clisappeamnce of Ihe COl1l-
d~ d~ . 

plication in the spinoclal lino, - ancl sa whether the. tem)!erature 
at which the two curves menlionecl tonch, is al ihe same time the tem
poratul'e at \vhich the pair of Iwtel'ogeneous pln,il p0Î11IS occUl'ring in 
I he spinoclal line, coineicle: When the points ofintcl'section of the two 
cm'vcs appt,Otlch eaclt oUwr, Ihe two hetel'ogeneons plaitpoints wiU, no 
doubt, also come nearet' to each ot her. But iI nceel 110t follow hom 
this that when Ihe poinls of inlersection coincicle, also I he pair of 
plailpoints coiJlcidc. Anel à priol·j it is lllllikel.r Ihat this SllOUlcl be 
the case. 'rh0 existence' Ot· non-existence of points of intersection 
depends onl.)' on pl'opet'lies of the two Cllrves, without a thil'C1 curve 

29 
Proceedings R~yal Acad. Amsterdam Vo~. XI. 
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d2t', . -- = 0 bemg a,ble 10 exel't a,ny inllllence on ihis. Bnl the comso 
dmelv C 

d
2l" of t11e spinoelal line is the reslllt of properties of - = 0 a,s well 

dllJ: 

d2 l" dJl', . . 
a,s of - = 0 a,nd of --= 0; f1'ol11 tlllS lt l11a,y a,lready be ex-

elv 2 cliuch; . . • 

d2t', el2tf' 
pected tlmt when lhe CUl'ves - = 0 a,nel - = 0 tonch, the two 

dm 2 d·,2 
ltetel'ogeneous plaitpoints will OCCUl' on the spinoclal line, a,nd will 
lie at some clista,nce from each other. If ihis is so, this means thai 
the limits fOl' the existence a,ncl clisappearance of the he1erogeneous 
pla,iipoints are wieler a,pm't than the tempemt1ll'es at. whicb 1he 1wo 

cl2~, cl2 I" 
curves - = 0 a,nel - = 0 begin to intel'sect a,nd stop eloing so; 

cl{/]2 clv 2 

anel à fortiori 1his is the ('a,se fol' the li111its of the temperatlll'e 
of iheir a,ppea,rance anel clisappearance Oll the binodal line, and 
sa also fol' the limiLs of the tempera11ll'e for the existence of 
thl'ee-phase-pressl1l'e. Anc1 tha,t this is true may be seen when 
we more closeI)' exmuine the peculiariries ",bich occur in the 
course of tbe spinoelal line in the ca,se tlmt the 1 wo curves still 

intersect. Let us imagine the cirCl1msia,l1ces as in (jg. 12, Vol. IX, 
elp 

p. 846, Uontl'ibution lIl, viz. the line - = 0 at smaller vol11111o 
da;v 

elp 
than the line - = 0; bnL preferably at somewhn,t, lowel' temperature, 

dv 
elp 

so that at ,1J = 0 the two brancbes of - = 0 are still separatecl. 
clv 

Then the ·isobm's enter the figL1l'e at :IJ = 1, have ~negative, anel 
d.7Jp 

in the neighbol1l'hoocl of dp - 0 they in<'line towal'cls 1his CUl've whicl! 
dl' 

tbey inlel'seet in a diL'ection parallel to tlte a"'\is of v. So the ql1antity 
d2 v cllv 
'-, 1S positive. For the IJ-lines lhe Cjl1antity -.- is negalive in tho 
~~ ~~ 

neighbourhoocl of elp = O. So in n, point of con/act of the 17- allti q_ 
dv 

lines, a point of the spinoc1al line (sec Vol. IX p. 74:7 COlltr. Il), 

- iS poslttve accol'c lI1g to t Ie 10rll1U a: (dV). . . l' I I' I 
dm çJil1l 

(
dV) (dV) (~:~)q 
dm sIJZ'U = cl,1! P = q (d~ V) 

d'lJ~ P 
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And accol'ding to the f01'll1ula Vol. IX p. 749, Contribution II): 

( elP) IH1b tho same bign a& (d
P

) , anel IS thel'efol'c ncgative. In the 
d.1J SIJl/! d.l; v 

point of contad the two lines pand Ij elo not intersecL The p-line 
lies in the point of contact 011 the same side of the q-line -- e. g. 
on the 10we1" side. BUL in fig. j 2 contnct of fl, p- anel a q·line has 

d2tl' 
again been ell't"t\n1 on Hw left side of - = a. Bilt thel'e tho p-lino 

d~2 

l'emains above the q-lille [I,H thl·Ollgh.- So thero must be H, point of 
contlld bOlllewhere lJetween, ,,,here there is a transition betwcen 
these two cases, allel ",here the contact is at tbe same time inter-

elv dv cl~ V d2 v dp 
sectioll. Then not only - - ,but --=- anel so also -- =0. 

dilJp d.'lJq d.'lJ2p d.v 2 q d,'IJ 

'l'l1en wo nro in a plaitpoint,. If taking dne account of tho COl1l'se 
of the 1)- allel q-lines, we beek tbis phtitpoint it appems th nt Ihis 
point does not lie on tbat pm'liculm q-line that pabsos tbl'otlgh the 

cl2 tl' 
highebt point of tho CIH'VO - = 0, anel htt8 thol'o a dil'ection pamllel 

d(1J2 

to the !l:-It~iR, and also possesses tbore 11 point of infledioll. But 
it Jjes on a q.line IJ mg left of the fannel', ",here iJ has a gL'eater 
value; while thib phtitpoint Il1llbt lie below tbe point of iuflection of 

d2 

tho q-line, becaube ~ is tlilways pObilive. 
d,'lJ2p 

Of comse, bUL th is is nol lleCeSSal'y fOl' om I11'gtlll1ent, ir for poillts 
of the spinodal line witlt vel'}' smal! ,1:, tlte conlact of the q- aDd 
p-lines is 10 take place ngain in buch a wa)' that the ZJ-linc l'emains 
again thL'oughout on lbe Sttll1e side of the })-lille, wbieh we ma)' also 
cttll tbe 10weL' side, thel'e mu&t e:x.ibt anoihel' plailpoint I1lso on the 

left lJand of d~~I' = a. So in ihis second plaitpoini tlJe p·lille, éoming 
d,v~ 

1'1'0111 the l'ighl, must first L'un above tlle q-line, ",hich it w~lllou~h, 
ancI wil! be below it fl'om tbo pOillt of eontacL. 'Vhat is imleed 
essential foL' om [LI'gl1menl, is lho Cil'Clll11stanee that lhe fiL'si-mcn
tioned phtilpoilll, the nppel' of UlC pair of hctcL'ogeneoLls plaitpoints, 
whiel! I callccl the ren.lizable one in a pL'evious Conll'ibntion, though 
it only fnlly dosol'vos Hds nalllo whon it albo lies above lho binoclal 
CllI'VO, lies on an isobar of higllCL' \'alno of the pl'esslll'o t han the 

llllll~ft 
, 

I I 

I: ' 

)1 

" I' 
1 
I 
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d
2tl' value of p fOllnel in the point in whicl! 0 has the SmallCEil 

d,/;2 

volume. Anel if we n0W considel' Uw case t hat t he w hole closce! 
CLlrye c1iscllssec1 above, has con traetec1 ~ to a single point, a11(1 ihe 

. ~~ ~~ 
intersection of the two curves - = 0 anc! - has disappem'ed, and 

_ cZ,u 2 d,'IJ~ 

the q-line runs pantl1el to the ,'U-axis in that single point anel possesses 
there n point of infleetion, the realizable plaitpoint sWI exists, anel 
so alRo tlle othel', the hidden one. A fOl'tiol'Ï this is tlle case \V hen 
the closed curve still exü,ts, anel the intersection of the t wo CUl'ves, 
cl~'l/) d2 t/, - = 0 anel - = 0 has onl,)' elisappeared because the,)' touch. 
d,TJ~ clv2 

For 1hen the q-line, whieh passes thl'ongb the point of contact, ",ill 
still possess the points with maximum anel minimum volume, anti 
it will lie below the q-line where the,)' have coincielee!. 

So we are justitieel in the following gntphical l'epresentatioll. Let 
us take an x-axis anel a l)-axis. Let us construct afigure ine!icating 

d~t" 
first the presSlll'e along the liquiel braneh of the line -. = 0, allli 

dv-

serondl,)' the pl'esslll'e along the liljnicl branch of the spinodal line. 
Not to interrnpt Oul' train of L'easoning too much, we shall pass 
over the other branches in silenee, ane! mOl'eovel' con fine omsel \'es 
to the case in ",hieh Ti .. , > 1',;\, Thon the fil'st-mentionecl lino is a 
rontinually c1eseene!ing ono. If tl!e tell1peratu1'es al'e low - aecol'c1ing 
to the a,ppl'oximate eqnatiol1 of state below 27 / ~2 Tic - all tiJe points 
of this line lie belo\\' tlJe il'-axis. Bnt as we only wish to considel' 
1 he l'ell1ti ve position of tbc t wo Clll'\'es w hieh al'e to be l'epL'esented 
we elisregarcl lhe a,bsolute heiglü at which we think thom dmwn. 
The secone! line begins a,nd ierlllina,tes as high as the fiL'st, l1nel 
11lways l'emains l1bove il. So in (he ma,in it is a,lso a fast descenll
ing line. Now if theJ'e aL'e on t.he lirsl line two pOilltS, incliea,ting 

dp c[2 tl' 
the points of intel'section of the line - = 0 ",it11 -~ = 0, the sec0nd 

. dl) cl.u' 

line will not eOJltinul111y c1escencl, bnt pOSSGSS a 111ll1Lmnm and a 
maximum v111ne 1'01' p. The minil11l1m value al 11 vl1lne of rIJ ",hieh 
is smaller thl1n the va.lue of (IJ of' Ihe fiL'st point of intel'seetion, anel 
the ml1ximum valne at a vallIe 01' ,I', whieiJ is gl'ealel' than thal of 
the secOJld point or inteJ'seetion. 'rhi8 minimum l1nd this ml1ximum 
value are those of the pl1il' of lwte1'oge17eo1ls plaitpoil1ts. 1f the two 
points of intel'seetion ha,ve coincicled on the first-melltioned line, 
minimum and mUXimlll1l pJ'esslll'e i:ltill OCCl1l'S on the soconc1. Anel 
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0111y at a 1empemture, ai. which eithel' there is 1I0t yet question of 
r/2tl' d~tl' 

contact of the two CllL'VeR --- = 0 llllcl---, Ol' at which this contact is 
d,v 2 do" 

long O\'el', Ihe eornplication in the C'Olu'se of tlle p-line will havc 
Llisappeal'ed 1'01' the spinodal !ine, At the moment of the clisap
pcmance this p-line possesses a hol'Î7.0ntal tangent ancl a point of 
inlleclioll in the point in wbi('h JIIaxilllum allel lLIinimllm pl'essllL'c 
coincic1e, If fll1'thel' in sue!J a figlll'e we lh'ew n, thircl line inclicating 
the pl'essllL'e along the binoclal ('UL'\'e, Ihis Ihil'el line would have a 
complicatecl shape - bul - fOl' I his 1 refeI' to some Communications 
0ccml'Ïl1g in These Proceeclings 1905. 

But from all this we further COJ1(~lllele that is not necessal'j' tha,L 
cl~ tI' (P tI' 

the (vvo curves - = 0 a,nd - = 0 illtersecL fOl' lire oe('l\l'l'cnce of 
clm' do· 

the pail' of ltetel'ogeneolls phtitpoints on thc spinodal line. 1 r they 
only clmw near enough to each olhel', t 11c spinoclal line ('an alreaely 
posbess the clescl'ibed complication, allel there can even be three
phase-pressul'e. 

It fo11ows fl'om this that fOL' mixtllL'es the properties of \V hosc 
cOlllponents are l'epl'esentec! bm,ides by 71, 1..>.)' positive l\ al1l1 E~, 

UW pl'eilenCe of the heterogeneous plai.rpoints is not restrictecl 10 the 
space OPQ below the pal'aboht fol' El anc! 13.; but that tllÎs space must 
uc extended with a pal't of the pambola itself - a pad lying in 
thc neighbourhood of the top. The theorelicall.r exact shape of this 
pal't ean only bc cleterluined by investiga.tion of tbe spinoclal line 
itself. Bllt)n view of the difticulties attending tl1is investigation, I 
shall content myself here with an inclicaLioJl of tbe wa.r iJl whiel1 
I bavc tdeel LO form a,n idea fOl' ll1ysclf of Ihe accul'uC''y of my 
expectations that this part woulc! again be n,ppl'oximatel.r bounclec! 
by a pal'abola, whieh compared 10 Ihe pl'ececling one, would hn,ve 
shif'iec! in the dÜ'ccLion of Ihe l1.xis, thongh what follows must HOL 
be looked np on as ll1uch more thal1 a cel'la,in kind of empirical 

d2tl' (l2tl' 
calclllation. "'\Vhen the CUl've - = 0 lies entil'ely wilhin - = 0, 

diIJ2 dv2 

but in lhe neigbourltood of the latter curve, two other Clll"ves, viz, 
d~t/, d2 tl' 
- = 0 at 10wcr tcmperatnl'c, anc! -" = 0 al anolhcl' Htill 10wel' 
clv 2 cliIJ2 
temperatlll'e wiJl show inlersection anel contact in the l:ipace Olltside 
d2 tl' . - = 0, where the spmoclal CUL've lieK, tUld whcl'e thc pa,ir of 
dl,2 
hetcl'ogeneolls pi ai I points a;l'e fOUl1d, at n, eortain clista,l1ce apa,I't Ol' 
coineiding. 

I 
I 

111 
1 

I, 
, 1 

1 r 
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~~ T 
If iJl - = 0 we tako the 10wel' tempel'atUl'e 1" = ~, nnd iJl 

~2 k 

d2 t', - = 0 the value of' the lowel' lompel'n,{tll'e 
d,v 2 

T 
Til = - we oblniu U,)' 

1.:" 

elimil1ation of 1', tho equalion, whiell with tl, sliglJt ll1odificalÏon 
agl'ees Witll (2) of' Conll'iblltion X: 

0 2 )1 - m (1 - .'IJ) '"' d.'IJ~! _ 2uo + ! u' + ,,; (1 _ .v) (db)21 = 0, 
k Za \ ( C&1J \ 

Ir we IlOW Ll'ea.L tllir-; eqllation iu the same wa,)' as (H) was ü'eatotl 
iu Uon1.1'ibulion X, we geL, 1'01' Iho case tlmt the closotl Clll'VO COI1-

tJ'Ïl.els to one point, Lito condition : 

V( k' -- 1.:) V( Ic' - IC) 
1t - 1 = 1\ - -7;- + n E. - -1.,-, - , 

So the same pitl'aboJa as uel'ol'e, 0/11,)' shil'tetl in Llte c1il'ectioJl of 
7/ -7c 

lhe (wo axes uy an amollnt cqual to -,-, 
I'; 

The yüluc of l' at whielt LlJe illlitü(ot! plttitpoilJlS coineide iu this 
cnIcLllntion, is now 7.; Ol' /.;' times higher. 

(1'0 be continueel). 

E l~ RAT U M. 

In Lhe proof 1 hal. the closet! cm'vo, t ho IOCHS of t he poinls of 
d2t', d2 t', 

inlel'::iection of - = ° anel -0 = 0, always lies ül v < ó., H, possib10 
dv 2 cl.'/]-

ca::;e has been overlooked. The valLle v < b2 mtl,y OCCIll' if: 

n - 1 > Vf+"I\ + n V E. , 

as wil! be slJOwn in lhe Continllatiun. 

(December 23, 1908), 


