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Physics. — “On the course of the isobars jfor binary systems [1.”
By Prof. Pu. Konnstamu. (Communicated by Prof. J. D. vaw

DER W AALS).

(Communicated in the meeting of February 27, 1909).

8. The point ©= 2, v =20, the signification of which for the
d d
course of the lines dl) =0 and c_llj =0 we set forth in the preceding
v &
paper (These Proc. 599), is also an exceptional point for the isobars
themselves. If we approach this point along the line # = #,,’coming from
large volumes, the pressure is first zero, ascends then to a maximum,
at least for positive a, after which it passes agamn through zero, and
continues to descend to — oo, as appears easily from the formula

MRT
— 22- If, on the other hand, we arrive at the point & = x,,
v

v
v =10 along the line v =10, we find for the pressure the value - oo.
Also all the intermediate isobars pass through this point, as appears

, b 1% ([ 1 [\
when we substitute b = " + 5 gm” and v = (Zi—m)p,v + 3 ( dmﬂ)],w
in the equation for the isobar, so assuming the point v =g, v =20

. dv  db
as origin of coordinates. If further we put (dl) =7 e get,
%/ h

disregarding the higher powers:

) 1 | 9 MRT a
P=0 "0 @ 7aby
dz* dz' \de

and so, however small 2 be taken, we can find a point for every
value of p satisfying the equation. When « is positive the condition

b 4
for this is that E:Tz, so that the isobar touches »=125, and

2 2

v
further — >—
dz®*” da?’

v=~0, and so has greater volume with equal .

so the isobar has a smaller radius of curvaiure than

9. What was said in 7 and 5 enables us lo indicate the course

of the isobars in the neighbourhood of & =, ¥ =0. Coming from
. d

the sald point and touching there v =10 (and so also d—p =0) an
. v

isobar for a high negalive value of p will soon infersect the line
o4*

o
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dp ) dp ) )
- = 0. For as was proved in 5, o = 0 lies here at smaller volumes

v v

dp d,
than dixzo, and so in the region Where,d—p is positive. The line
&

d . . . .
di? =0 gives the minimum value of the pressure for every definite
@

2, and so this minimum value becomes constantly higher towards the”

vight, or in other words an isobar of a certain negative value of p

cannot penetrate further to the right than that a, for which this
d 7

value is reached on = =0. At the intersection with — = 0the
v @

isobar is // the z-axis, and afterwards it reaches the line 2z = u,.

The course outside this quadrant has no physical sign;ficance. So we

get a course as fig. 10 presents for an isobar very close to 2 = a,.

a.L’-—O
*D‘\{**+++*,‘,+b+4— fJ-d--‘-.}..’._‘_***

++
B .

Fig. 10.
But not all the isobars originating from 2 =w&,, v =0 will present
this course. The question, however, what the shape of the others is,
and* where the limit lies between the different kinds, can only be
discussed when we have gained a complete survey of the points of

d d

intersection of 51—9: 0 and d—p.:O, also of those lying at a great
@ v

distance.

10. The results obtained up to now are pretty well independent
of the question whether § is a linear, or a quadratic function of
@, bul now we must distinguish between these two suppositions.
For it is clear that for points lying considerably to the right many

!
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quantifies will get an_entively different value depending on whether
b increases with 2 or with 2°. Thus the critical temperature becomes
infinite in the first case, in the second it approaches a finite amount,
the critical pressure becomes finite in the first case, zero in the
d d
second, and also the situation of dﬁzo with respect to d—p—_—O
v &
is quite different in one case from that in the other. For if we
substitute in the equation:
- dp . MRT 2

d
the value of ¢—b, as it holds for f:O, we get:
&

da .

dz 2a

F(v) = —_

O =—F =7
v —_—
dz

Now we may put a, * for a for very great value of », 2a,r for
da db N

o and 2b & or b, for o depending on whether we assume the
& &

quadratic or the linear form for 5. In the latter case:

2a,8 (v—>b @
) =% 1
Fl)= v? ( by —)

. d . . dp. .
so positive, so that & —0 is found in the region where fls negative.
- & v

In the former case we get:

a, (v—2ba*
o =5 ("5 '
1

. d d|
so that d—p =0 is found in the region were d_p is negative ({he stable
& 7]

region of the mixtures taken as homogeneous) only if v > 24, which
according 1o the known properties of the isotherm comes to the

. . d,
same thing as that the pressure in the minimum (f = O) is positive,
v

27
or the temperature higher than 32 of the critical temperature.

l1. Let us for the present confine ourselves to the supposition of
a quadrafic function. So in the case which is still under considera-
tion that there is minimum ecritical {emperature and yel a*,, > a,a,,
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d q . '
no point of intersection of 27—3 =0 and d—p_—_—O will occur for very
& v

low temperature in the region on the right of «,. For, as vAN DER
Waars has demonstrated (These Proe. June 1908) for such a point
of intersection the equations

da du , 2
abd b\ de bEZ)
MR =2 |1 —"}) =— {1 —
bo v dab clb\
d—_—@ 2@&;,
€]
2a %
da
Y= —
da
da /

hold, so for very low temperature a point of intersection is only
. . . ) da

possible in the neighbourhood of an @, where either — =0 or the
aa

critical pressure is stationary. Both these possibilities, however are

not realised here, for as we shall show laler on, a minimum eritical

temperalure at the same time with a®, > a,n, 15 only possible for

a relative position of the lines @ and b as indicated in fig. 11, i. e,

/ 1
/| A
/ " \ -
T, DI : T
-k / E SRR ﬁ -
! \ ~—
) s - .
____-___H( N /’ \/a - PE _________
S
/o
\ / |
//TK
/
/
IMig. 11.

da db
the point a, on the left of &, and C—Z—=0 on the right of (—Z—%:_—O.
&L &

Now for &, and J, the crilical pressure is infinite, for @, and a, it
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. I3 a .
is zero; also for x = - o and # =— 0. The equation p, = = being

s

of the fourth degree in @, no more than 4 values of x can ever be
found for a certain value of pr. So no maximum or minimum of
the critical pressure can occur on the right of b,.

Here we interrupt the train of our reasoning for a moment, to
show that in the case considered a minimum ecritical temperature
must occur. As the equation:

da db
b— —a—
a7 . da dw 0
a0
gives an equation of the third degree, we might expect that3 values
of # which make 7, stationary, could be found for every syslem in
the complete diagram of isobars. But as for very great values of &
da db )
always b(};:a%: a,b.2®, one rool appears always to lie at
infinity, and there are at most two roots for finite . One of them
lies beiween «, and a,, where 7}, becomes — 0, the other lies on
the right of b,. For in our case we may write the equation for
a and b:

a=a, (& — )’ — a, b="ba*—b,
80

i0f—-_—-2a(az—-a}) C—l-b-—'Zbr

da ! ¢ de '

T ) da db

—— has the sign of b —— @ —, and so of:
2a, b, 2 (& — w,) — 2a, b, & (v — &,)* = 2a, b, &* 2, — 2a, b, 2%,
aTy . i . :

50 —— is positive for high values of @, which proves the presence

ih

of a minimwn ecritical temperature m connection with the value

+ o for =0 .

> 12. Let us now return to our diagram of isobars. We can now

represent it fully for low temperatures, now that we have seen

. . : . dp dp :
that there will be no intersection of E_:O and == 0 wn this case.
& v
We have only to add the observation that the value of the pressure

.4 : .
on the line d—‘p =0 approaches indefinitely fo zero for very great
v

value of 2, however small the value of 7 is, if only not quile zero.
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MRI . a . L
For P s in inverse ratio to @, and — to &* So it follows from
v— v

this that all the negative isobars starting from the point @ = a,,
v=0 will have the shape we indicated before. The line p=0 will

dp
intersect the line Ez— = 0 at infinite distance. To this isobar, however,
v

also the branch belongs starting from the point »p = 0 on the line-
z=ux,, and also the line v = w. For a positive pressure the isobar
consists of two separate branches. One of them, starting from the
point & = 2,, v == 0 remains confined to smaller volumes than p = 0,
the other starting from a point on the line # =&, arrives some-

. . )
where on the vapour branch of d—p =0, with ascending value of
v

and 2, has a tangent there parallel to the v-axis, and returns again
to the line & =a,, now on the other side of the maximum pressure.
So we get fig. 10 for the complete course of the isobars.

13. How will this figure be modified with increase of temperature.

. 1 L
Let us consider the temperature which 535 of the minimum eritical

a

temperature. From equation (1) on page 802 follows that we may expect

27
a point of intersection at a volume v =2 and a tempemtureﬁ T

. . - - db da
for the mixture with minimum citical temperature (Where = b E-)
£ &

The line %: 0 lying ai smaller volumes than the line %: 0 for
very great values of x, as we saw in L0, there must be another
point of intersection more to the right. It is clear that these poinis
of intersection have arisen by a contact of %_—:Oandj—ﬁ = 0, and
that the iwo points of intersection have moved from this point of
contact in opposite direction. Tor as the equations for the points of
intersection are of the first degree with respect to 7" and v, it is
not possible that two points of intersection lying beside each other
move in the same direction ; for then we shounld find different values
of 7' for the same valae of 2. In the point of intersection lying
most to the left the pressure is 0, from which it alveady follows
that there wmwust be another point of intersection; for the pressure
finally verging again to zero fowards the right, there must be a
point belween where the pressure has reached its lowest value on
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d .
the line g}—’_—: 0. So this point is really a minimum of pressure. Now
v

the‘diagram of isobars has changed in this (fig. 12) that a loop-line

X

htw

¢b.o

Gh gt et
!’*"*’* + ?++¢o¢+.‘_’4** .
AL T

V

AM 9}
g, 12,

has made its appearance, as we see immediately from the fact that
the direction of the iangeni of the isobar p = 0, passing through the
poini of intersection of %: 0 and g‘?—i = 0 becomes indeterminate
in this point. The two branches of this loop-line start, of course,
one from the point # =z,, v=0, the other from the point on the
line @ =, where p=0. They pursue their course through the
double point towards infinity, just as the branches of p =0 in
figure 10. Now too, the posilive isobars have the same course ‘as
indicated there. The negative isobars, however, at least part of them,
have broken up into two parts, a branch on the left of the mixture
with minimum ecritical temperature, which has again the same course
as in fig. 10, and a branch on its right, forming a closed curve round
(4

d f
the second point of intersection of d_p:‘ 0 and dp =0. Only forisobars
v

&
for a larger negative value than thai in the lasi-mentioned point
there exists only one branch.

Ii is clear what will be the course for intermediate temperatures.
It follows then again from the given equaiion that the pressure will:
be negative in the double point lying then at a value of & where

da db . Co .
w So we have a loop-line, which itself runs again as a
(48] &

4
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. . . . dp dp
closed line round the second point of intersection of == 0 and o=
& v
. 27 . iy
14. At a temperature higher than 33 of the minimum ecritical

temperature, there is positive pressure in the double point. For
the double point continually proceeds in the same direction; so
da

dz b
5 - constantly decreases during this movement and now the
(4
“ iz
expression :
bda da~ *
MRT 27 da 1 da 27 1 n\?
— T — ——— —_— —_—1n —_—
MRTy 8 db db 8 2
a— 20 —
de dw
2
has a value 0 for n =0 and » =2, a2 maximum for n=g; be-
2
tween n =1 (the x of the minimum ecritical temperature) and » =3

5

1
the righthand member is, therefore, greater than szd S0 7‘>?§Tk,

- 2
so that the pressure in the double point is positive. For » = §the

double point lies exactly at T'= 7% or v =30, so0 in the point of

d .
d_pzo where this line, which then has split up, has its tangent
v

J/ v-axis. At still higher temperature the double point of p gets on

d,
the vapour branch of dﬁ——_: 0, and disappears at the temperature at
v

d db
which — = MRT = for x==,, as is indicated in fig. 9. So long as
. & T

the double point coutinues {o lie on the liquid branch, that branch
of the isobar, which comes from & =, » =0, passes through the

. d,
double point, meets the vapour-branch of f =0 at larger 2, where
v

its tangent becomes // v-axis, and then runs back to a point of the
line ===, for greater value of v than that of the maximum pressure
on the straight line mentioned. The other branch of the loop-isobar
comes from a point of this line with smaller pressure than the
maximum pressure, and having passed the double point it remains at
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d . .
smaller volumes than d_70= 0. The course of the other isobars only
@£

undergoes modification as regards the isobars which intersect the line
g, . . .
d—p: 0 ou the right of the double point. Near the double point posi-
T

tive isobars are found at this temperature. They come from a point
on the line &= @, at larger volume than the largest that the loop-isobar
has in cowmmon with this lne. They are // v-axis on the vapour

d .
branch of g]z: 0, then they run back to smaller @, they are again
U

d; d;
/] v-axis on the liquid branch of d_p =0, and // z-axis on d—];: 0,
v d

after which they proceed towards infinity between the last-mentioned
line and the loop-isobar. So we have again got isobars here as in
the rigthand part of Van pmr Waars’ diagram of isobars (Fig. 13).

Fig. 18,

. d
When we ascend above the ecritical temperature, so that f =0
v
breaks up inlo a righthand part and into a lefthand part, this involves
only that part of the isobars no longer possess the retrograde portion,
. . RSERN o
because the two points of intersection with d—p =0 have coincided,
v
and then have become imaginary. The last isobar which has the
shape described here, is that for p =0, the line at infinity included.

d
It then runs from the line ¢ =w, to the vapour brauch of j}Z: 0
v

-10 -
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on the extreme right side of the figure, returns to a point on the
liquid branch of Z—i: 0, and then intersects :-?—;: 0 The negative
isobars, which have their point of intersection with the liquid branch of

d
EZ_): 0 still further to the right, again form closed rings round
v

-

. . . & d;
the second point of intersection of (Tp: 0 and f = 0. These closed
v LQ}

rings do not disappear until the temperature has been raised so
27a, + a, — 2a,,
?Té 61 + b-.; - 2612
take place either above the minimum critical temperature of the
system or not above it, in the first case again either at higher tem-
perature or not at higher temperature than that at which the point

d d :
of intersection of d_p = 0 and d—p =0 has shifted from the liquid
v &

high that the value has been reached, which may

branch to the vapour branch. So different combinations may
preseni themselves, which, however, do not differ in essential points,
and which the reader can easily imagine for himself.

15. At temperatures at which the double point lies on the vapour
branch, the loop-isobar, starting from »=0,2=ua, passes first
through the liquid branch of % = 0, where its direction is// v-axis,

v
then through the double point, afier which it reaches the line 2 = «,.
The second branch of the loop-isobar comes from the line = a,,
and after having passed through the double point, it pursues its
d; d;
course always at smaller volumes than d—p=0andd—p= 0. In the
v T
isobars with higher value of the pressure only this change has come
that now a retrograde part appears in the branch at the small
volumes for a number of isobars, whereas part of the isobars with
lower value than the loop-isobar fail to have the retrograde portion
in the branch starting from the line =2, They do not get it
until the value of the pressure has fallen so low that the righthand

d —2
part of Zi—i:i: 0 is intersected. Wheun the temperature Z: iﬁ

d;
has been reached, this part of d—p = 0 has vanished, and so also the
v

retrogression of all these isobavs. (fig. 14).
The last modification which our diagram may finally undergo, is

-11 -



( 809 )

R/ db .
when the iemperatnre at which dj: MRT;Z—— for » =w,, is reached.
X &
Our diagram then passes into the usual one, when this is drawn
above the critical temperature, and as we have now to deal with

the case of fig. 9, into the usual figure after the intersection of

Fig. 14.

d d, .
E% —0and di:, = 0 has disappeared.

16. Now the course of the isobars for the case that a minimum
critical temperature occurs at the same time with a,,’ > a,a, is
completely determined. Only this complication might possibly be
met with — 1 have at least not succeeded in proving that it is

. d
impossible — that besides the discussed contact of d—pz 0 and
v

d,
‘Tp_—_—O, by which two points of intersection arise, another contact
‘Q/‘

is found. As we saw before the points of contact which then arise
will again have to move to opposite sides. Of the four points of
intersection which there are in this case, the two inner onmes will
again coincide at still higher themperature, and give rise to contact. So
the difference is confined to the region between the two temperatures
of contact, and it has only influence on part of the isobars at
small volumes. Thus of the series of isobars which pass round the

L dp
point with minimum pressure on T:O as closed curves, there will
wy

-12 -
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e.g. be one which assumes the shape of a o, and the isobars of
still smaller value of p will have broken up into two branches
each closed in itself (apart from the closed portion starting from
w#=u, v=0), C and D (fig. 15) are then the points of intersection
which have newly appeared; the complication vanishes again in

Fig. 15.
consequence of the coincidence of B and C. If the second point of
contact should arise on the left of the point of intersection lying
to the extreme left instead of on the right of B a similar result would
be met with.

17. At first sight the diagrams of isobars obtained above seem to
deviate considerably from the figure given by van per Waars. This

d,
is of course partly due to the different course of f = 0. Partly,
&
however, also to the fact thai the figure loc. cit. only holds for
) 27
temperatures, lying between 5 of the critical temperature and the

critical temperature itself. Therefore we find the closest resemblaice

with the figure loc. cit. in our figures for higher temperatures. That the

resemblance also continues to exist at lower temperatures is imme-

diately seen when we examine to what changes the figure 1.¢. is

subjected with lowering of the temperature. First of all we have

then the temperature:
: 27 a, + a, — 2a,,

' 5—2- bl + b 2 T E—b_:z )

As we saw above another point of intersection of (‘-}’-_—_-0 and

&

-13 -
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d,

d—P:O is found on the right below this temperature, round which .
v

point of intersection branches of isobars with negative value of the

217
pressure pass as closed carves. For 3 of the minimum critical tem-
perature the loop-isobar will hold for the pressure 0, as we saw
d
above. So it reaches the vapour branch of f:O only at infinity
v

(fig, 16). For still lower temperature also the loop-isobar in the case

Fig. 16.
of vAN DEr WaalLs is no longer closed round the point of intersection

d d .
of d—]::O with the vapour branch of d—p:O, but round the third
Q v

point of intersection. Of course closed rings continue to run round

P .

1 ~

V-
Fig. 17.

-14 -
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the first-mentioned point of intersection, which continues to distin-

guish the figure from the figures given by us. At still lower tempe-
, . . - g,

rature the two points of intersection with the liquid branch 01‘7]'i =0
av

may coincide. It is true that this clashes with the thesis concerning

d, d,

the contact of d——p-_: Oandf =0, mentioned in the beginning of

& v -

the previous communication, which gave rise to this investigation,

but then this thesis holds only if & is a linear function of «

and in this case the said point of intersection on the right does

not make its appearance. If the two points of intersection have

coincided, the loop-line and the closed rings at small volume have

disappeared and only those at large volumes remain. (fig. 17). It is,

however, also possible that the points of intersection continue to

exist down to the absolute zero point, viz. when a minimum and a

maximum occurs in the critical pressure. That this is possible for a

quadratic function for & is shown by fig. 18, if we bear in mind

7
/ ' \
/o Fa
7 o / \
SO s -
i} \H\ "\v/.z‘ ’//
L R P
/’\'\
s Hx
/ \
/ \
I A
! \
Fig. 18.

thaf @ and so the critical pressure never become zero now. In this
case the points of intersection in the liquid branch continue to exist
down to the lowest temperatures, their limiting situation is the value
for # at which the critical pressure is stationary.

With this exception and with those exceptions which arise by the

d, . .
modified course of 572 =0, this diagram and ours harmonize.
2

In a following communication I hope to show that so long as
no maximum critical temperature occurs, no other diagrams of isobars
but those discussed are possible in the realizable region (also the
unstable one) for whatever values of a, b and a@,, we combine.

-15-



