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Mathematics. - "An integral-tlteorern of GBGENBAUER." By Prof. 
Kr,UYVER. 

(Communicated in the meeting of February 27, 1909). 

GEGl!lNllAUER has proved a theorem according to which the product 
of two fllnctions of BESSJ!'L JJ (ax) a,nd JJ (btr) with the same para
meter v >, - 1- ean be given the form of a definite, ü1tegral 1

). 

In a former communieation 2) I have appliecl Ihis, theorem for the 
case v = 0 when redneing some diseontinuous integrals containing 
fnnetions of Bl!~sSEJ,. 1 shall nûw give in the following a direct proof 
of the indicated tbeol'em and shall use i1. 10 extend formel' resnlts. 

1. In order to find the product of two functions fJf BESSEL 

11=00 (-l)h e:)2h 
Jv(a,v) = (a;y~ hl r(v-j- h+I)' 

we ran multiply the absolutely ronvergiug power series. It is (hen 
evident, th at (supposing b < a) we find for the coefiieient of an 
arbitrary power of <'IJ a finite hypergeometic series with the fourth 

b~ 

argument -. 
a2 

We get 3) _ 

~ (tC)2h 
(abm2)/1~ _ (-I)h 2" ( b2) 

JJ(am)JJ(bm)= - ~ a~hF -v-h,-h,v+l,- . 
4 ..-. hl r(v+I)r(v+'t+I) a2 

h=O 

To transform the hypergeometric serIes appearing here I sha11 use 
the notation of RmMANN fol' the general hypergeometrie function 

I abc I 
P I a fj "I, z I' 

a' fj' "I' 

(a + a' + (j + fj' + "I + "I' = 1) 

P~ = (z-a)" [1 + A1(z -a) + A2(z-a)2 + . " .]. 
I) NIELSEN. Handbuch del' Theorie der Cylinderfunktionen, page 182. 
S) Proceedings 1905. 
:1) NIELSEN. page 20. 
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It is then evident that fol' two of the singular points the differences 
of the exponents aL'e equal, so that besides the ordinary substitution 
of order one also substiLutions of order two as 

o -1 +1 

pP a 
I {J, z 

a' {J' {J' 

and 

o -1 +1 

Prx 
o a {J, z 

a' {J' {J' 

are possible, 

rx 

o 00 1 

a o {J, Z2 
2 

a' 1 
{J' 

2 2 

o 00 1 

_ 
P 2 a 0 {J n , Z' 

- 0 2 

a' 1 
- {J' 

2 2 

The indicated reduction runs as follows: 

0 00 0 

F (-h' -v-h, v+1, :: 5 = P: -l~ 1 0 

-v -v-h 2v+ 1 +2h 

0 00 
h 

_(~y -2 h h b2 

- Po 0 
'~ -a 2 2 

h l~ 
2v+1+21~ -v-- -v--

I 2 2 

0 -1 +1 
h h 

= 22(~)hi2 h l~ 
0 -2' 2 

h 

b' ,- -a' 

a2 _b2 

a'+b' 

h 
2v+l+2h -v- - -v--

2 2 

0 00 1 
Tt 

CY-" lt Ct2

_

b2Y = 2Tt - PI - 0 0 
a 2 ' a2 +b2 

1 1 11 
v+ T+1I 2 

-)' -- -
2 
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0 CIJ 

TI 

Cf 2 
h 

= 2TI 
;:;- Po 0 

2 

I 0 -1 +1 

1 

0 

1 
v+-+h 

2 

= 2h 
( : Y Po-h -h 0 0, a::b2 -

-2v-h v+~+h v+l+Tt 

o 
o 

-2v 

-1 
_(a+ b)2h 0 I 0 
--a POlO 

-2v 

-h 

CIJ 1 

-h 
4ab 

o '(a+b)2 = 
v+i v+t+h 

1 

I 4a2b' 
, (a2+ b2 )2 1= 

(
a )211 ( 4ab ) 

= a+b F -h, v+h 2v+1, (a+b)' . 

So finally we have 

a2h F (-Tt l -v-Tt, v+l. b') = (a+b)2h F(-Tt, v+t. 2v+1, ~~), 
~ ~+~ 

a transfol'mation given by GAUSS. 

We now substitute for the ,just given hypergeometrical series the 
integral -

I 

z'-t (l-z)"-t 1 - --,-z dz, 22' r(v+1) J (4ab )h 
V.1l' r(v+~) (a+W 

o , 

and we find if in the integral we put z = cos~ T. 
2 

7r _ 

a2h F(-h, -v-h, v+1, b~) = r(v+l) ~a2+b2-2ab cos ,()TI sin2" g; dg;. 
a? V3l' P(v+t)) I 

o 

In the development found fol' the product J' (a..v) J;(bx) the above 
mentioned integral is introduced. 

Putting 
, ." .. 

we obtain 

~ 
I~I~ 
lil" 
«11 

JII 

l 

, I 
I1 

" ~l ~ 
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or 
rr 

J; (aa:).1v (ba;) = sin2v ep dep, aV b; a;V f.1v (.2.'/:) 

2v V:t r(v+~) .2v 

o 

by which the indicated theorem of' GEGENBAUER has been proved. 

2. With the aid of th is theorem we ean extend some well
known results concerning discontinuous integl'als, in which functions 
of BESSEL appeal'; pal'ticularly do the two following theorems -.) 

co 

-. .1v+1 (ue) Jv (ua) du = ' I;V+IJ I' 1 for a < e 
aV 0 for a> e, 

o 
'4 

eV+2J du ! i (c~-a2) for a < c, - .1v+2 (ue) .1v (ua) - = . 
aV v 0 for a> e. 

o 
lend themselves to this extension. 

The theorem of GEGEN~AUER nainely fillows on the gl'olmd of these 
results to determine in certain supposition the value of the disconti
nuous integrals 

co 

&~ f ~ W 2 = Jv+2 (uv) Jv (ua l) .1v (ua,) , .. .1v (1tall ) ( )+' 
a/a,v ... a,/ nV11- J 1 

o 
in whi'ch the number of J-functions is arbitl'ary and v is > - i. 

Let us think the positive numbers al' a" . .. all to be successive 
sides of a broken line OA1A, ... All, let us put L OAkAk+l = epk 
,and OAk = Sk, then we find successively 

J) NIE"SEN, p. 198. 
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rr 
1 

--- J"(USn_l) J"(uall) 
8"li-la"nUv 

1 fJV(USIl) . 'l 
I -- szn-V Pn -I dpn-l , 

2."V3t'r(v+~) 8Vn 
o 

so that we get 

Let now in the first place be 

c> al + a, + ... + all , 

then c is cèrtainly greater than S/I, and we find 
11: 

W= sin2;a da [ 
1 f Jn-l 

1 2V V.n'r(v+i) , 
o 

rr 

f · 'v d V.n'T(v+t) szn a a=---
r(v+l) 

o 
we find as final l'esult 

(c> a + a.+ .... + an)' 

Still in a second case the values of th~ integrals W1 and W~ are 
known. Let al exceed all other nllmbers a and let us put 

al > C + a~ + .... + an. 

, 
~ 

~ 
~ 

~I 
tI 

• \ 111 

'I ' 

'I I 
I 1 
{ , 

, 
,I 
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" 
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It is necessal'Y then fOl' al! va,lues of CPI' (P 2 , ' , , ,lfJlI-l that the 
closing side of the bl'ol{en lme be gl'eater than c and ta,lnng into 
consideration the two integral-theorems, sel'ving as starting pomt, we 
conclude that the integl'als TV1 and lV2 llaye both become zero, 

3, We might ask whether l'esults as al'l'ived at above are a1so attained 
when the functions J (ua) behinn the sign of integration have not 
all the same parameter, The following opeI'ation shows that this is 
partly the case, SupposiJlg that (1p (12 ,. ., [.Lil are numbers greater 
than v, then under a definite conditlOn the evaillation of the integrals 

cv+2 fC/) du 
W 4= JJ+2(uc) Jp.l(ual ) Jp~(ua2)" JI'-//(uall)-----.=:---+ 

a
1

1'-1 a
2

1'-J .. aP'l u:.p.-J 1 
11 0 

can be reduced to th at of the integl'a1s lVI and JifT2 , 

For the reduction of BTa and TV4 we can repeatedly app1y the 
formu1a 1) 

JI'(ua) = JJ(ua cos a) cos+1 a 8in~Il-2J-I a da. 
(ua}'''-J J2 

2p-J-I r([.L-v) 
o 

We obtain in th is way 

1) NIELSEN, page l81. 
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IX) 

e"+2 J du X JV+2(uc) J" (ual cos lil) .. JI (uan COS a,,) -( 1'+1' 
(al cos aJI ... (all cos all)" u" 11- ) 

o 

If now is given C > al + a2 + .. + all, then during the integl'a
tion the illequality 

c > al cos al + a2 COS a2 + ... + an COS all 
will continually hold and the results concerning the integrals TV1 and W2 

ean be applied. 
Remembering that we have 

--- cos2v+3 a 8in2fl - 2'-1 ada = , 2 f2 r(2+v) 

r(~-v). r(2+v) 
o 

we finally find 

r(l+v) . 
- -----_.-'----------

2~fl-V r(1+~Jr(1+~2) .. r(l+~II) 

(e > al + a2 + ... + all)' 

In pal'ticulal' we find out of the obtained value for W, for 
~=i, v=- i 

IX) 

JSin ue sin ual sin ua l . 

UIl+1 

o 
for ~ = - t, v = - t 

IX) 

-----=-----=----- du = -', J sin ue cos ual co US ua2 • • • cos uall :1r 

2 
o 

'IJ 
I 
I 

I 
l I 


