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as Melandl'iwm album (Lyclmis vespel'tina) , Hyoséyam~ls niger, 
Galant/ms nivalis, many Papilionaceae and Epilobium angustifoliwn. 

In the second place 1 think it may be uset'lll to refer briefty to 
the so-ealled nectarless plants, beeause it might be al'gued that these 
do not support the truth Ol' general validity ot' the hypothesis, put 
forward above. 

I ltave already had an opportllnity of pointing out, that some 
plants, which do not contain nectar, have theil' ovarian-wall covered 
with wax, and others with glands sec1'eting 'l1wcilage; to these 
secl'etions the same biological significance is attached as that, w hich 
I think :;hould be attributed to nectar-seCl'etioll. FUl'thcrmore, I have 
already mentiolled a numbel' of plants, which are recorded as nectar
Iess, but whielt, nevel'theless, must certainly be reckoned among 
those eontaining nectar, namely species of Anemone, Clematis, 
Pulsatilla, and Paeonia in the order of Banunculaceae, abn He/ir/n
themuJn mdgal'e and the various species ot' Verbascum aud Hibiscus. 
I will only add, th at it can be f'asily shown by chemical means, 
that the so-called nectarless Rosaceae: Bosa, Potm'iwn, Agl'imonia, 
Aruncus and Spime'l have been wrongly included in thib class. 
Here indeed the nectar is often difficlllt io obsel've, but it is none 
the less present, as in other Rosaceae. If the flowers are extracted 
with watel', so that the nectar, which has been thickened by evapo
ralion, passes into SOllltioTl, the presence of glucose may readlly he 
demonstrated in all these plants. Finally It may be pointed out in 
this connexion, that very many plants do not l'equire a special 
pl'otection uy nectar, eithel' because the oval'y eontinues its growth 
without interrllption, (on account of early fertilisation, which of ten 
al ready takes place in the bud) 'or because it is not exposed to the 
air during the flowering period. 

The latter case occnrs especially in the genem Plantago ::tnd 
Luzula, in .lvympltaea, alba and El'ythl'rtea Centaul'ewn, in Iwzcus, 
in most Gl'asses and in other anemophilous plauts. 

Mathematics. - "On a thevl'em of PA1NLEV~'S." 13y Prof. W. lÜ.p'l'EYN. 

1. PAINLBVÉ, in his well-knowl1 memoirs on diffel'entlal eqnations 
ot' tile first order, in vestigatecl the q llestion when the in tegmls 
possess a definite munber of valLles Ol' bl'u,nches if the independent 
variabIe tmus l'ouncl the critical pammetl'ic (not the fixed) points. 

For diifel'ential equations ot' the first degl'ee 

dy l' (,u, ,'11) 
--

dm Q (,u, ,'11) 
• (1) 

I 

I 

_---1111 
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where Pand Q represent polynomials in y, he has proved that if 
the in tegL'als possess n branches, there always exists a substitution 

_ yn + Ln-I y!l-I + ._ .. + Lly 
u_ .. 

I ~/-I yll-l + ... + Ml.y+ 1 
(2) 

by whicb the equation (1) may be reduced to an equation of 
RWCATI 

du 
-=Gu~ + Hu + 1( .. 
d.'/: 

the coefficients L, lvI, G, H, f( being functions of ..v. 

. . . (3) 

Om object in this paper is to prove this proposition in anothel' 
way, starting from the form of the integral 

C
y __ 1.11 yll + Àn- J yl1-1 +- . . . + )'1 Y + 1.0 . . . (4) 

y" + f.L1I-J y7l-J + . . . + f.L1 Y + f.Lo 

where C repl'esents an arbitral'y constant and J. and f.L functions of ,IJ. 

The treatment of the two cases n = 2 and n = 3 wil! be sufficlent 
to show' th at the proposition holds good generally. 

2. If n = 2, it is evident from the integral 

).~y~ + )'IY + 1.0 C = = const. 
y2 + r.ly + f.Lo 

that the differential equation must be of the farm 

dy 
d,'I) -

a.v· ~- a$y3 ~ a2Y~ -~ aly +- a o 

b,y2 + 2bl y 4- qo 

the coefiicients a and b l'epresenting fnnctions of flJ. 

. . . . . (5) 

. . . .' (6) 

Differentiating the equatian (5), we find between rt,-b, À, ft, 'the 
following relations 8 being an indefillite factor, 

8a. -:::: I.s' 

8(~8 == (.LIÀ~' + ),/ - 1.~f.L/ 

8a~ = f.LoÀ~' + f.L l Î.t' + )'0' - 1.1f.Lt' - )·~(.to' 

8al = (.Lol./ + (.LlI.O' - I.o(lt' - I.iflo' 

8ao = (.Loi,o' - Î.of.Lo' 

Ob, = 1.1 - (.Lll.~ 

8bl = ),0 - (.lol., 

8bo = (.Lll.O - (.L0).1· 

From the three latter equations (7) may be induced 

(7) 
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bol, - bll1 + b,lo 0 t . 
blfLl - b,fLo - bo - 0 

(8) 

and from the five preceding 

a4 1 0 0 0 1 0 0 0 0 

a. fL I 1 0 -1, fLI 1 0 -1, 0 

fLo'= IJ a, fLo (.tl 1 -11 fLo fLI 1 --J.I -À. 

al 0 (.to fLl -).0 0 (.to (.tI -).0 -J. I 

ao 0 0 (.to 0 0 0 (.to 0 -10 

This equation may be easIly l'edllCed to an equation of RrcCATJ. 

For addillg up, in the first determinant the third column multiplied 
by J.. to the fifth and in the second determinant the second and 
third columns each multiplied by J., to the fOUl'th and last, we get 

a~ 

a. 

f.l'--0- a. 

al 

ao 

If now w~ substitute 

1 0 0 0 

fLI 1 0 0 

fLo fL l 1 b. 

0 

0 

fLo fLt bI 

0 Po 0 

bo + b,fLo 
fL l =---. 

bI 

1 0 0 0 0 

fLI 1 0 0 0 

f-to f-t l 1 b. 0 

0 fLo f.ll bi b, 

0 0 fLo 0 bI 

in the denominator, and subtract the fOUl'th and fifth columns each 

multiplied by fLo from the second and thil'd, we find 
bI 

1 0 0 0 0 

(.tl 1 0 0 0 

bo 1 b, 0 f-to -
bI = bi' - bob, 

0 0 
bo 

bi b, 
bI 

0 0 0 0 bi 

If we in the same way subtru.ct the Hf th column multiplied by [.Lu 
bI 

fL'om the third, tlle numem(oL' takes Lhe form 

31 
Proceedlllgs Royal Acad. Amslerdam. Vol. XI. 

I 

1

1
\ ___ --'1\ 
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a. 1 0 0 0 

a bo+b~(.to 1 
I bI 

0 0 

bo 1 v~ = A (.to ~ + Bllo + C a2 Ilo bI 

a J 0 0 bo+b~llo b 
b I I 

a o 0 0 Ilo 0 

where the coefficients have to be determined still. 
If we put Ilo = 0, the coefficient C is fonnd to be 

Dividing furthel' both membel's by (.to' and supposing aftel'wards 
Ilo = 00, we get 

a. 0 0 0 0 

b~ 
1 0 0 a -

I bI b~ 
1 

A= a2 1 
bo 1 v2 = - a.b1 

bI a. =- (b l '-bob2)· 
bI 

1 
bo bI . 

0 0 
v'}, 

bi 
bI 

al 
VI 

aD 0 0 1 1 

Differentiating both members with respect to [.1'0' and substituting 
Ilo = 0, we get for 13 the form 

a4 0 0 0 0 a. 1 0 0 0 

b2 1 0 0 
bo 1 0 0 a - a -

I bI I b 
1 

B= ai! 1 
bo 

bi 
1 02 + a2 0 

Vo 0 bi! 
VI 

al 0 0 
bo bI 0 0 

b2 
bI 

bI 
al 

bI 

aD 0 0 0 0 aD 0 0 1 0 

The fiTst of these detel'minants is identically zero; the second 
developed, gives 
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ao 2 
- - (bi -bob2)· • • • 

. bi 
. (9) 

We now proeeed to find the substitu tion of P AINLEVÉ. 

From tbe general integl'al 

c = ),2Y' + )'lY + )'0 

y2 + (.tlY + (.to 

it is evident that (.to is that particular solution of the eq uation (~) 

wbieh satisfies the equation 

2 + bo+b2(.to + _ 0 
Y b Y (.to-

1 

if we attl'ibute to y that pal'ticuIal' integral of (6) whieh eOl'l'esponds 
to the value C = 00. 

Therefol'e 

blY~ + boY 
(.te=-

b2y + bi 
is tbe substitution whieh l'educes the differential equation (6) to (9). 

3. From the pL'eeeding we mayalso deduce the conditions whieh 
must be satisfien by the gÏ\'en diffeL'ential efJ.uation. Fo1' the three 
Ia,st equations (7) gi ve 

- - ----and- - =-----d (b 2) d ).1-[11),2 d (ba) d t(1).0-(.t0).1 

d,'/) b l - d{/] 1.0 --(.to)';'! d,'/) b l d,'/) J. o -(.t0)'2 

or 

and 
f) (blbo'-bobl ') = bo(.toÀ/-bl(.toÀ/ + b~[1o').o' + bi i 0(.tt'-b2Ào(.to'. 

Combining each of these with the five first equations (7) and 
eliminating ),2' 1./ ).0' [11' [10' we may write the eonditions 

a4 0 0 0 0 

al (.tt 1 0 -)., 0 

a2 (.to (.tl 1 -).1 -)" 

=0 
al 0 (.to (.tI -),0 -),1 

a o 0 0 (.to 0 -),0 

(b t b
2
',-"bo b t -b, -bt )'2 b,À, 

31lt< 

1 

I 
~, 
~! 
IJ 
I' 

~I 
11 
I 

11 

1: 
I 
I 
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and a. 1 0 0 0 0 

aa t'1 1 0 -I.., 0 

al {Lo [1,1 1 -1..1 -.I.., 
= 0 _ 

al 0 E-to f.'l -1..0 -.1..1 

I a
o 0 0 110 0 -1..0 

(blbo') bof.'o -blf.'o b,f.'o bllo -b,l..o 

where (bIb,') and (b 1bo') mean bIb,' - b,bt' and blbo' - 60b/ l'espectively. 
Redllcing these determinants in the same way as befol'e, we have 

immediately 

a. 1 0 0 0 0 

ae ftl 1 0 0 0 

bo bi 0 a, ft. 61 

=0 (10) 

al 0 0 ~b b, b 1 
1 

ao 0 0 0 0 bI 

a {j y d ti ; 
the latter row representing the following values 

a = (bIb,') {j = - bo r = bI Ó= - b, ti = 0 ; = 0 f 
a == (b 1bo') {J = 00(1.0 "I = 0 Ó= 0 ti == - b/ ; = bIb, . 

('11) 

If we write ft1= bo+b,fto the determinant (10) takes the form Afto + B. 
Ol 

By differentiation with respect to (10' A is determined by 

d{J 
Ó r E 

dfto 

b, 
1 O. 0 

A = - a4 b1 

Dl 

bo 1 1 b, 
b1 

0 0 
bo 

bI 
bI 

or , [1 dfJ b, 1 bo J A = - a ij (6 2 - b b) - - - - '11 - - cf + - E • 
• 1 1 0' b d 6 2 ' b b 3 

1 {Lq 1 1 1 
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ln both cases this expression "anishos. Therefore both conditions 
are found by writing {.to = 0 in the equation (10). In this way the 
conditions we looked fol', are the following . 

a. 1 0 0 0 0 

bo 1 0 0 0 al 
bi 

0 
bo 1 bi 0 a2 
bi =0 . 

0 0 
bo 

bi b2 al 
bi 

ao 0 0 0 0 bi 

a (fJ)p.o=o Y Ó E ~ 

where the last row is given by the l'elations (1:1). 

4. When n = 3, the general iIitegral 

À~y~+12y'+1Iy+lo 
C = = con st. 

y~+{.t,y~+{.tly+lo 

shows, that the differen,tial equation must be of the form 

dy 
d,?] -

aoy6 + aiy5 + a.y· + a3Y~ + a,y2 + aly + ao 

b.y· + 4b,y3 + 6b2Y~ + 4b l y + bo 

with the foll~wing relations bet ween the coefficients a, b, À, {.t : 

Oae = 1,' 

8a. = {.t,l,' + 1,' - l,{.t,' 

8a. = t-LIÀ,' + {.t,À,' + 1/ - À,{.t,' - À,t-Lt' 

8a, = {.toÀ,' + {.tlÀ,' + {.t,Àl' + 10' - À1{.t,' - Ä.,t-L1' - lat-Lo' 

8a, = /AOÀ2' + {.t1Î./ + {.t2Î.O' - Î. O{.t2' - 11 {.tI' - Î.,{.to' 

8a1 = {.toll' + t-L1Î.O' - Àot-LI' - ÀI{.tO' 

8ao = {.toÎ..o' - Àot-Lo' 

Ob. = 1, - Î..at-L, 

48b, = 2Î..1 - 2Î..at-LI 

68b, = 3Ao + llt-L, - Ä.,{.tl - 3Î.at-Lo 

48b1 = 2Î..o{.t, - 21,t-Lo 

8bo = .Î.o/A, - Î.1{.to 

(12) 

(14) 

(15) 
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Elirninating alternately the [t'S and ).'s from the five last equations 
(15) we have 

3boÎ. 3
2 

- Üb~Î.1À3 + 2b8 (Î.1Î. 2 + 3Î.o).~) - b~Î.12 = 0 

6b1Î./ - 6b~Î.~Î.s + 2b8Î.2~ + b~ (31.0/'8 - Î.1Î.,) = 0 

(3~0 - ~J~~) b4 + 2~22b8 - 6~~b~ + 6b1 = 0 

~l ~b4 - 2 (3~0 -+- ~l~') b3 + 6~lb, - 3bo = 0 

, (16) 

The two latter equations (16) enable us to express ~, and ~1 in 
fnnction of ~o' For multiplying the first of these by 2b 3 , the second 
by b4 , and adding up, we find the following quadratic equation 

(~lb4 - 2[.L2ba)' + 6b~ ([.Llb 4 - 2[.L,ba) + 3 (4b 1 b3 - bob4 ) = 0 

so 

~lb4 - 2[.L2ba = - 3b2 + V 3i, 

where the square root stands fol' both values, and 1" represents the 
expres sion 

is = 3bs ~ - 4b 1bs + bob4 • 

This l'esult, in connexion with 

~l ([.Llb 4 - 2[.L,ba + 6b,) = 3bo + 6[.Lob. 

gives 

3bo + 6~ob3 6b1 + 3[.Lob~ 
f.!1 = 3b, + V3i2 ~, = 3b, + V3i,' 

Now the first seven equations (15) lead up to 

a~ 1 0 0 0 0 0 1 0 0 0 

ai ~s 1 0 o -I.. 0 f.!s 1 0 0 

a, ~1 ~, 1 0 -Î., -1.8 f.!1 (l2 1 0 

'-() {lo - al ~o ~1 ~, 1 -Î.1 -I,~ ~o (ll ~2 1 

0 0 0 

-Aa 0 0 

-1.2 -Î.a 0 

-Î.1 -Î.2 -Î.I 

a, 0 ~o ~1 ~2 -1'0 -Î.1 0 f.!o f.!1 ~2 -Î.o -Î.1 -Î.2 

al 0 0 ~o ~1 0 -Ao 0 0 f.!o f.!1 0 -Î.o -Î.1 

ao 0 0 0 (lo 0 0 0 0 0 ~o 0 0 -Î.o 

which reduces to an eqnation of RrcCATI. For adding up in the 
numerator Î.a tim("s the third column to the sixth and 1'8 times the 
fOUl'th to the seventh, and in the denorninator 1'3 times the serond, 
the third, and the' fOUl,th columns respertive]y to the fifth, sixth, and 
seventh, we find 
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ae 1 0 0 0 0 0 

a6 fL2 1 0 0 0 0 

a4 fLl (12 lOb ( 0 

fLo'=- as fLo fLl fL2 1 2bs b( 

o o o u 

ao 0 0 0 fLo 0 0 

1000000 

(12100000 

fLl (12 lOb. 0 0 

fLo fLl fL2 1 2ba b. 0 

o 
o 
o 

o 
o 

(11 

o 
where u is determined by the relation 

fJ - 6fJb2+1.1fLz-1.2fLl - fJ 6b2+fLl b4-
2fL2b• - ~(3b +V"') - ~ 

'U - 3 - 3 - 3 \.2 oZ,2 - 3 m. 

3fLo 
If we :::mbstract in the numel'atol' - times the sixth and seventh 

m 

columns from the third and fourth and in the denominator 3fLo 
m 

times the fifth, sixth, and seventh from the second, third and fom'th 
columns, the value of fL'o reduces to 

ae 1 0 0 0 0 0 1 

o o o o 

1 o 
m 

rn m 

o 
m 

m o o o 

o o o 

o 

o 

o 
o 

1 

o 
o 

o 

o 0 

o 
o 

o 

o 

o o 
o o 

o o 

m 

3 

o m 

3 
Here the denominator N is evidently independent of fLo and may 

be written 
lOb. 0 

6b1 1 2b 2 b( 
m 

o 3bo 0 m 

m 3 



- 11 -

( 468 ) 

This takes n simplel' farm d' wc elil1linate all the power" of m 
except the - fi1'6t. The defilllilOn of m gives 

hence 

rn 3 = (36b2~ - 3boh4 - 1201b3 ) rn + 18bob2b4 - 7201b],b, 

1 3b2 - V3i2 -m 3 (4b1b~ - bob4 ) 

3bo~b/ - 12bob1 b3 b4 = - bob4 (6b2 - m). 
m 

With these values, anel putting 

t 8 = bob2b4 + 2b1b2b~ - °2
8 

- buba~ - b1
2b4 

we obtain finally -

N 4i2 4(3'+b') 4'V3' 4' 4('V3' 9') (18) ==""9 m - 3" t 8 2t 2 = 9" t], t2- ta = 9" t2 t2- t~ . 

Intl'odncmg now the values of (.l2 anel (.l1 III function of (.lo in the 
numerator, we may reelnee tlllS ta A~to ~ + B~o + C, wh ere the 
caefiiclellts are to be eletermmed still. 

If we put ro = 0, C IS immediately falllld 
1 0 b

4 
0 

6b1 1 2b 8 b4 rn 
3 

C=-ao 3bo 6b1 m 
2b8 

= --aoN, 
m 

m m 3 

0 
3bD 0 

m 

m 3 

If we divide furthel' the second and third columns by (.lo and substi-
tute aftel'wards f.t = 00, the equation is reducible to 

3h 4 1 0 0 b4 1 0 0 
m 

6b 8 6b1 1 b4 / 2b 8 

6h1 1 b4 
m m m m 3 

A=--ac 
6h1 

=-a, 
3ho 6b1 

= --acN. 
3 3ho m m 

1 2b, - -2ba 
m m 3 m m 

3bo m 3bo m 
0 0 0 0--

m :{ m 3 

DIffel'entiating the numera.tor with respect to f.to a11d putting f.to = 0 
a.fterwards, we find the va.lue of B, This value consists of two 
determinants; the fil'st of these is identi<'a.lly zero, therefore 
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aa 0 0 0 0 0 

ai 
6b1 1 0 0 0 0 
m 

3bo 6b1 1 0 b. 0 a, 
m m 

, 3bo 6b 1 B=- a B 0 0 2b B b. 
m m 

3bo 3b, m 
as 0 0 2b. 

m m 3 

0 0 
6ba 0 

m 
al 0 

m 3 

ao 0 0 0 1 0 0 

or 

2 
- ai . "3 (bom + 6b1 S -- 9bob2) 

2 
- a, . "3 (blm - 3bob.) 

2 - •. 

- aa . "3 (b2m - 2b l b. - bob,) 

2 
- as . "3 (bam - 3b l b.) 

2 
- al • "3 (b,m + 6b,' - 9b2b,) 

With these values the differential of RrcCATI takes the fOl'm 

,_ 3 ,B 3 
Ilo - - - ae Ilo + N Ilo - - ao • • • • • (19) 

m m 

and the same reasoning as befOJ'e shows that if the necessary condi
tions are satisfied the substitution which reduces the given differen
ti al equation (14) to the eqllation (19) may be inferred from 

yB + 1l2Y' + IlIY + {.to = O. 

Substituting the values (17) we conclude finally that 
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reduces (14) to (19). 

5. To determine in this case the conditions, . we differentiate the 
b 4 b3 bi bo • 

four values -b ' b ' -b ' -b expl'essed In ).. and f.1 hy (15). This gives 
2 2 :2 2 

68(b,bz') = (6b2f.1f},-3b 4f.1oP·a'-(b.f.11 + 6bJÎ·z' + b.f.1QI./ + 3b 41.0' + I 
+ (b4/'1 + 6b2/·a).lLZ'-b/2f1/-3b4/·af.1o' 

68(bsbz') = (3b~f.11--3b3f.10))·s'-baf.11)..2' + (ba(1,2- 3b2)1./ -+ 3bal.o' + 
+ baI. 1f.12' + (3bz/·a-ba/·2)f.1l'-3bal.af.10' 

68(blb2')=-3blrO/'3'+(3b2ro-blf.11»)./+blf.1~)./+(3bl-3b2f.12)i.o' + \. (-'1) 

+ (bl/·1-3b2/·0)~t:/-bl/·2f.1/ + (3b2À2-3b1/·a)f.10' 

68(bob/)=-3bof.1o Àa' -bo{Ll Àz' + (bof.12+ 6b2tLo)/'1' + (3bo-6b2f.11)i·O' + 

+ bo/'1f.12'-(boÀ~+6bz,i.o)f.1/ -+ (6bz/.!-3b o/' 3 )110' J 

Oombining each of these equations with the seven farmer equations 
(15) and eliminating the quantities Àa' À2' )./20 ' (L/ f.L/ [Lo', we obtain 

aa 1 0 0 0 0 0 0 

as f.1z 1 0 0 --Àa 0 0 

a, f.1l f.1z 1 0 --/'2 -À 3 0 

=0 

al 0 0 f.10 f.1l o -).0 -).1 

ao 0 0 0 f.10 o 0 -Ào 

Co Cl Cz C8 C. Cs Ca C7 

where the Jast row is formed by the coeflicients of each of the 
four equations (21). Hence for the first of these 

Co = 6(bA/), Cl = 6bfJf.1z -- 3b.f.1o' etc. 

lf we l'educe tbis determinant in the same way as hefore, the last row 
-becomes in the fh'st place 

1.8C2+ Cs )..3 C,+C, )".C.+ C7 
Co, Cl' C2 , Ca' C., 8 8 8 

and secondly 
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that is for the four cases successively 

3bob. 6b l b. 
6 (b.bil'l, 6 b2f.l2-3b.f.lo' - 6 b2 - -- , 3b., - 2bab., b/, 0 

m m 

3boba 6b l b3 ~ 
6 (b 3 b,/), 3 b!f.lJ-3bstlo' - --, -- - 3b:2' 3bs' - 2b3 , bs b4 , 0 

rn m 

rn 

3b ~ 6bob
l 

18bob2 6 (bob:!'), - 3 bof.lo, - _0 , , 3bo - -- , 
mmm 

- 2bob8 , bob. + 2b ilm, - 12b2b. 

",hieh may be l'epl'esented fol' a moment by DoDlv-).DsD.DsDeD7' 
Aftel' these reductions it is evident that only the second column 
contains the quantities f.lo til tt~. Hence, with regard to the relations 
(17), this determinant may be wl'itten in the form Af.lo+B, where 
the value of A is found by differentiating with respect to f.lo and B 
by 5ubstituting f.lo = O. 

In this way A takes the form of a determinant of the eighth order 
which immediately leads to the following of the sixth order. 

3b. mmm m 
1 0 0 0 0 SD'I SD2SD8 SD. Di m 

6ba 6b l 
b. 

m 
1 0 0 b. 0 0 0 

'In m 3 

3bo 6b l 2b. 
m 

1 1 2b. b4 2b l 0 b. 
m m 3 

A=-aeu 
m 111 m 

De 

0 

0 

= aolt (~y 
3bo 6b l 0 0 

3 
2ba 3 

bo 2b1 2ba 54 m 3 m 

3bo m m 
0 0 0 0 0 0 ho 2h l 2b. 

'rn 3 3 

D' 1 D2 Da D. Dó D. \0 0 0 bo 0 
m 

3 

where D'- dD I 
1 - • 

dtLo 
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Developing this cl etcl' trl in an f, n.nc1 pn ff ing 

m~ 4blb8+2bob~ ~ 4bob/+4b/b~ - _ 
81 - 9 m + 3 m + bob~(bob~-4blb8) - P 

we have 

A = acu (~yp[~~ D/ - b~m D2 __ 2b;m DB _ ~2 D. + 2blD6 + 'boDél ~ 
n: we introduce now the va:Iues of the quaritities D iu the last 

factor, th is leads in the four different cases to 

2b~ , 
- 3 rn + 4b2b.m + 2b.(bob.-4blb.) 

2b, - 3 m' + 4b2b,m + 2bs(bob4-4blbl) 

, 2b 
- Tm' + 4blb2m + 2bl(bob.-4blbl) 

2bo 2 b b b - 3 m + 4bo 2m + 2 o(bob.-4b1 I)' 

If we obsel've that we have by definition 

m'-6b2m 
bob.,-4bl bl = 3 

it is evident that in all cases A = 0. 
The conditions are therefore determined by B = 0, and this may 

be written, aftel' a slight reduction 

m 
0 af 0 0 0 0 0 

3 
m 

0 0 ai 2b1 0 0 0 
3 

m 
0 0 a. bo 2b1 0 b. 

'3 
m 

b. 0 al 0 bo 2bl 2b., 3 
=0 

a2 0 0 bo 2b l 
m 

:abt b. 
3 

al 0 0 0 bo 
m 

2ba 0 
3 

ao 0 0 0 0 0 
m 

0 
3 

mmm m 
Do D7 Do S(Dl)o' SD2 SD, SD4 D, 
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where' the elements of tlle last l'OW are respectively in the fom cases:' 

6(b.bz'), 12b1b2, -(bob.+2b2m), 2b1b., b.m, -2bab., b/, 0 

6lbab2'), 3bob2, -bobs, 2b1b.-.-b2m, v.m, ~2ba~' bab., 0 

6(bA2')' 0, -bob1, 2b1\ b1(m-6b2), b2m -2b1b3, b1b., -3bzb. 

6(bob2'), 0, -bo\ 2bob1 , bo(m-6b2), -2bobs, bob.+2b2m, -12b2b. 

6. Following the same wa)' in the general case, we obtain fol' 
t1o' the qüotient of two deterniinants each of order 2n+1. If we rednce 
these as befol'e, the denominator will be seen 10 be independent of 
À. anc! (1,; and the numeralol' will only coritain t11e quantities 
(Ln-l, (.Ln-2·· (.LIl (.lo in two columns. Now tt,,-!, (.tn-2,· . (.L1 may be 
expressed 'as linear fUl1ctiol1s of (1,0' and this proves at once that the 

. numel'l1tol' must be a polJrnomial of the second degl'ee in (Lo' H, 
therefore the neeessal'y conditions are satisfied, the' quantity (to is' an 
integral of an equation of RICCATI. The substitution which re duces 
the given diffel'ential eql1ation tó this eql1ation of RrccATI will then be 
foubd from - .. 

yn + (.Ln-l yn-l + ... (1,1 Y + (.Lo = 0 

by determining (.LII-I!··, (.L1 in function of (1,0 and expressing (.Lo in 
function of y. 

Physics .. - ." The law of shift of the central component of a triplet 
'in a magnet'ic field." By Prof. P., ZEEMAN . 

. In ·t~vo communications to this Academy 1) on "Change of wave
length of the middle line of triple1s" I gave coriclnsive evidence 
obtained by means of l\1ICHELSON'S echelon-spectroscope that the 
central line of some triplets is shifted. The fact of this displacement 
was established simnltaneollsly with my own observatiolls by 
G~IELIN~) alld JACK 3). GMELIN fhst ga,ve the law of shift in the case 
of the mercury line 5791. Aecording fa him lhe chn,nge of wavelength 
lInder' consideration is proportional to the squal'e.of the magnetic force. 

In the secOlId part of a former paper on "Magnetic resolution of 
spectra! lines .and magnetic force" measurements concerning the 
asymmetrical. l'esolution of the mereury line 5791 are given 4). 

1) P. ZEEMAN. These Procedings February 1908, April 1908. 
2) GMELIN. PhysikaJische Zeitschrift. 9. Jahrgang S. 212-214. H108. 
3) JACK see VOlGT. Magneto·optik. S. 178. 
4) ZEEMAN. These Pl'oceedings Novem?er 1907. 


