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TABLE VIII (continued). 

x 
I 

n=O n=1 n=2 
I -

n=3 n=4 

5.0 o 9596 -0,08,2' I -0 li562 0,0211 0,0140 
5 1 O,9d!8 -0,0793 -0,0555 o 0181 0.0151 
5,2 0,9658 -0 0746 -0,0547 0,0159 o 0162 
5,3 0,9686 -0,0701 -0,0538 0.0135 0,0169 
5 4 0,9711 -00659 -0,0527 00112 0.0175 
5,5 o 9734 -00618 -0 05'15 0,0090 0.0179 
5,6 0,9756 -0.0580 -0,0503 0.0070 0.018t 
5 7 o !J776 -0,0544 -00489 0,0050 0.0183 
5,8 0,9794 -0 0509 -00475 0,0032 o 0182 
5 9 0,9811 -00477 -00461 o 0016 0.0181 

I 

G.O 0,9827 -0,0446 -0.0446 0,0000 0,0178 
(j 5 o 9887 -0 0318 -0,0.371 -0 , OOGO 00154 
7,0 o 9927 -00223 -0 (l2g8 -0.0093 o 0119 
7.5 0,9953 -0 01;)6 -0,0233 -0,0107 0.('083 
8,0 0.99iO -0 0107 -0,0179 -0.0107 o 0050 
8.5 0.9981 -00074 -0,0135 -0,0100 o 0024 
90 0,9988 -0,0050 -0 0100 -0,0088 0.0005 
9:5 O,99tJ2 -0.00!l4 -0,0073 -O,O07~ -0.0008 

-10 0 0,\)995 -00023 -0.0053 -0.0061 -00015 
105 0.9997 -0 0015 -0.0038 -0.0048 -0.UOI9 

1'1.0 0.9998 -0.0010 -0 0027 -0.0038 -0.0020 
'1'1.5 0.9999 -0.0007 -0.0019 -000:l9 -0 0019 
12.0 0.9999 -0.0004 -0.0013 -0.0022 -00017 
12,5 1.0000 -0.0003 -0.0009 -0.0017 --0.0015 
'13,0 -0 0002 -0.0006 -0.0012 -0.0012 
'135 -0.0001 -0.0004 -0.0009 -0.0010 
'14.0 -0.0001 -0.0003 -0.0007 -0.e008 

~ 14.5 -0.0001 -00002 -0.0005 -0 0007 
15.0 0.0000 -0 0001 -0.0003 -0.000;) 
'15.5 -0.0001 -0.0002 -0.0004 
16,0 -0.0001 -O.OOO.! -0.0003 
'16 5 0.0000 -0.0001 - 0.0002 
17.0 -0.0001 -0.0002 
'17,5 -0.0001 -O.OOUl 
18,0 0.0000 -0.0001 
'18.5 -0.0001 
19.0 0.0000 

Mathematics. - "On Clwves of O1'clm'/oul' witlt two flecnodal points 
, OJ' witlt t100 b~flecnoclal points." By Prof. JAN DE VmES. 

1. The points of a binodal curve of order fom, C4 , are projected 
out of the two double points 01 anel ()2 by two pencils in eOl're

sponelence (2, 2). 
So sueh a C\ is determined by the relation 

a22Î,2~t2 +" n),2/t+a20 Î.2 +a12Î.~t2 +a11J·~t+a10Î.+ a02~t2 +(lOl~t+(/ 00 = 0, 

whel'e 
). = .v1 : {/J3 and [t = {/J2 : 1IJ 3 • 

Acrol'ding to a well-knowJI propel'ty the eight singulal' l'ay s (J.) 
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are in fom ways prQjective io the cight singulal' ray-s {(t); COllse· 
quently thl'ough Ol and O

2 
pass four cOllics bearing each fom 

points of intersection of two tangents out of 01 and O2 and at the 
same nmE' fom }Joints of intersection of rays out of O, and O2 to 
the points of contact of those tangents (double-l'ays of the (2, 2)). 

If 0
1
0

2 
is a branchray for both pencils, one of the four conics 

degenerates, in which case 04 has cusps in Ol and O2 (see my 
pl1per "On bic'uspidal CU1'ves of O1'Clm' fmt1''', Pl'oceedings of the 
meeting of Dec. 24tlt 1908, Yol. IX, p. 499). 

Wc Sll ppose that 0
1
0

2 
is conjugate as double-ray to the branch

l'ays 0
1
0

3 
l1nd 0

2
0

3
, The equation of correspondenee must then 

furnish for J, = ° and for ft = ° the equations ~t2 = 00 and J.2 = 00; 

hence (120 = 0, a 02 = 0, alO = 0, a Ol = 0. 
The equation of C

4 
can now be written in the farm 

{/]12''/]22 + 2''/]1.'1]2''/]8 (bl''/]l + b2 .'1]2 + b3 [(;8) + ''/]3 4 = 0. 

In each of ihe two double points one of the branches hl1s an 
inflectional point; the eOl'l'eRponding tangents are tV1 = ° and x2 = 0. 

Out of each of the two flecnodal points th1'ee more tangents can 
be drawn to C

4
• l'hey l1re l'epresented by 

b12''/]1:\ + 2.b l bsO]12.'tJ J + (b 3
2-1) IV l .'l]3

2 
- 2b2.'tJ:/ = 0, 

b22,'tJ23 + 2b
2
ba0]2 2:os + (b s

2-1),02:v3
2 

- 2bl ,'tJa
3 = 0. 

By eliminating Xs s we fiud 

(bls,'tJls _ b
2 

3.'1]2 3) + 2bs,'tJ
J 

(b/''/]12 - b2
2 ,'tJ 2

2
) + (b 3

2 -1) ,'tJs 2 (bl,'tJ l - b2 0]2) = o. 
80 on the right line bI Xl = b2x2 lie three points of intersectioll of 

the tangents out of Ol with the tangents out of O2 , We shall indi-

cate it hy ft. 
It is evident that these three points and the point UI are the 

branchpoints fol' the t wo collo cal series of points in eorrespondence 
(2,2), uetel'mined by the pencils (Ol) and C O2 ) on the Jine h. 80 
accol'ding to t~ well-known pl'operty this (2,2) IS involutory. 

Illdeed, we find out of 
).2 ~2 + 2 b

l 
À ~ ~t + 2 b2 J. ~2 + 2 b8 J, (t + 1 = 0 

and 
bl J. = b. (t', 

that the (2,2) is indicated on h by the symmetrie relation 

b,2 tt2 ~t'2 + 2 b
l 

b2' (~t2 (t' + ~t ~t'2) + 2 bl b. b3 (t (t' + bI' = 0 

between the l'ays pro,jecting' it out of 0 •. 

2. If (2, Q' is a pair of the il1volutory (2,2) on lt, then the points 
Pl=(OJ2, 02Q') .and P.=COIQ', O/)J li~ on {)4' The line PtPs 

I • 

" I 

J I 

i i 
I 

I 
I •. 
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intersects 0 1 0 2 Ül a point H, sopamtocl hal'monically uy jhe line h ~ 
from Ol and O2 , 

So the pairs of points [>1' P2 form on C4 a fUl1cla171entrfl i71Volution 
li~, of which each ray through H contains two pairs. 

The coincidences of F2 are the points of contact of the tangents 
out of H (Yl = b2 , Y2 = - bl, Y, = 0). The polftl' curve of H has as 
equation 

(bl lUl - b2 l1J 2) (lUl IU 2 + 1U3 bx ) = 0, 

so it consists of the line ft. and the conic 

The points of intersection of this conic with C4 , 

.'1\2.?J2
2 + 2 lUl 1U 2 IU a b:t + {Va 4 = 0, 

lie on ,'va
2 = 0 and on tc/ = b1. 2

• 

By combining 
b",= ± l!J a 

with the equation of C4 we find (,'vl X 2 ± Xa 2)2 = O. So H is the 
point of intel'section of two double tangents. 

Tbe points of contact of these double tangents fOl'ming two pairs 
of F 2 and being generatecl by the conics X I X2 ± ,'/Ja 2 = 0, the sup
position i~ at hand that F2 can also be determinecl by means of the 
pencil of conies 

lndeed, the movable points of intersection of these conics with C4 

lie on the rays 
(1 + (>2) lV a + 2 Q bx =. 0, 

passin~ through H, whilst the line- h, 
bl .'lIl = b2 IV 2 , 

is the polar of H with respect to each conic 

Resuming we ean say: 
Of a G\ with two flecnodal points Ol ancl O2 two cloubIe tangents 

?neet on tlU! connecting 'line 0 1 02 of the double lJoints, Tlte points 
of contact of the fow' tangents which it is possible still to dmw out 
of thei7' point of inte1'section to C4 Zie on a 7'ight Zine, whiclt contains 
?noreOVe7' th,'ee poÏ7,ts of inte7'section of the tangents 1\, S1' ti out of 

- Ol with the tangents 1'2' Sv t2 Oltt of O2 and the point of inte7'section 
of the inflectional tangents fl anc! 12 in Ol and O2 , 

3. Fl'om (fl Tl 81 t1) = (f2 1'2 82 t2) follows 

(fl 1\ 81 t1) = (1'2 t~ t2 82) = (82 t2 12 1'2) = (t2 82 1'2/2)' 
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By this thl'ee conics ~2' (JJ' 1'~ Illl'ollgh 0] and OJ arc dctel'mincd 
containing in sueeession the quadruplets of points 

.f]1'2 , 'l'd2 , 8/2 , t]8 2 j 

.f]82 1']t2 8].f2 , t]1'2 j 

f]t 2 1\82 , 8]1'2 t]j~ .1) 

On these too the penl'ils.( 0]) and (0 2 ) al'l'anged in t 2, 2) determine 
involutol'Y (2,2), which then again are connected vi'ith fundamentat 
?:nvolutions on C4 , The pairs of sneh an involution lie on rays through 
thc pole B, S, T of 0] O2 with respect to the corrcsponding conie 
~2' (J2' 1'2' This pole is the point of intersection of two double tangents; 
this tollows amongst others fl'om the fact, that the point of contact 
of each tangent of the C4 drawn fi'om B must !ie on the conic Q2 

and must be a coincidence of the involutory (2,2); the number of 
these tangents amounts thus to fom, so that the remaining tangents 
out of R must coincide two by two in two double tangents. 

For fmthel' pal'ticulal's about the properties w hich can be.' deduced 
from these observations 1 refer to my paper mentioned above and to 
the paper nameel in it publisheel in "N. Archief voor Wiskunde, XIV." 

4. We shall now suppose th al 0] alld () 2 are b~fiecnodal points. Let 
us choose the point O~ in such a way, that the tangents in 9] and 
in O2 are separated harmonically by 0] O2,01 011'esp. by 0 2 0],02 0 3 , 

then the equation of C4 has the form 

iIJ]2.'lJ 2
2 - a/ilJ2

2
,'lJa

2 
- a2

2
,'IJ]2.'lJa

2 + boiIJ],'lJ 2ilJa 2 + b] ,'IJ] ,'IJ a 3 + b2,'lJ2JJ 3 3 + C2,'lJa
4 = O. 

If 0] and O2 are 10 become biflecnodal points, then we shall every 
time have to find when substituting x] = ± a]xa and X2 = ± a2x 1 

that Va 4 = 0. For this is neC'essary b2 ± a] bo = ° and b] ± a2bo = 0, 
thus bo = 0, b] = ° anel b2 = 0 2). 

80 we have to deal with the equation 
iIJ]2,'lJ2

2 
- a/{c

2 
2.'lJ

8 
2 

- a
2 

2,'IJ]2.'lJ
3 

2 + 02,'lJ
8

4 = O. 

If we write fol' this 
(.'IJ]2 - a] 2 ,'IJ a 2) ({IJ 2 2 - a2

2 .'lJ 8
2) + (c2 - a]2aZ 2) .'lJ a 4 = 0, 

and if we put moreover 
c2 

- a]2 a2 2 =/2, 
it is evident thai C4 can be generated by the pro,jecti"e im'olutions 
of rays 

1) The six points 1\82' 811'2, 81t2, t182' t11'2, 1'1t2 lie on a conic; for, through 
1'11'~, 8182, tl t~ passes the line h. 

2) We [iud moreover that 01 canuot have at the same time a flecnodal point 
and a biflecnodal point. 

1l 
o 
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iVl~ - al~,Va'= ).'/:Va
2 

i/Ja 2 = _). (a)22-a~ ',va
2
). 

In this C4 thus COl quadmngles a1'e described Itaviny all Ol anc! O. 
as diagonal points. 

The vertices of these quadrangles evidently form a Jwulamental 
in'Volution F 4• 

Out of 
mlO = ( a1

2 + '}..f) iV/" 

i .. v.' = (J. a/ - f) ,va
2 

\ 

we find for the diagonals of tbe quaclrangle (J.) the equatiol1 

(Aa.' - f) .'111
2 = (I.a l '+).'f) .'11.'. 

Ro all quadrangleE> have in O. their thi1'Cl diagonal point. 
At tIle same time it is evident from this that we can build up the 

above mentioned F 4 oui of pairs of the fundamental p. or which 
each ray through Oa contains two pair8. 

lf the two pail's coincide thell the ray w hieh bears them is a 
double 1angent. 

or 

The pairs on the ray Xl = QX. we find out of 

p.' + (a/-a.'Q·) J. + f~/ = 0 

Thus fol' a double tangent we have 

(a1
2 -a/Q')2 == 4P'l, 

a,'Q' ± 2fQ - al' = 0, 

80 Os is the lJoint of inte7'section oJ Jou)' double tangents C01're
sponding to 

a. 2
IVl ' ± 2f.vl .'ll, - a1

2,v.· = 0, 

or, what comes to the same, to 

'l'he, eighi points of contact Zie on a conic. 
Fol', the polar curve of Oa degenerates inio .1'3 = 0 and the conic 

a.'ml~ + al'm.' - 2o',va' = 0, 

5. We shall show now that the l'emaining four double tangenls are 
eonneeted with two fundamental mvohttions of pal:1'S whieh can be 
generated by eonics. 

The çurve C4 ('an be genCl'ated by the projective pencils 

(ml - al ,va) (m. - a,x,) = !?f.'lJz', I 
Q (ml + alm a) (,v. + a~,'lJ3) = - f.'lJ/" I 
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Evidently the two val'iabie points of intet'section of cOlljugate 

cOllies Iie on the line 
2Q (a l x 2 + a2"1J 1) + (Q2 + l)!xs = 0, 

passing through the point Hl having as cool'dina'tes (al' - a 2 , 0), 
Each line 

al x 2 + a2 ilJ 1 + 6j:Va = 0 

bears twO pairs of the funclamental invo1ution which can be genel'atecl 
byeach of the two pencils of conics ; fol' we have r/ - 2IJQ + 1 = O. 

Fo!' (! = + 1 these pairs coincicle anel we find the double tangents 
a l "V 2 + a2x l ± fi'IJ 3 = O. 

In a similar way the peneils 

(Xl - alma) (,v 2 + a2 "lJ a) = f!J.v a
2

, 

Q (,VI + a1,va) (,v 2 - a2x a) = - fiV a 2 

cletel'mine a fnllclamenta1 inyo1ution which is also gencl'ated by the 
ray::; out of the point H 2 (al' a 2 , 0), thl'ough which at the ::,ame time 

the double tangents 

PU&s. 
The fom' clottble tcmgents form u quadrilateral having 0 1 0 2 Os as 

cliagonal triangle. 

/ 

6. The po1ar 1ine of (al' + a2, 0) with respect to the eónie 

(,VI - al,va) (,l)2 ± a2,va) = QJ.V a 2 

is l'epl'esen ted by 
a

l
,v2 ± a 2,'lJ l = O. 

Fl'ol1l tlus ensue& that the pencils (Hl) anc! (H2 ) dete1'mine two 
invo111tOl'y (2,2) on these two lines hl anel 7t2 • Thei1' branchpoints 
al'e generated by lhe nodal tangents anel the tangents which can 

still be drawIl out of Ol and O2 , 

If we write the equation of C4 in the farm 

( 
.. 2 _ a 2 0 , 2) 'IJ 2 _ (a 2'IJ 2 _ ()2'IJ 2) !IJ 2 - 0 

tUl 1 tU J t 2 2 tIC. 3 ':1 - , 

it is evident that the lines 

touch it on X 2 = O. 
In an analogous way the lines 

have theil' points of contact on mI = O. 
And now we see dil'ectly that these two pairs of rays interseet 

0ach oiber on the lines hl and h2 , 

al ,v 2 ± a"v1 = 0, 

\ 
~ I , 

\ 
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which bear at the same time the points of intel'seetion of the nodal 
tangents 

.'111' = al ~''Ua 2 and .'U~ ~ = Ct2 ':Va '. 

The l'emaining points of intersection of the two fourrays lie on 
the conic 

al ~''U2~ + a/.'U/ - (a/a 2
2 + ()2) .'U/ = O. 

This is immediately evident, if we elinlinate out of the equations 

(aI2m2~ - C
2 .'U8

2
) (.'U/ - a2~''Ua2) = 0, 

(a,2''Ul~ - c~m32) (.'U1
2 - a1

2ma
2

) = ° 
the quantity Xs 4. 

The coincidences on !tI and lt2 here also ol'iginate from the ta,ngents 
out of lL. anel H2 • lncleecl we finel fol' the polar curves of Hl anel H2 

I al(ml,u/ - a22''Ul''U32) ± a~(,'U/.'U, - aI
2m2 ,'U/) = 0, 

or 

(al .'l1 1 ± a2,'U2) (.'U l tU2 =+= Ctl a 2.'U a
2) = 0. 

Fl'om this is evident at the same time th at the conics 

''Ulm~ =+= alCt,.'U3
2 = ° 

generate the pointE> of contact of the double tangents meeting in 
BI and B,. 

By combining the equation 
II1l '.'U/ - a1

2a2 21113 4 = 0 

with the equation of C4 we find that the eight points of contact 
of ,the four double tangents are situateel on the conic 

Ct, '.'U l ' + a/,'I1/ = (a l 'a 2
2 + (2

) 1113
2 

7. The curve of HESSE is representeel by 

(a1
21112 2+ a2 '.'lJ l ') .'U l 'm2

2 + 1(8al 'a, ~-6c') .'U1
2.'U,' - (al~ m, '+a2 "'Ul 2)21 :Ua 2 + 

+ (al'a,2-202) (al'm, 2+a/m12) ,'U 3 4 + 2a1
2a,2 021113 6 = O. 

If we eliminate X1
2X,2 out of this eqnation anel the equation of C., 

"' 2 IV 2 (a '"' 2 + a 2 (IJ 2) (IJ 2 + OS (!) 4 - 0 &V} '2 - 1 tV 2 2 I- 1 t 3 Co:l - , 

it is evident that the points which the two curves have in commOll 
besides Ol and O2 are situated on the conic 

3 (a,2,l!1 2 + a12.'U~~) = 202,'U/. 

'I'lte eight points of i1~f[e,'lJion of a C4 witlt two biftecnoclal points m'e 
points of illtm'section with Ct conic. 

They lie two by 1wo on, four right lines through the point of 
intersection 0.1 of the four double tangents of the first gl'oup. 

The polal'curve 173 of the point (IJ) is l'epresenteel by 

(ylm, +y,.'U1)a\.'V,-y 8(al 2''U 2 2 + ct, 2.'U1
2
)ma -(a1

2y,.'V'), +a2 2YI,1JJII13
2 + 2o'Yall1 a 3=0. 

/ 
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As it is ionehed in 0] and O2 by the lines 

Y2,'lJ2 - a 2 ').Ya,'lJ a = 0 anel 7/1,'lJ1 - Ct1
2
Ya,'lJa = 0, 

we find that 

Y1Y'JJIJ1.'lJ2 - (/1
2Y2Y a.'IJ2{/]a - Q2

2
?hYa.'IJ 1 ,'lJ a + c2

Ya
2

.'IJa
2 = 0 

represents a conie 112 tonching the polar curve in 01 and O2, 

If (y) lies on C4 , then 
1/ 2y 2 _ a 2y 2y 2 _ a 2y 2y 2 + (J2y 4 - 0 
':/12 123 21a 3-' 

1. e. (y) also belongs to 112', The tangent (y) to "12 has as equation 

Y1Y2(Y1.'IJ2+Y2''lJ1) - (a/Y22 +a 2 2Y1 <)Y3,'lJa-Ya 2(a1
2y 2,'lJ2+a22Y1,'lJ1)+2c2Ya a ,'IJ a = O. 

As when (x) [t,nd Iy) are exchaIlgec1 ii determines ihe polar curve 
1)3 it repreE>ents ai the same time tbe tangent in (y) to C4 • 

In eaclt oj its points C4 is touchecl by a conic 1I)hich touches tlte 
po la?' curve of that ZJoint in the biflecnodal pOildi'J. 

The CUl'ves C\ and 11
2 

have two more points in COlll1110n. If l Ü, 

t11ei1' connecting line, then the peneil deie1'mineel by C4 [t,nd 11a + l 
contains a curve composed of 112 anel a second conic. From th is 
etlsues: Tlte points of contact oj the si[/] tangents O'tlt of a point oj 0 4 

can be connected by a conic. 

8. The p1'ojective involutions of l'ays (01) anel (0 2) have as 

double rays 
). = 00 , [JJa

2 = 0, t ~ ). = 0, ,'V 3
2 = 0, 

o anel 
J. = - a1

2 :1, ,'lJ1- = O. J. =1: a 2
2, [1]2

2 = O. 

When the double rays 020a and 010a are conjugated to each 
othe1', theil' point of intersect~on becomes a third double point of C4 • 

This takes place when we have 

L + a1
2 

= 0 Ol' c2 = O. 
2 1 ' 4 2 

The C
4 

is then represented by 
0.2002 a2m2m2 a2m20.2-0 
wl w2 - 1 lU 2 w3 --- 2_ Wl wa - • 

So it has three biflecnodal points. As is evident from the above 
we C[t,ll desc1'ibe in this Cl dJ qnadrangles having the thl'ee double 

points as diagonal points. 
The double tangents 01' the fi1'st grou}) [t,l'e now l'eplaceel by ihe 

tangents in Os (§ 4). In e[t,ch of the biflecnod[t,l points ihe tangents 
are harmonicully separated by the lines io the l'emalning two 

double points. 
The C

4 
with three billecnodal points !1[t,ve been extensively treated 

by LAGUl!}lUm (.Nouv. Ann. 2c sél'ie XVll, 1878) and by SCIlOU'L'I~ (Arclu'v 
dm' Jllath. ~md Phys. 2c H,eihe, H, lIl, IV, VI, 1885- 87). 

I • 

I I I 

~I 
11 

_______ ,.-----------"--'-111 'I 


