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F. Fornix. TV.1. Lateral ventricle.
L.c. Limbus corticalis. V.t. Third ventricle.
L.m. Limbus medullaris.

Fig. 11
Frontal section through the more posterior part of the corpus
callosum. Section 15 u stained with haematoxyhn and eosin. Enl.
13 diam.

C. Zone of union of the pallia.  L.c. Limbus corticalis.

C.a. Anterior commissure. L.m. Limbus medullaris.
C.c. Corpus callosum. - L.tr. Lamina trapezoidea.
C.ch. Corpus chorioideum. Ps. Fornix commmissure.
C.str. Corpus striatum. V1. Lateral ventricle.
F. Fornix. V.t. Third ventricle.

Mathematics. — “On an njinite product, represented by a definite
integral.” By Prof. W. KaPTEYN.

The object of this paper is to write the infinite product

© 1 »3
sfo( + (u+s)’)

in the form of a definite integral.
This product is connecled with mod. T'(u 4 ), for
mod. I'(u+iv) = I'(u).e~Lwv) (u > 0)

where )
P (up) = sfo lg( + o +s)) )
thus
mod.? I'(u - ) = " - .
@© v
sf-o(l + (u+§")
and

ﬁ(l—l— v* ):_ I (u) _
=0 (u+s)* mod? I'(w + tv)

To write the second. member of this equation in the form of a
definite integral, we start from WuiersTRASS’ definition
1

— =t dt
I'(z) 2m
w

where the integral is faken along a curve IV commencing at negative

1) Nielsen. Handbuch der Theorie der Gammafunclionen p. 23.
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Anfinity, cireulating around the origin in the positive direction; and
returning to negative infinity again; thus

i ® o ;
== TR e—lt—2 dt — g—Tz |~ o—lt—= (¢
IT(z) .

0

0

and if z—=u 4w

N

2ari P .
T(ui:‘zv_) = g-™ (cos (wu) 417 sin (Jm)) f e~tt—u (cos (vlg ty—1 sin (vig t)) dt
0

— o (cos (7rw)—2 sin (.nu)) f etg-u (oos (vlg t)—1 sin (vlg t)) dt.
. . \

Whriting
f e—tt—%cos (vigt) dt = M
0
f e~tt—vam(vlgt)ydt = N
0

2w _
I(utiv) ~

a -+ if

we obtain
a = (e™ + ¢=7¢) sin (Au) M + (6™ — e—™) cos (wu) NV

B = (em* — e~™) cos (wu) M — (e™ + e—™") sin (wu) N

and .
a® + B = (™ — 2 cos 2au + ¢—2w) (M* + N?).

Now we have
0 [+2]
M =ﬁ—” & cos (v'g x) do .fe—’/ y —% cos (vlg y) dy
0 0 )

0

-] o
M? 4+ N*= f f ety (zy)— cos (vlg %) dady
0 0

or in polar coordinates, putting
- z=rcosb, y=rsinb

N = ﬁ‘x o=t sin (vlg ) da . ‘j‘e—!/ gyt sin (vlg y) dy
0

50

T -

9
M? 4- N* = f ﬁ—r(<030+<f'1 0) (#* sin @ cos G)—¢ cos (vlg tg 6) rdrdf .
0 0

t

This double integral may be reduced to a single one, for
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- . r@—2u —

Je'" (cos 0+ siu8) p—2u--1 dp — (00 @ - 5in G- (vl 1)
. 0
therefore
2 (stn G cos G)—¢
2 3= 2 —2
M —|: N I ) ‘ cos (vlg tg 6) (cos @ + sin 6)2—2u @
0
or

(sin G cos Gy~
(cos 8 + sin )2—2u

)
M*4 N*=2I(2 — Zu)f cos (vlg tg 6)
o

" If in this integral, we change the variable by the substitution
tg @ =2t

it takes the form:

©  cos (2u1) dt
M4 N =4 p(z_zu)f cos (2)
0

(¢t +e—1)2—2u
With this value we find
cos (2vt) dt

4 *
—_ —4A (2 -2 2T - 9 9 25p —_—
mod? T(ut-) 4 I( u) (¢ cos 2 wu 4+ ¢— )f @ Feot)2—
0

and finally

o : (@) D(2—2 " cos (2vt)dt
7|1+ d = () I ZL)(ei’m—Zcos 2au-+ e—ﬂwuzf cos (2vt) .
s=0 (UI-{"S)2 & (gi _+. et )2—--u

0

which holds for all values of v, and for values of u between Oahd 1.

2 1 3
If for instance we put v = —, u = — and — we obtain
27 4 4

42° 4,° 42°
(1+F (1 +“2€a?)(1 +81ﬂr’)”=

e 3
(ﬂ F(i)
and

4z 422 L4
(1 * &ﬁ) (1 + Ié?) (1 ™ 121n=) T

= (s o)

t
© COS (z—) dt
3

e+ [y

@ €08 (it) dt
x
@+ )
)

23*%
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Writing u =1 — «' we may also conclude from the preceding that

cos (2ut) dt

1’ __I'(2v)
(& + =9

mod* I'1—u 4 i)~ a?

(2™ — 2 cos 2aru' - ¢—2mr) f
0

or, because
24

sinm(u + ) -

rw 4+ i) 'l—u 4+ i) =

0

which formula holds not only for 0 <w” <1, but also for »’ > 1.
Introducing in this equation, the infinite product, we have

o

f cos (2ut) dt I (u) 1
¢ e—1) T 4T (2u) o v?
° ()

§=0

a formula which enables us to write the integral in a finite form n

1 .
two cases viz. ' —=mn and w’' =n— 7" If &’ = n = positive number

® v ® v?
sI=10 (1 * (":*'s)ﬂ) :sgn (1 + ?)'

with
TV e g—TV o »?
Qv s— 1( + s? )
this gives

n—1 ] 3

® Vi —
cos (2ut) dt _m I'? (n) s=1 ( + s")
(¢t 4e—t) ™ 20(2n) &0 — g—w ’

, 1
If u :nmg, we have

o v? _ » 1 p? )
S'{—‘IO(I + (n— 3%+ 3)2) s=nlzl< T (3 +9)°

which gives with

enu+e—nu_ﬁ(1+ v? )
2 —_s=0 ('!2'*"3)‘
this result

1-—2 .ol
1
Z cos(2ut)ydt  I''(n—4) sI:IQ( T 4+ s)’)
(et + 6—1)211——1“ 2T(2n — ]_) ) Puty + g™
0




