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Mathemathics. - Cl On a class 0 f diifel'ential equations of the .fi1'St 
O1,de}' and the fir'st deg}'ee." By Prof. W. KAPTEYN. 

1. In the last meeting of this Academy Prof. J. DE VRIES gave a 
geometrical criterion for determining whether: or not a given differen
tial equation of th€' first order aml the first degree may be redtlCed 
by a homographic substitution to a Jinear eql1ation Ol' to an equation 
of the form 

dy 
-da] 

N(/IJ)y2+P(m)y+ Q(m) 

R(/IJ)y+S(m) 
. (1) 

The object of this paper is to examine the gener al form of all 
those eql1ations which by a homographic snbstitution may be 
l'edtlCed tp the equation (1). It is evident that this general form will 
give at the same time all the equations which are reducible either 
to the general equation of RrccATI, or to the linear form. 

2. Let the substitution be 

whel'e a, b, Gare constants, then the equation (1) is 

where 

and 

dv C[~2N*+~yr+y2Q*]-AI'[~R*+yS*] 

du yB[~R*.+yS*]-D[WN*+~yP*+y2Q*] 

A = b1 Y - 01 ~ 

B = b: y - 0, ~ 

C = al 'Y ~ 0l a 

D= a~ "?- 0, a 

. . • (3) 

N*=N(~) , P* = p(~) Q* = Q (~) , B* = B (i) , s~=s(~) 
Transforming now to parallel axes, taking as the new origin 0 

coordinates the point where the lines a = 0 and y = 0 meet, we 
find the new equation by substituting 

u = (a,oa) + u' , v = (a I 01) + v 
(a102) (alo,) 

(a:Ga) = a2ca - aacz' etc. 
In this way, we get 

a = al u' + a, v' , ~ = bl u' + b, v' + Q = ~' + Q , y = 0l u' + 02 v' 

Q being a constant, and 
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A = (bI Ci ) v' -'cs Q C = (al (2 ) v' 

B =:; - (bI (2 ) u' - Cs Q D = _. (al cs) u' 

N(~) = N (al UI, + a2 v,') = N D _, p(~) = Po etc. 
y Cl U + Ci v r 

where No Po etc. are homogeneous functions'of ~6' and v' of degree zero. 
Rence, if we arrange according to the degrees of u' and v' the 

numerator takes the form 
(al cz) v' [No (:l'2 + Po (J'y + Qo y'] 

- (bI Ci ) VI [Ro (J'y + So y'] 

+ Q(al ( 2) v' [2 No (:l' + Poy] 

- Q(b l (2) Ro v'y 

+ Q Cl [RofJ' r + Soy'] 

+ f/ (al (2) No v' 

+ Q2 Cl Ra Y 

and in the same way the denominator may be written 

(alo:) u' LNo fJ'2 + Po fJ' y + Qo y'] 

- (bI (2 ) u' [Ro (J' y + Sa yi] 

+ Q (al (2) Ui [2 No (J' + Po yJ 
- Q (bI (2 ) Ra Ui Y 

- Q Cs [Ra (J'y + 80 y2J 

+ Q2 (al (2) No u' 

- Q2 CZ Ra y. 

Ir we examine these values it is evident that the equation (3) reduces to 

dv' Kl +Ms+v'(N2 +c) 
_ . ' .•... (4) 
du' BI+L,+u'(N:+c) 

where crepresents a constant, Hl and Hz homogeneous functions 
of the first degree and L 2 M, N, homogeneous functions of the 

second degree. 
From the values 

Hl = - Q~c2RoY 

Kl = Q
2cl RoY 

C = Q2(a l c,)No 

we may readily in duce that if, in (1) R(x) is absent Hl and I( 
must be zero and if in (1) N(x) is absent, we have c = O. 

The pl'eceding considerations furnish the inference that every I 
homogl'aphic substitution applied to an equation (1), followed by a 
transformatlon to parallel ~XtlS through the point a = y = 0 gives 
necessal'ily an equatioll of the form (4). 
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3. Now we will show that where a differential equation of this 
form (4) js given, there always exists a homographic substitution by 
which this equation may be reduced to the form (1). 

For let 
1 

u'=-
y 

then we have 

m 
v'=-

y 

Kl = Kl (u'v') = Kl -, - = - Kl (1 , m) (
1 m) 1 
y y y 

(
1 lIJ) 1 

M2=M3(U'V')=M~ -, - =-M,(l,.v) 
Y Y y' 

etc. Thus (4) reduces to 

dy {Hl(1,a;)+oly~+L2(1,a;)y+N2(1,a;) 

dm = Ia;Hl(1,a;)-Kl(1,a;)ly+a;L2(1)x)-M2(1,~ . • 

w hich is of the same form as the differential equation (1). 
I 

4. Therefore we have proved this: 

. (5) 

Theo1'em. The necessary and sufticient condition that a differential 
equation of the first order and the first degree, having a singular 
point in the origin of coordinates, may be reduced by a homographlc 
substitution to an equatian (:1) is that it may be written in the farm 

dy = Kl+Ms+y(N2+o). . . . . . • (6) 
da; Bl+L2+a;(N2 +o) 

C01'olla1'y 1. The necessary and sufiicient condition that a diffe
rential equation of the same kind may be reduced by a homogl'aphic 
substitution to an equation of RrcCATI is that it has the form 

dy M,+y(N2 +o) 
da; = L,+a;(N,+o)' . . . . . . . (7) 

C01'ollm'y 2. The necessary and sufticient condition th at a diffe
rential equation of the same kind mny be reducible by a homogl'aphic 
snbstitlltion to a linear equation is th at it has tbe farm 

dy M 2 +yN2 I 
- •••..•.. (8) 

dm L 2 +a;N2 

5. With respect to the equation (8) we may rem ark that it is 
equivalent with 

-da; Ll + a; Nt 

as the numeratol' lO\J1d the denoll1inator of jhe secOlld momber may 
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be divided by the same homogeneous function of the first degree. 
In the special case that L 1 = a1x + b1y, M 1 = azx + b2y, N 1 = c1x +d1y 
1he tangents to t~e integ'ral curves in the different poi~ts of the line 
y = mx, meet in the pole 

x = _ al + b1 m 
Cl + dl m 

Hence t11e locus of these pol es for 
is the polar line 

x y 

y= _ a2 + b2 m 

Cl + dl m 

all the rays of the pencil y = ma; 

1 

al a 2 -Cl = 0 I 

b1 b2 -dl 

This is the I"!ase in the examples II-VI given by Prof. DE VRIES. 
As to the examples I and VII we have respectively 

MI =11)+ 2y 

Physics. - "Cont1'ibution to the tlW01'y oj bina1'y mixtures." XIV. 

By Prof. J. D. VAN DER WAALS. 

(DOUBLE RETROGRADE CONDENSATION). 

Before proceeding to the discus sion of the significanee of negative 
value of ~\ and Ez, I shalJ make a few remarks to elucidate what 
was mentioned in the preceding contribution - and that chiefly on 
the shape of the surface of saturation in the cases represented by 
figs, 39 and 40, and the-relative position of the three-phase-pressure 
with respect to the seetions of that surface for given value of x. 

In case of complete miscibility sueh a section of the surface of 
saturation consists of a vaponr branch and a liquid branch, which 
have a continuous course, in which the pressure gradually increases 
with ascending T, and w hich for certain value of T, w hich may 
be lllëlicated tiy ~, p~ss' into each other continuously. The pressure 
must thell before have had a maximum on the liquid branch, and 
then decrease. It passes into the pressure of the vapour branch at 
1~, This gradual merging of the -two branches into each other con
tinues to exist also fol' non-complete miscibility. 

In tlle case of fig. 39 the uppel: sheet. of the surf ace of saturation 
undergoes, howeVel', fil'st of all a modificatiqn, which, howevel', is 


