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F. Fornix. 
L.c. Limbus cOl'ticalis. 
L.rn. Limbus medullaris. 
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Fig. Il. 

V.l. Latel'al ventricie. 
V.t. Third ventl'icle. 

Fl'ontal section thl'ough the more postel'ior part of the corpus 
callosurn. Section 15 f.L stained with haematoxylin and eosin. Enl. 
13 diam. 

C. Zone of union of tlle pallia. 
C.a. Anteriol' commissure. 
e.c. Corpus callosum. 
C.eh. Oorpus chorioidenm. 
C.st1'. Oorpus striatum. 

L.a. Limbus corticalis. 
L.m. Limbus medullaris. 
L.b'. Lamina trapezoidea. 
Ps. Fornix commrnissure. 

F. Fornix. 
V.l. Lateral ventricie. 
V.t. Third ventl'icle. 

Mathematics. - "On an infinite product, represented by a definite 
integral." By Prof. W. KAPTEYN. 

The object of this paper is to write the infinite product 

n(l + _1)2 ) 

8=0 (U+S)2 

in the form of a definite integral. 
This product is connected with rnod. r(u + iv), for 

mad. r(u + iv) = r(16) • e-P{ll,V) (u > 0) 

where 

1 co ( V
2

) P (16,V) = -:2 19 1.+ --2 

2 8=0 (u+S) 
thus 

mod. 2 

and 

II1+--= . 
co ( V

2
) In (16) 

1=0 (n+sy mod2 r(16 + iv) 

To write the secomt member of this equation in the form of a. 
definite integral, we start from WEIERSTRASS' definition 

_1_ = ~ Jet t-Z dt 
r(z) 2~i 

w 
where lhe ÜJ legn"tl is laken alollg a curve I V l'ommencing at negati ve 

I) Nielsen. Handbuch del' Theorie del' GammafullcLionen p. 23. 
23 
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jnfinity, circulating' arollnd the ol'Îgin in the positive dil'ection; and 
l'eturning' to negative infinity again; thus 

and if z = u + iv 

Writing 

J:-tt-U cos (vlg t) dt = },f 

o 

J:-t t-U szn (vlg t) dt = N 

o 

we obtain 
a = (erru + e-7I'u) sin (Jtlt] },f + (em; - e-rrll) cos (3t'lt) N 

ft = (errv - e- rru) cos (.7l'lt) },f - (errll -t e-m') sin (3t'u) N 
and 

so 

a2 + W = (eQrrll 
- 2 cos 23ru + e-2rrv) (Jyf2 + N2), 

Now we have 

M2 = f:x ,V-Cl cos (v 'g ,~) dtv ,J;1J y_ -u cos (vlg y) dy 

o 0 

N2 = f:x ,v-u sin (vlg ,v) dm ,}~,lf y-CI sin (vlg y) dy 

o 0 

1.112 + N2 J Je':.(,t+J1) (,vy)-CI cos (Vl9 ~) da;dy 

o 0 

or in polal' cool'dinates, putting , 

x = l' COS &, Y = l' sin & 

Jyf2 + N2 = J2 }:r(OSO+~i!lO) (1,2 sin & cos &)-11 cos (vl,9 tg &) 1'd1'd& . 

o 0 

This double integl'al may be l'educed to a single one, fol' 



- 4 -

-

e-1'(COSO+SIUO) r-2u+1 d'r - (1t < 1) J'''' r (2 - 2u) 
- (cos 8 + sin 8)2-2U 

o 
lherefore 

J2 (sin 8 cos 8)-u -
M2+N2=r(2-2u) cos(vlgtg8)( 8 . Or 2 d8 _ , cos + stn -- u 

o 
Ol' 

f

4 (sin-8 cos 8)-11 
M

2 + N2 = 2r(2 - 2~) cos (vlg tg 8) (cos 8 + sin 8)2-2u d8 . 
o 

- If in this integral, we change the variabIe by the substitution 

tg 8 = e-2t ' 

it takes the form: 

M2 + N2 = 4 T(2-2u)f,,? cos (2vt) dt 
(et +e-t)2-2u 

o 
With th is value we find 

4~ fctO cos (2vt) dt = 4 T(2 - 2u) (e27l"V - 2 cos 2 ll'U + e-27l"v) 
mod2 T(u+ iv) (et +e-t) 2-2,u 

o 
and finally 

-
which holds fçH' all values of v, and fol' values of u between 0 and 1. 

z 1 3 
If fol' instance we put v = -, 'tt = - and - we obtain 

2.1t' 4 4 

23* 
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Writing 'lt = 1- 'lt' we mayalso conclude from the pl'eceding-that 
GO 

1 - r (2u') J cos (2vt) dt 
-------:--~ = -- (e211"0 - 2 cos 2~ru'-+ e-211"v) 
rnod~ r (1- u' + iv) Jl' (et + e- 1).11' 

o 
or, because 

:Tt 
r(u' + iL') P(I-u' + iv) = , , 

stn:Tt (u' + w) 
00 

I 'J cos (2vt) dt mod' reu + iv) = 4r(2u) , 
(et + e-t )2u 

o 

which fOl'ffiula holds not only fol' 0 < 'ltr < 1, but also for u' > J, 
Introducing in this equation, the illfinite prodnct, we have 

GO 

J cos (2vt) dt r~ (u') ___ 1 __ _ 

et + e-t )2u' - 4 r (2u') 00 ( v ~ ) 
o IJ 1+---

\ (~t' + sl 
=0 

a fOl'ffiula which enables us to write the integral in a fini te form III 

1 
two cases viz, u' = n and u' = n - 2' If u' = n = positive nurnbel' 

with 

ihis gives 

11-1 ( V') 
cr> 1I 1+-

{cos (2vt) dt JlV r 2 (n) s=1 s' 
) (et +e-t )211= 2r(2n) e1l"V_e=-7CV' 

1 
If u' = n--, we have 

2 

ÏI (1 + v
2 

) = ÏI (1 + _v
2 

) 

=0 (n - t + s)' s=II-1 (t + S)2 

which gives with 

this result 

IIn2(1 + ' v
2 

) 

J 00 cos (2 vt) dt r 2 (n - t) ,ç=O Ct + S)2 

(el + e-I)211-1 - 2r(2n - 1)' e1l"V + e-1I"0 . 
o 


