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Mathematics. - "The extension ol the Conligumtion of KUMlImtt 

to spaces ol (2 p-1) dimensions." By Mr. J. A. BAHRAU. 

(Communieated by Prof. D. J. KORTEWEG.) 

§ 1. 

(Communicated in the meeting of September 28, 1907). 

If ~e represent by 81 the system a b, built up out of two 
ba 

letters and by 82 the same system in new letters c and d; if like

wise we represent by T the system of signs + + and by - T the - +-
opposite 

-+ 
, we obtain by eonnecting these 

SI 82 T T 
and 

S~ SI T-T 
the two systems 

a b (} cl ++++ 
b a cl (} 

and + ~ 
c cl a b ++ 
cl (} b a +- + 

By glvmg each row of four letters in turn the signs of eaeh row 
of the system of signs sixteen quadruplets of algebraic quantities 
appeal' which, as is known 1), 1 epreRent the elements of the Cf (16 0) 

of KUMllIER whether they are considered as homogeneous eoordinates 
of points or as eoefficients of planes in 8pa. For, to each element 
are incident the elements of another kind, represented by the three 
permutated letter qnadruplets and for each of them with half ofthe 
sign combinations. 

§ 2. If now we eaU 81 and T the letter- and the sign-system 
of 4: resp. and if we repeat the combination descl'ibed above such
like s.ystems of 8 are formed of which that one of the letters 
furnishes the permutations of a 1'egulal' Gs of order 8 ~), consisting 
exclusively of binary substitutions, whilst that of the signs is analla,q
matie 3), i. e. every two 1'OWS show as many sign variations as 

1) See a.o. JESSOP Line-OompZex p. 23 or HUDSON Kummer's Sttrface p. 5. 

2) Compare MILLER Quart. Journ. 28 p. 255, group 8 No. 4. 

3) LUCAS Récréations Mathématiques II p. 113; Nieuw A1'chiefvoor Wiskunde 
7 p. 256. 
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sign-pèrmanencies. The systems become (that of the signs somewh 
differently arranged): 

a b I c d e f g hl + + + + + +1+ 
II 

III 

IV 

V 

VI 

VII 

VIII 

b a 

c d 

d c 

e f 

11 e 
gl h 

h g 

d c 

a b 

b a 

g h 

hlg 

e 1 

1 e I 

1 e h 

I
g h e 

h g 1 
a b c 

b a d 

c d a 

d c b 

g 

f 
e 

d 

c 

b 

a 

2 

3 

4 

5 

6 

7 

S 

+ 
+ 
+ 
+ 
..L 

1 

+ 
1+ 

+ + 
+ -

- + 
- -
- -
- + 
+/-

+ - - -
-/+ + -
- + - + 
+ - + + 
+ + - -
- - + --
- - -1+ 

'0 

I I 

Ey providing each of the rows of letters with each of the sig] 
combinations there appeal' sixty-four octuples of algebl'aic numbel 
to which we assign the notations I1, I 2, . ~ .. VIII 8. Wh ether VI 

('oBsider these numbers as homogeneous coordinates of points or ~ 

coefficients of equu,tions of Spa in a SP7' each element is incident 1 

7 X 4 = 28 of another sort, nu,mely to half of the sigu combinatiOI 
of each letter permutation; so u, Cf. (6428 ) appeal's, to be designatE 
by J(vu. 

As with 1(111 it is possible to combine thè Cl-elements to sin 
plexes A, B, C, D, E, F, G, H in various ways. Such an arrangl 
ment is i. a. : 

A 

B 

C 

D 

E 

F 

G 

H 

I 1 

12 

13 

14 

15 

16 

11 

IS 

2 

114 

117 

116 

111 

lIS 

113 

112 

115 

3 4 

IIl5 IV 3 
I 

1II6 IV S 
I 

III 7 IV 1 

IIIS IV 6 

II11 IV 7 

II12 IV 4 

II13 IV 5 

II14 I IV 2 

5 6 7 S 

V7 VI S I VII 6 I VIII 2 
V4 VI3 VII 5 I VIII 1 

V5 VI2 VII 4 VWS 

V2 VI5 VII 3 VIII 7 

V3 VI4 VII 2 VIII 6 

VS VI7 VII 1 VIII 5 

VI VI6 VIIS VIII 41 

V6 VI 1 VII 1 VIII 31 
I 

The table indicates that eight vertices of e.g. the simplex A aI 

resp. the points 11, II 4 etc, accol'ding to the former Botation, whili 
at the same time the eight opposite side-Spo of' the simplex ar 
l'eJ(resented by those same notations. 
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The ronnection of GY-elements ean now be J'epl'esented by a diagl'àn1 
(pI. I) the rows of which indieate the Spo, the columns the points, 
whilst incidenee of a Spa with a point is indicated by hatching the 
square common to the respective row and column. 

We see that the diagram can be brought to a more condensed 
shape: 

A 

B 

C 

D 

1:. 

F 

G 

H 

A 

S 

a 

b 

c 

d 

e 

f 
g 

B 

a 

S 

g 

f 
e 

d 

c 

b 

c D 

b c 

g f 
S e 

e S 

f g 

c b 

d a 

a d 

E F G H 

d c f g 

e d c b 

f c d a 

g b a d 

s a b I c 
a S g f 
b g S e 

c f e S 

Here S indieates a simplex-fiJling; each of the other letters a system 
(8z) denoting 1he incidenee connection between the elements of two 
simplexes. These systems (83) have all degenerated into two (48), each 
pair of our simplexes is thus connected in an equaI way and forms 
a Cf (1610) of the same type. 

§ 3. ÀnaIogous to the well-known decomposition of K III into 
four tetrahedra lying in pairs in a MÖBIUs-position, it is obvious 
to caU the position of two of the simplexes, e. g. A and B, by 
that name. Each side-Sp6 of one S contains three points, so a 
face, of the othel'; each vertex of one lies in th1'ee side-A~po' so 
in a side-Sp4 of the other; the correspondence is sneh that opposite 
elements of Al e.g. vertex Al and side-spaee Al also furnish opposite 
elements of B, namely resp. the side-Sp4: BIBGBoB7BS and the 
face B~B8B4' just as this is the case with the tetl'ahedl'a in MÖBIUS
position. 

Thel'e exists [l,lrer1dy howevel'. pl'ovided with the same property, 
an extension of this notion, that of BERZOI,ARI 1) where each side-Sp6 
of one S eontains one vertex of the other, and is generated by 
operation with [I, foeal system on all arbitl'al'y simplex; let us eaU 
this position ~[I, th en it is evident th at the discussed more specialized 
M IJ is to be regarded as a thl'eefold MI. 

1) Rendtconti del Ct1'colo Matem. dz Palermo 22. 
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The elernents of two simplexes A and B in MIJ ran be arl'unged 
only in one other way to two sucblrke simplexes, namely as 

first simplex P: Al' A~, As, ~A4' Bu, Ba, B7' Bs, 
second " Q: BI> B~, Bs, B4' A5' Aa, A7' As' 

If we regard such a new simplex in connection with C, D, ... H, 
it then shows with each of these a new sort of position ; for all 
however of the same type, showing analogy to the pairs of tetrahedra 
in STEINER-position which can be separated in the same way from 
1(1111). We find for tbe cf(16 1o ) of two such simplexes a diagram 
of the shape: 

Sa: 
a: S, 

where x again represents a system (8s) which ho wever does not dege
nerate now, but is identical to the cyclic system which is obtained 
out of the initial TOW: 1 2 .. 5 ... 

Opposite elements of one simplex furnish, as in Spa' no opposite 
ones of the other. 

§ 4. The 28 operations determining in each cf-space the cf-points 
incident to them and reciprocally, ara focal-correlations; thus e.g. 
the Spa: Al 

(+ a, + b, + c, + cl, + e, + J, + g, + l~) 
is transformed into the point A~ situuted in it 

(+ b, - a', + d, - c, + J, - e, +- 11, - g) 
by operating wilh the skew-symmetrical determinant of transfol'mMion : 

o +1 0 0 0 0 0 0 

-1 0 0 0 0 0 0 0 

o 0 0 +1 0 0 0 0 

o 0 -1 0 0 0 0 0 

o 0 0 0 0 +1 0 0 

000 o -1 0 0 0 

o 0 0 û 0 0 0 +1 

o 0 0 0 0 0 -1 0 
These focalsystems are mutually in in VOlll tion as the gl'OU p of the 

letter substitutions as weIl as th at of the sign variations are ABEL groups. 
The 36 remaining reciprocities are polarities with respect io some 

36 quadratic /:))J a, which serve for 1(Vll as the 10 fundamental
surfaces of order two for 1(11[. 

1) MARTINETTI, Rendio. Palermo 16 p. 196. 

--
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Theil' equations are of two types; namely eight of the form 
± .'V 1

2 ± [J]22 ± [J]S2 ± [J]/ ± [J]ó
2 ± .'V/ ± .'V

7
2 ± [J]S2 = 0, 

where the eombinations of signs must be derived from the sign 
system; and twenty-eight of the form: 

± [J]l [J]2 ± ''V 8 [J]4 ± ·'V ó ''V a ± ''V 7 .'VS = 0, 

where the eonnection of the indices is given by the seven binary 
substitutions of the regular Gs , whilst the signs must be selected: 

+ + + + 
+ + 
+ + 
+ + 

The sixty-three operations which transform an element into another 
of the same sort are collineatwns; so we obtain, -ana!ogous to the 
KLEIN G32 in Spa' a geometrical ABEL group Gua, consisting of the 
identity and sixty-thne collineations; twenty-eig1tt Jocal systems in 
involution and tld7·ty-siaJ pola1·ities. 

I § 5. The twenty-eig1tt points in each Spa of ](VII lie on a qua
dra tic Qs and l'ecipl'ocally. 

To prove this we regard the determinant of the terms of order 
two, formed of seven of the eight homogeneous coordinates; so this 

is of order 7 + (~) = 28. The omission of a coordinate is geometri

eally the projecting out of a vertex of the fundamental simplex on 
the opposite Spa; if the projeetions of 28 points lie in it quadrati
cally, then the points themselves do so in their Spa. 

Let us th'st restrict ourselves to Spo: Al' 
The twenty-eight points are to be divided into seven quadruplets 

of the same order of letters; the purely quadratic terms within such 
a quadruplet are in each column alike, the mixed ones may differ 
in sign. Let us eaU tile four tel'ms in a column p, q, 1', s, then the 
substitution -

P=p+q+'I'+S 1 1 1 1 

Q=p+q-1'-s 1 1 -1 -1 

R=p-q+'I'-s ' the 6 = 
1 -1 1 -1 

of which is =1= 0, 

S=p-q-'I'+s 1 -1 -1 1 

causes three of the fou!' quadratic terms to disappear, the 6,s breaks 
up into the product of a 6 7 of quadratic and a 6 21 of mixed 
terms. Here 
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b2 aS d2 02 12 
e

2 lL2 

02 a2 a' b2 
_ 92 lL' e2 

d2 
0

2 b2 a2 lL2 92 12 

L7 = e' .r g' lL' a' b2 c2 

12 e' lL' 91 b' a2 d2 

g2 JL2 e2 12 c2 d' a2 

lL' g2 P e' d2 
0

2 b2 

That in general L7 =1= 0 is evident i. a. from 

h=1 ,a=b=c=d=e=!=g= O. 

The LH gets aftel' change of sigIÎs of some rows the form: 

o 0 0 0 bh 0 0 0 0 -ah l 0 df -de 0 -ct' ce 0 0 0 

o 0 bf -be 0 0 0 -af ae 0 0 0 0 dh 0 0 -ch 0 0 

bd -bc 0 0 0 -ad ac 0 0 0 0 0 0 0 0 0 0 0 fh 

o 0 0 ch 0 0 0 dg 0 I-de 0 0 -ah 0 -bg 0 be 0 Ll 

o 0 cg 0 -ce 0 0 0 dil 0 0 -ag 0 ae 0 -bh 0 0 0 

d 0 

o 

bc 0 o 
o dh 0 

o o ad 0 

o 
oOI-ab 0 0 0 0 0 0 --glz 0 

o cg -cl 0 0 -bg bf -ah 0 0 0 0 o o 

:d: : ~ -:' ~ _Oa, ': I ~ o ab 0 

o 0 -bh 0 0 0 -ag af 0 0 

o o o o o gh -fh 

o -eh 0 0 0 -f~ 0 0 0 cf 0 o bg 0 ah 0 o o o -
eg 0 0 0 ce 0 -Ih 0 0 0 0 ag 0 0 0 bh 0 0 -ac 

ti 0 0 0 be 0 0 0 af 0 0 -gh 0 0 0 0 0 ch -ab 0 

fh 0 0 0 0 0 -eg 0 0 de 0 0 ah 0 bg 0 0 0 -bd 

o -fg 0 0 dj -eh 0 0 0 0 0 bh 0 0 0 ag 0 0 0-

o 0 -bf 0 0 0 0 0 -ae 0 gh 0 0 -dh 0 0 0 ab 0 

'l 0 0 0 0 0 0 0 0 0 ah -ej 0 de 0 cf 0 0 -cd 0 

o fg 0 -dg 0 eh 0 -ch 0 0 0 0 0 0 0 0 -af 0 0 

eg 0 -cg 0 0 0 fh 0 -dh 0 0 0 0 -ae 0 0 0 0 ac 

o 0 0 0 -bh \ 0 0 0 0 0 ef -df 0 0 0 -ce 0 cd 0 

fh 0 0 -ch 0 0 eg -dg 0 0 0 0 0 0 0 0 -be 0 bd 

o eh I-dh 0 0 fg 0 0 -cg 0 0 0 0 -bfl 0 0 0 0 0 I 

~~ __ ~~ __ ~-L __ ~I 
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Tbe sum of the lJumbel's in each column amounts to zero; so 

Lu = O. 

As each element with the 28 incident to it ean be tl'ansformed 
into. ~ny other by means of a direct Ol' l'ecipl'oeal projectivity, the 
quadratic position of every 28 is now proved. 

§ 6. Eaeh eoupleof SPB ofthe cf has twelve points in common lying 
thllS in a SIJs. No other Sp~ containing these twelve) all these Sp. differ 

and their numbel' is (6
2
4) = 2016. The cf-points form with them a 

cf (64
378

, 2016 12), 

There are triplets of Spa whieh have six points in common, lying th us 
in a Sp., each cj-Sps has namely in still 32 Spe six of its points. 
Sueh a sextuple can be deduced from three groups of twelve, their 

2016 X 32 __ 21501; they h . .fS number is thus 3 ':t form wit the cJ - 1Jr, 

a cf (215043 , 2016n )· 

There are quadruplets of Spo having four points in eommon which 
thel'efol'e determine a Spa; earh cf-Sp4 has namely four of its six 
points in fifteen other cf-Sp~. Every Spz can be derived from four Sp., 

21504 X 15 
their number is thus 4 = 80640. They form with the cf Sp. 

a cf (806404 , 2150416), '. 

Thel'e are sextupiets of Spa having three points of the cf in common, 
w hich therefore detel'~nine a Sb; each cf-Sp 3 has namely three of 
its four points in eight other cf-Spo more, these eight Spo furnieh two 
by two however the same triplet; as furthermore each Sp2 can be 

(2) 80640 X 4 
deduced from 6 = 15 Sp3 their number is 15 = 21504. 

This could be expected as the whole consideration starting from the 
cf-points might have been put l'eciprocally, and would then have 
led on account of the self-recipl'ocity of the system to the same 
elements; so still 2016 SPl are obfajned, the l'ight lines of eon
nection of the pairs of points. 

The further amom1ts of incidences of the kinds of elements 
mutually ean 110W' be easily deduced; the notation of KVlI 

becomes finally: 
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sp. SPI I sP! SPa SP4 SPr. SPa 

64 2016 21504 80640 21504 2016 64 

2 

63 

1008 32 

5040 240 

2016 160 

378 66 

3 

3 

15 

21 

15 

4 

6 

4 

4 

6 

6 

15 

21 

15 

12 

66 

28 

378 

160 2016 

240 5040 

32 1008 

3 63 

SP6 28 12 6 4 3 2 

By the method of intersecting and projecting triplets and doublets 
of consecutive kinds of elements are to be transfOl'med into elements 
of Sp3 or Sp~; thus are fOl'med e.g. a cf (2150421 ) of points and 
planes, with 80640 cf-hnes, and a plane cf (20168~' 215048) of 
points and !ines, or l'ecip1'ocally. 

§ 7. If we l'ep1'esent the system of letteÎ's and that of signs of 8 
resp. by SI and Tand if we l'epeat the combination 

SI S2 T T 
anel 

S2 SI T -T, 
we obtain systems fol' 16 belonging to E'ach othe1', etc., the operation 
allowmg of mdefinite continuation; one always ar1'ives at a l'egulal' 
ABEL substItution group G2P and a sm tab Ie anallagmatical system 
fol' the signs. 

These always fu1'nish in R2P-l EI cf, analogous to that of KUMMER 

with the notation : 

Cf (2~:1'_1).2P-l)' 
arlsmg from an arbitra1'Y starting element by an operatlOn with a 
géometrieal ABEL group: 

the Mentity and 221'-1 collinfations on one hanel 
and (2p -1) . 2v- 1 focal systerns mutually 111 involntion wlth 
(2p+l - 21' + 1) .2p-l polal'ities on the other hand. 
The quadmtic situation of the elements incIdent to one element 

ean always be proved by l'eduetion of the determinant aeeordmg 
to the example of § 5 1). 

1) A more extensive treatmE'nt also for spaces of other numhers of dlmensiolls 
will follow m the dissertatioll to he puhIished: J. A. BARRAU, B1!Jdmgen tot de 
theorie der eff. (Amsterdam 1907). 
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A. BARRAU. "Analogon of the configuration of KUMMER in SP7'" 

1 Z 3 Ij .i 6 7 8 1 .2. ;3 ~.; 6 ., S 1 .2 IJ ft .; 6 7 8 I .2 J ~ .; 6 7 I 1 ~ .3 " of 6 7 8 1 Z J " .; 6 7 8 1 .2 3 'I S 6 7 S 1 7.. J 4,) 6 74 

A B c ]) E F G H 

:eedings Royal Acad. Amsterdam. Vol. X. 


