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Mathematics. — “On curves which can be generated by projective
involutions of rays” By Prof. Jax pr Vries.

1. By the symbol

(@,, + agug)®)
we shall indicate a homogeneous form of order 7.
By the projective involufions of rays

(“2‘7"2 + “a"v:s)(n) + A (aﬂ""’i + anws)(n) =0,

(02, + by ) + L (B, - By, )0 = 0
a curve (o, is generated in which o' 2n-sides are described pos-
sessing in O, and O, n-fold vertices. For brevity I call such a 2n-side
bisingular.

O, and O, are n-fold points of the curve. The tangents in O,
form a group of the first involution which is conjugated to the group
of the second containing the ray (,0,. These two groups determine
a singular 2n-side, where O, veplaces i n (n-++1), and O, replaces
3 n (n—1) vertices. ‘

If we can describe in a Co with two n-fold points one bisingular
2n-side it bears an infinite number of those figures.

For, if the indicated 2n-side is represented by the two groups of rays

(@2, -+ a@) =0 , (b, + da )W =0,
and it @, = mx, is one of the rays of the first group, then the sub-
stitution must furnish x,” (0,2, 4 0;man)® =0, @, = max,, O, being
an n-fold point. Hence the equation of (s, must have the form

((‘2‘2"3 + a.s‘va)(n) (31""'1 - Bn”vs)(") - (bl""'l + b:xwa)(“) (an"""z + a:x""':)(") . (1)
But then the equation can be formed by elimination out of

(ag2y + aa ) 4 2 (a2, + ¢ @)™ =0, . @
by, + b)) + 2B, + g =0,{ "

and the curve contains the co' bisingular 2n-sides which can be
indicated by these two equations, 4 varying.

2. We shall now investigate under which condition two projective
involutions of rays will generate a curve (s, with three n-fold
points Oy, so that »* points of iniersection of two conjugate groups
of rays are vertices of three different bisingular 2n-sides having each
two of the points O, as n-fold vertices.

In that case we must be able {o bring through the points of inter-
section of
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(a3@; -} gy =0 and (b&, + b, )M =10
a group of rays
(c,, - cqmy) =0
It is now at once evident that this is only- possible when the first
iwo equations have the following form
aghagh — aha "t = 0, a,"— a "= 0,
so that we have
alnmln — agfay = 0.

Out of
aylz,n — @t + 2 (a2”{l}2” — aﬂ"ib’a") =0
and
a, " — ", + 2 (aliza;ln —_ as”‘”a") — 0
follows
(“’Jn‘?".’n"a's""”a") (6‘1"5'"1"_“3"‘7"3") — (“1”""111_“3"""'3") (aznlvgn_aanwan) —]

or in {ransparent notation
(ae)yu, gt + (00), 0w, + (aw)ezyte" = 0. . . . 3)
The' tangents in O, are represented by
(@), &, + (aa)ow,” = 0.

If @, = ke, is the equation of one of these tangents, then the sub-
stitution in the equation of the Ch, cvidently furnishes x,2" = 0. In
each of the m-fold points each tangent has thus (n -4-1) points in
common with the corresponding branch.

For each value of 2 we find a figure consisting of 3n lines (of
which however only 3 or 6 are real, according to n being even or
odd) and (n* 4 3) points (of which & or 7 are real). ')

1) We have in particular for # =3 a configuration (125, 9,). From this ensues,
by the way, that of the configuration (9, 12y) corresponding dually to it only 3 points
and 4 lines cdn be real. From the above itis evident that the 12 lines of the (9, 125)
can he represented by

£1=O: 52':0
g =0, gg=0 ; and & =k =18, where 3=1 is.
£5=0, £ =0

The three lines & = & = &y, & = efq == +*fy, &g =¢7§) = &lg contain together the
9 points. They are also indicated by

T1 4 T + T3 =0, %) + 5%, + 23 =0, 4 + 22 + 523 = 0.
The 9 points lying also on %%y =0, they are the base-points of the pencil
(@) + @y + @) @) F B+ ) (%) 4 €2 - e2p) -1 B2y % = 0.
And so here we have found back the canonical equation of Cj.
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3. The projective involutions of rays
(832, + a4 )) 4 2yl (a0, + ey )b = 0, )
(02, + b)) + 22k (B,x, + By&,)n—F) =0, (4)
generate evidently a Ch—p, which has O, and 0, as (n—£)-fold
points and as equation
(axmn + “a‘q;a)(") ({31‘7"1 + [)’3.’03)(”-1’) = (blmi + ba‘”a)(u) (“2‘7"1 +“a‘7"3)m_k) ' (5) (
The two multiple points are for £>1 of a particular kind. For
the tangents in O, are represented by {a,z, + ¢,@,)"—% =0, and
each of them has as is evident from substitution (£ -+ 1) points in
common with the corresponding branch of the curve.
For 2, =0 we find
a7k g0k (g 3w F—b a2, k) = 0.

Therefore the curve is intersected by 0,0, in a group of the invo-
lntion /3 which has O, and O, as Z-fold points.

If we can describe in a Cs,—; with {wo (n—F)-fold pointsabzﬁs’i'n-
gular 2n-side having those multiple points as n-fold points it hasan
equation of form (5). Bul then it can be generated by two involu-
tions of form (4) and it bears therefore oo bisingular 2n-sides.

4. For k=mn we find a C, which will in general not possess any
singular points. Yet it is in general not possible to geunerate a C,
by two involutions of rays of order n. For, the centres 0, and O,
of the involutions must be n-fold points of an involation 7,, of which
the points of intersection of C, with (),0, form a group. But then
the polar curve of O, wonld have to have (r—1) points in 0, in
common with the vight line 0,0,, and this is not possible for a
general Ch.

But each cubic curve can be generaled by two projeclive cubic
involutions of rays. Their centres O, and O, are conjugale points of
the curve of Hgsse, for the t{wo double rays which O, possesses
(besides the threefold ray O,0,), bearing cach of them the points of
contact of three tangents out of O,, form the polar conic of O,,
whilst the rays which complele the two double rays to groups of
the involution form the salellite conic of O,.

Let us now take inversely O, and O, as two conjugale poinis of
the curve of Hisse. We regard O, as cenlre of a cubic involution
which has 0,0, as threetold element, whilst a second group is formed
by three tangenis the poinis of conlact of which lic in a line », so
thal their points of interscetion with C, are silnated on aline s. The
line 7 counted double and the line s we unile o a group of a cubic
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involution (0,) having 0,0, as threefold ray. We now make the
two involutions projective in such a way that the threefold rays
correspond, that the group (¥rs) is conjugated to the group of the
three tangents and that finally the groups are assigned to each other
which are determined by the rays to an arbitrary point of C,. The
two involutions then generate a C, having with the given (; ten
points in common, thus coinciding with it.

In cach general cubic curve we can thus describe co* bisingular
hezagons. . .

Thetr threefold points lie on the curve of Hussk.

5. If the ray 0,0, counted double belongs to corresponding groups
of the cubic involutions (0,) and (0,), these involutions generate a
C, which has O, and 0, as points of inflection the tangents of which
meet each other on the ewrve. For, out of

a,2y° + Ba,@p’x, + Bagwye,® + ag,’ 4 Awgw,” = 0,

- bot,® 4+ 8b,a, w, + 8bgw @, + by’ 4 e =0
we find .

(@258, 29 0 +Bagmg@, +0, 0, ), = (b, *+8b,0,° 2 480y, 2, +b,0, )2y,
and this is satisfied by
2, =0, 2,2,° =0 and 2, =0, 22,"=0.

According to the rule found in § 3 0,0, is harmonically divided

by C.. >

Inversely, when two stationary tangents of a C, intersect each other
on the curve whilst thelr points of contact are harmonically separated
by C,, then those points are threefold wvertices of oo bisingular
hexagons described in C,.

For, in that case the equation of C, has the form
(6,@,% 1 0a%,") @180 + (fr&; + favs -+ fotty) 8,892, 4 (9,9, + ga@,)2,* = 0.
If we replace it by
{019’13 + fl"ulgmn + (lz'f'i + 9)"”1‘”3? + .qzwsa}a"z +
{ca""'na + fuwwy 4 (85 — (’)"va'””:s2 + 91""'33}‘7"1 =0,
it is evident, that the curve can be generated by the pencils
e, - fiwyey + (Bfy +0) 40wy + g2, + dae® =0,
055" [3®s %, + fs — 0) @,2,° + g,@," — Aw,2,® = 0.

Here we can still replace (2 + @) by p.
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