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\vns io be ousel'ved in all eases, c1ic1 1I0L bc~oll1e cloal' 10 l1Ie, slill 
I will not pnss in silence the file/. of the constant appeamnce of 
th is granuJntion, 

As ihe sllll1mal'y of ll1y l'esults, I find thaL aftel' onesic1ed lesion 
of the spinnI cOl'd an ascending c1~genel'aiioJl is ohservecl in Lhe 
following systems: 

1, rfhe homo-Iatel'al poslerior colnnll1s, whel'e il Hlny be tl'aced 
as ti.u as into lhe nuclei of GOLf, nne! BUIWACll. 

'2, The latel'al tasciculi to the cel'ebelll1lll, 
rr, tbe dorsnl portioll almost without exception onl}' on 111e 

opemtecl sicle, 
ó. the' antel'o·Interal podion on both sides, but slill pl'incj-

pnlly on the operated side. 
3. The fnsciculns longitllelinalis c1ol'snlis on both sieles. 
4. The corpns tmpezoicles on both sides (?) 
The cleseencling clegenemtion is l'epl'csenled in Iigl1l'es 21, 22, ,23 

anel 24. Tt inclndes: 
1. The nnteriol' columns, ]1l'iJleipaJly on the operated slc1e, pl'obnblr 

centl'ifugnl fibres 1'1'0111 the fasc. long. dors. 
2. 'rhe pYl'amiclnl lnLCl'nl fasticnlus on the operaleel side, 
3. Tbe Lrnetus 1'Ilbro-spinnlis, in the Interal eolllmns (VAN GmlUCfl'rEN). 

4. De Imct us vest ibulo-spinalis, frontnl of t he nn tel'iol' hol'll (EDlNmm), 
5. Fib1'es Îlf the postorior columns, boing situated pnrtly along 

t.he SU1CllS ]ollgituelinnlis~ postel'iol', nnc1 partly nlong the entel'ing 
poslel'ioL' roots, to nIl pl'obnbilit." preséntiJlg n homologon Lo the 
ovn1 tuen nne! the comnltL of SClIUT:'l'7,Ji:. -

Physics. - "Jlrotion of molecull3-s!lstemg on 'llJhic7t na etctemrtlfOl'ces 
aet." By Dl'. O. POS'f'i\IA. (Commnnicalccl lIy Pl'Ol'. H. A; 
LOlm~'r7,). 

(Col11lUunicalccl in thc l\Ieel ing of NovelUbel' 30, 1907). 

§ j. Up till now two W11,)'S have been mainly followec1 10 show 
tlmt n gas mnss left to itself, Oll wllieh no extel'nal fOl'ces net, in 
eonsequence of Llle collisions of the molecules will fin11Ily pass into 
n sinte, 11l whieh the molecules me pl'obably abOnlllJliformly c1islribulecl' 
over the "essel nnt! possees l\lAXWl~LT,'S clistribntion of velociLies, 

'Elle fil'st. is tIte method of BOl!f'Zi\IANN, who nssuming tbnt tlJe 
clensity all llll'ongh the vessel is all'eacly t he sû,nw, nnd fl1l'!hel' 
stnl'ting 1'1'0111 tbe nssumption tllnt thel'e is 110 l'egnlal' ::LI'l'angement 
of the molecules as l'cgal'c1s the yelocit,\', demonslmtcs thai n eertniu 
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ql1nntity H = Jr If. d~ eonstnllLly deel'enses by tbe colltsions till the 

stntionnl''y fitnte is l'eneheel, with whiel!, ns nppenl's, .MAXWI'!TJT:S distl'i
blltion of veloeities exists, 

The seeonc1 is Ihe method hnlf followec\ by BOT/l'ZMANN, nnd entil'elr 
by ,)J<:ANS, b,)' whielt iL iE> demonstrntecl tlmt on eer/nin hypotheses 
t11e stn,te ",ith llnirol'lll density nnel ilmi ,yith :Mnxwell's distl'iblltion 
or veloeities nl'e the most pl'obal>le. These 11,)'potheses nre, ns l'egal'ds 
Lhe distl'ibution of pince, .thaL cver,)' time thore wonlcl bc an equal 
chnnee 10 any plaee in tbc "essel fol', evel',)' moleenIe; with I'egard 
to the clistL'ibntion of vcloeities that thel'e woulcl cvel',Y time be an 
cqual ehanee that the poinl of ,'eloeity of a molecule w01lld get inl0 
any [tl'bitrnl'ily ehosen volnine-elemenl, in whieh we shollld finnll.r 
haye to reckon with 'the faet that tbe tolal encl'gy has a cortain 
flefinite vnlue .. 

I hnve tried 10 show~) tlmt thero is something eonlradÏl'lol'y in 
Ihis, whieh might be avoieled by assuming t1mt the gasmn.ss is 
n,rbitrnl'ily ehosen ft'om a mierocnllollienl ensemble, of whieh nll tlte 
systel1ls posscss the enel'gy whieh lhe gasmass must have. For in this 
all the eombinntions of place anel all the rombinnlions of veloeities 
with the sn me enel'gy are equnlly numerous, nnd so ,yc 11a\"e the 
same chance to hit upon them fol' the ,'iJ'slell1 chosen. 

So nnolhcr lwoof 1'01' tbe nbo,'e mentioned result is fnl'nished, when 
we show tlmt an [tl'bitrfiL',)' ensemble of systems witll the same 
en Cl'gy, left to itsclf; passes inLo a micl'ocnnonicnl ensemble. GIBUS 

enclenvol1\'s to clelllonstmie tbis in the XIIth Cltapter of his "Stn.tislical 
:Mechnnics"; the l'en.soning is maele eleare1' by LORNN~'Z 2), thongh tho 
laLtor goes no fmtller lhn.n calling tlte nssnmpiion thaL we shonld 
finally geL n l~liCÎ'ocalloltieal dislribution, ver,)r plansible. 

Howovol' in n recent pnpeL' :1) P01NCAIU~ en.lled aHention 10 n. pl'opeL'ly 
in Ihe light of whieh, in my opinion, Ihe above l'en.soning is no 
longel' 10nable. '1'lle1'o POINCARI~ shows, nnmely, tllfit the lillantil.r 

8 J"PlogPdi/)] ... clvll (in whieh :l.'l •••• Vn 1'ep1'OSenL tlto vnriables 

1'1 1 . IJ ]) W lle 1 e ctcrmÎ.ne evol',)' syslem of n eel'lmn ensel1l bIe, tUle J =-
N 

tho coef'ficient of pl'obability, thc inlegnLtion ueing exlended over (,/te 

J) These Proc. Febr. 21, 1906 ::md Jan. 2!~, 1\307. 
2) "Über den zweilen Hauplsulz dCL' ThcI'll1odynmnik"; Abhaudluugen libel' 

Theol'etische Pbysik, Leipzig 10013, p. 289. 
a) "Réf1cxiolls SUL' la ThéoL'Ïe cillélique Llcs gaz"; Joul'l1al de Physiquc, 190G, 

p. 309. 
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W1101e region ocC'upiec1 11y ihe ellsemble) is constant if the ex/el'na1 cÎrcllm--
,"",OXi . 

stances arc unchangecl anc1 the l'eh1tioll 2. - eXlsts (tOl' which oml 

\. - dm
z 

) In this POINoAm~ takes as variables the coordinates ~ 1 - dt . 

and vclocity-components of the molecnles; so thc qnantit~T l'efcl'l'ecl 
to abm'e cl i ffel's ('t'om tbc qnant,ity ;;J intl'odncccl by Gnms only by 
a cons/allt Hwiol'. 

GlBBS shows thai in a eanonieal ensemble -; has the proper ties 
of the entl'opy, POIXûARl~ ealls the qllantily 8 itseIf entI'opy, also fol' 
an al'bitml',Y ensemble. IICllC'C this qllnntily will ]1[1,ve to deerease, 
whcre -~ incI'eases. 

The propel'ty in ljnesfion ma)' be dCl'ivecl as follows: P has the 
pl:opel'lleS of a dellsi/y, so: 

uP oPX' _ ==- _ 2 __ 1 == _ ~ Xl oP ( OXi') 
ot oml 

-a, as :2~=O . 
!IJl UiV I 

Now, an al'bill'Hl'y f'ullelioll of P wiII a/so beltavc as a density. 
Namely: 

ot'(P) oP oP oP oX' -' - = /' (T) - = - /' (P):S X, - = - (' (P) :2 X, - - f( P);S' _I = ot ' ot' O,1!i' OW l ' a''!:1 

oP oX' 0 [X f(P)l = - :2 Xd' (P) _.L. :2/(P) _I = _:::; . I, • 

OiV I omi om l 

0'30 the f(P) nlso satisfies all eqllation of tbc same fOl'm as th,e P 
ilself, whieh eqnation l'epl'esents lhe exlensioll of the wellknown 
equa/ion from Ilycll'oclynamics: 

oQ aQu a!.)1) a (>1/' 

at + aiV + !ly + dz = 0 

,to a spaC'e of n di ll1cllsiollS. 

Now 8 = Jp log PelT, (in which elr = (!:I:l ' , , (l.'enl ) = Jf (P) rIr, 

is the integml of slleh an f (P), inlegmted OVCI' the whole extellsion 
occllpied by the ensemble. '1'0 flsce1'lain the cllfinge of S with 
the molion of thè ensemble, \YC must evel'y time iutegrate o\'er the 
val'iable spare (thongh constant in si ze), ovel' whieh (he phi1sCS 
cxtend Ol' where Pand also f (IJ) luwe valnes, So we can pcl'fc('tly 

dS 'I I' " f . f I' . 1 compare - WIl 1 t Ie II1cI'ease 1I1 lune 0 a qnanlt/y 0 Iqltll, 
dt 

taken o vet' all the places whel'c it is. This incl'case, howevcl', is 
equal to zero, 
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,Howevel', when /3 -J P Tu!) P dl'l ... (hun is constant, tlto ensemble 

call110t llIove in tho clil'eetion to tlle micl'ocal1onical clistl'ibution. 
Fol' 1hen P wonld beeome constant all ovel' the pht1!3e-exlensioll 
in COIll'se of time, t~ncl so tlte integl'fil wonld geL a minilUnm valne. 

Now, 11oweve1', tl!e quesLion sllggests itseH: when the fUllction S 
Ol' ";;j is constant, is the1'e not anot hel' q llanti Iy cl1al'[lJ'lel'ising the 
ensemble, which by its val'iation in a cerlain dircetion inclica,trs the 
motion of the ensemble in the direction of ihe uniform c1ist!'ibulion 
of place anel lVIAXWELT.'S clistribnLion of voloeiiies? For this mot.ion 
is llfi1'clly open to donbt, anel in a special case sucl! a funel ion has 
boen fonncl fOI: one system by BOÜ'7,~[ANN iu the CjUfinLiLy H. 

POINCARJ!; supposes he has fOlll1c1 snelt a funel ion in his "en tl'Opie 
gl'ossièt'e", ft quantity of the same fOt'm as S, but in which Lhe elemen!!;; 
or the t1t'ea over which the summation is made, al'e not taken infÎllitely 
smalI, bnt so small that pl'fietieally we cannot disLinguish beiween 
systems lying \Vithin the same element. This CjuanLity may, I.hol'efore, 
be l'epl'esentecl by :E n lo,q n. d, in ",bieh' d l'epl'esenls the elemellt 
anel n ihe mean density in it. Tn ('ontmdistillclion wiUt ihis entl'opy 
S is called the "entropie fine", anel it Hla,)' easily be shown that 
the "entropie g,'ossièl'e" is alwa,)'s smaller than the ."entropie fine". 
H is less easy io sec tha1. the "entropie grossière" gmc1ually c1ecreases, 
nor cloes POIKCAR1~ prove this. For it is not easy to sec that the" 

quantity S = ii P lor! P dl dw, of which he tries to pt'ove in some cases 

LIJnt iL has decl'easccl, l'epl'esan!s an "entt'opie g'l'ossièl'e", whilc the proof 
too rests on an asslll11ption which is lllljustified in my opipion. H 
is true 1.hat we shall demollsirate fmther on, that thel'e at'C C[nan
Wies of this form ",bieh decl'ease, bilt 1'01' them the name of "entmpie 
grossièt'e" is not vCl'y appropl'iate, as thc elements of' the extension O\'er 
whiclI Lhe smnmatiol1 is made arc jost as weil infinitel.r smalI, 
though of Jo WOl' ordee or llIagnitude thftn the ol'iginal elements. 

~ 2. A vel'y suitable introcll1etiofl. in the thaory ofgfises is snpplied 
b.r the ]J}'obTem of the smal! planets I) l'epeatedly tl'ealed by POINCAHÉ. 
Thera Hw problem is clisenssed whaL in cOlll'se or time the c1istribution
along the eeliptic wiIl beeome of a llumber of sll1all planets, whieh 
at some time wore placeel in theil' ol'bit in sllch a way 1.hat chance 
lIas cleeiclecl at least tho c1istribution of the velocities. POfNcAm~ shows 

1) cr, 1. c. and also: "Oalcnl des Pl'ohabiliLés", Pm'is 18fl() anel "La Science 
ct I'HYPOLhusc" Pal'is lH04, 
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th fit if the nllmbel' is large, fillll the pJanets do no! in!erfel'e \~itb 
each oiber, in the long l'un t1le plan els wiU most likely get abont , 
unifol'mly scaitel'ed over tbe ecliptic. 

lf we shoulcJ wisll to trea! the pl'oblem- in exactly (he same waS' 
fiS GIBBS, we shonld lIave to consiclel' an ensemble of systems each 
consisting 0(' n pInnets. As, iIo\vevel', the planets do not intel'fere with 
each olhel', we ma,)' also take an ensemble of systems of onl)' 01l,e 
plan et, in wiIich cnse the ensemble l'epl'esenls all possibilities which 
ma.)' OCCUI' in the placing of aplane!. When now sneh an ensemble, 
sn,tis(ring cel'fnin sill1ple conclitions, g'l'ficlllally spl'eacls nniforl111yover 
tlle eeliplie, thel'e is fol' eVClT planet ,chosen at mnclom 1'1'0111 ihis 
ensemble, finn.J1y an eqnn,1 chance Lo any place of thc ecliptic, so 
that., if we have io cllOose a pIttnet fl'om sneh an ensemble n times, 
tbc,)' wiJl mosl probably be distl'ibl1ted abont 1Illifol'mly over the 
ecliptic, ie 11 is lal'ge, 

It is assnl11ec1 tIJat the oJ'bils [!,L'e eÎl'cnlaL', and lie in the plane of 
tbe ecliptic, so lIml evel',)' plan el is determinocl by the variables 
1 (IeJlgth) nnd w (angnlal' veloeit,)'), in which w' is constant, nlld 
1 = '0 + wt, if nlso targot' nngles t1w,l1 2Jt' are admiltecl. The fl1nction 

,) (POlNOARl~'S entropie fine) is, nceonlingly, hore Jfp log P dldw 

integmted OV01' all tho phasos. 
As '\1 eOI:rospol\(ling to 1 is oCjl1al to w, anel .Y~ eOl'l'osponding 

L, UXi uw" , 
10 w is Jcqnal to 0, here ~ = ;) = 0, so 1110 ('\\ncliol1 ,) ,'oma.ins 

U.I" ut . 
eonslant. 

Vet. tho ensomble tLppl'oaehos 1111 i ('0 1'111 clisll'ibnlion over the oclipLic, 
which, 11Owevel', is an altogethol' different Ihing ft'om Ihe tlensity P 
beC'oming conslnnL TIJon S wOllJd, of COIII'Se, deel'easc (il 11lllsi bo 

obc;ol'\'ocl t1tnl ij PrlUw alHl ij d/dw l'omnill nltio (,ollslallt~, Tlliti 

a.pprQ[wh io unifol'm distJ'iblltion iR podll1,ps most l'oadily seon, whon we 
eonsic1eL' only thaL pmt or I he ensemble lhal had ol'iginally alolIglIJ 
bot ween Zo anel lo + dlo, the fingnlm' voloeilies lying between W I 

finel w~, 'l'his part of tlte ensemble, being originally founcl ill ono 
point or lbe ecliplie, wi1l goL disintegmlecl b.l' the diil'el'cnt veloeilies, 
anel g'l'nelnall.r spread OV0r the ocliplie, till finally Ule ecJipLie is takell 
IIp H, VCI',\' ltLl'ge llnmbol' or timos, Al a clefinite point of the ecliptic 
thol'o fiL'C now paL'is, whieh wel'e originall,Y spread OV01' a largo 
1111 m bol' of olements of tlte extensiol1, nl wnys at elll1al tlistanC'os 1'1'0111 

eficlt othel', tl.ncl it. is easj' to soe, that if t.IJo fnnction l'epl'esentil1g 
tbe ol'iginal densily, aud iLs dOl'ivalivo are linilo and coutÜIUOllS, t11e 
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density nlong the ecliptîc wil! finall.r be llie same cvel'ywhel'c 1). 
Tltc adjoined fig. 1 l'epl'eselJts the 1l10tion of tltc cll::,cll1ule., EVCl',Y 
point of the oL'Ïgiually hoL'izonlal clclIlelllnl',v arca Illoves llj1wtu'di:i ill a 
vcrtil'al dCL'cdion witlt constalIL "eloeit.)', tiO that the ex(cllsion alwaYtl 
ocenpies a slanting al'en, wil h all illclination c1clel'lllinec1 by (!lil = t. 

The hOL'izoutal m'ea::, at clislallces 2:r. fL'oll1 each othel' inclica1c 
the parts of the cxten::;ion, whielt are in tlte same poilll of the eclip1ic. 
Originally these pal'ts have beell in pm'ts of Ihe oL'iginal moa al. 
eqnal elislallees fL'om each otltCl'. These dislanccs becollie smalleL' anel 
smaller, Ihe sllloface elelll'ents bec'oming moL'C nllmCl'OUS allel at thc 
same time smalle!'. 

Instead of the com;ta,uL tjll.anliIY·.':) JfPlog Pdldw (I tllUllgltL 10 l>~ 
eontil111011S) wc gel a vaL'iable, wlten we imll1ecliately take togetl!cL' the 

e 

surÜl,ce ele01ents whiclt come (0 llte salll~ thillg will] respect 10 the 

place in Ihe ccliptic. So wc gct tlte quantity Sp -=,J[~~ lorI P' dl, iJl' 

o 
",hielt P l'epl'csenls the ql1ant.it.,r round pCI' Llnit of lellgCIt in t.he 
con.ioint aL'cas, of a, wicltlt cll anel at c1islallees 2.iT apm'(, whieh 
give Ihc same plncÎl}g in Lhe ccliptic. So in thc case l'ef'el'l'ecl t~, that 
ol'iginally a hol'Ïzontal area whose willth is d/o was oceupied, 

dl o dl 1 dlo P' dl =:2 Pidlo dl cot cc =:2 Pj-- so P = -:E Pi in whieh PI' 1'e-
t t' 

1) Cf. POINCARÛ I.c. 
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PI'c<"cllb 1110 dCIl:::ily ill caclt of' (IIC [lomts of 1he originnl ül'cn 
,,'hieil 110\\' COIlIC lu tllO E-tllllC (biut;. 

~o,,' tlli~ I>' hecolllc,:;, 11' \\ C :::i1\\', ill comse of time ~ constnnt 
nne! so Sp nJinimum. This qunntit}' might be eallec\ entropy ofplace; 
"entropie grossière" secms less appropl'ÏnLe, beeause (he elel1lents of 
exlension nre infinitel}' smal!. This fina1 npproaeh to n minimum 
must not bc tnken as n eonlinual cleerease. I t is eas}' La see thnt the 
originnl funclion of densiLy llIight be chosen in such n wn}' that 
thcl'c a,re aIso times, at lcast in thc beginning, at whieh tbe c\ensities 
P' miher c\iverge ihnn clmw nem'er La each oLher. Tllen the qunntiiy 

. dS" dIl 
S/1 would lllcrcn5e' so - is noi like BOLTZl\lANN'S nellntivc all 

, -ft dt ~ 

thl'Ollgh. 
If, howevel', wc eompare timcs, in ",hieh firs/' nn nng1e 2.7t', thcn 

4.7l' etc. is occupiccl, we nw,,)'. sn)' witl1 n pl'etl}' high degree of 
eerLt"Linty/ tllH,t IS~J has always c1iminishecl. If now instcad of n hori
zOlltnI arcn nn nrbitl'nl'ily ehosen enscmble is considerecl, thc nbove 
l'easoning may be appliecl foJ' every horizonta,I elementm'y nren ti'om it. 
So now too the ensemble is finally uniformi}' spread over the eeliptie, 

nn~l tIJe quantity 5~ = J}~logP' dl becomes minill1l~m, Now, 11OW0\;er, 

o 

p' dl =.2 Jp dl dw Ol' P' =.2 Jp clw: c\'er,)' time integrnicd over 

aJ1 w's which ti:Lll wiihin tlle hOl'izolltnl nl'ea c1etel'll1illcd b,)' dl, 
Tllis P' uecollles finally constant. Tbe molion of the ensclllble in 
ihis more geneml case is cxpressecl by fig, 2, 

~ 

The nbove mentionecl inaCClll'ac,)' in POINOARÉ'S 1'easollillg is this: 

he consic1el's the qunnlit.,Y S = JJp log P dldw, ,in which he inlegl'nleB 

with regm'el La l i'l'om 0 Lo 2.7l', Sa the P fro;n- this fOl'mnla. luts 
eviclentl.r' m'isen u,)' summnüon 1'01' the diffel'ent values of I whi(:1J 

_ come 10 tlle same thing, but not b)' integmting wiLIl respect to w. 
Hence th is P is the snm of tbe densities of the olcmenls obtninecl 
IJ}' lnking tl, definiLe w, anel tIJCll snccessi vel,)' 1, 1 + 2.7l' etc, In tig:, 2 
these eIemcnts tl,l'e cross-hntched 1'01' anc ynlne of w, However, 
POINCARÉ tl,SS1lll1eS flll'1hel tJmt iinall.r fol' t = 00 this P; Ol' mtlle1' 
tbis .2P na longel' clepends on l, but onl,)' on w 1). This seems 
to me incorrect. For (hen fol' evel',)' vel'tical elelllell tm'y <"tl'ea in 
fig, 2 the sllm of the clensitics in Ihe elements, ",hich m'e ever)' 

1) R6f1exions SUl' la Théorie cinélique des gHZ; p. 381, p, 385 etc, 
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Fig. 2. 

timc at tt distnuee 2.iÏ' frOlll each otltel', would linall v have 10 
~ 

bccollle constanl. Tllis, howevel' is only possible jf Ihe Ill1mber 
of Icrll1s of this sum becollles nt last jnfillilely hU'ge, whieh is by 
IlO Jllenns the ense. Ever.)" verticnl distnnce within the extetlbion 
l'enmins, nnmel.)", of the snmc length, so Ihat the nnmber of elements 
within each vel'ticnl nrcn which are 10 be ütkcu togetlJcr, rcmains 
alwa.1's linitc. Ouly ",hen tlte 6ecIILTillg w's cxtend ovcr n finite 
distauce, tlle nUlLlucl' of tCL'lllS of the sum 1'01' t = G) Cttl1 nlso 
become illfinüely large. 

A second pnrtinl entJ'opy, thaI. witlt ?'egaJ'd to tltp velocitie;:; is 
oblttiucc! b.)" takillg thesc elclllcllts of' tIlC extensiOll t"ogether ",hielt 

. J'" givc the same velocit,.1'. ~o this ~s here Ss = i" log P" d(l), iu which 

pil = J P dl is integl'ntecl along the \'crticnl arens. This entropy, is 

incleed, 'nlso smnller than the "entropie fine", bnt the clilfel'cllce 
l'emnins constant, anel so nlso S COl1stnnl. 

~ 3. A tmnsition casc ft'om Uml of the plnncts 10 illttt of the gas 
molecules is fl1rnishcd b.1' tIJe casc of n gas of one climcnsioll. 13y " 
illÎs POINCAIU~ lI111lcrslnnds n gas, all Uw molecules of which move 
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]/[t,l'nllcl io c11ch oil1el' 10 nlltl fl'o bct weell Lwo pal'tlllcl w1111s lJormitl 
to lbe dil'edion of motion 0(' lhe Jl~0lee111cs, We assumc tlml ped'ecily 
eltl&tie co1Jision 1111;:es plnee, 11nd IhaL the dimensions of the 1lI0lecuies 
may ue negleeled, Now if we tl'nce lbc whole wny 11lways in onc' 
dit'eciion, tlnd inll'odllCe the disLancc to one of tlw w1111s 11S ,\'11l'i11ble 
l, flll'thel' considel' Ihe \'cloeily W 11S consL11ntl.r positivc, ihis ('11se is 
idenlicnl with tbe pl'eceding one, if we c1111 the di61[1,lwe beiween 
the w11116 Jr, only willt this cl i ll'el'en ce, IhaL no\\' the disi11l1ces 
1, 27(-1, 2.iY + l etc, come to tbe stlll1e tbing' as regal'c1s the pl11eing 
of the molecules, So t wice as umll.)' [t,l'e11S ]lJ lI&t be t11ken togcther 
as ucf'ol'e, nlld now ,vc lmve onl)' 10 inicgl'tLie 1'rom 0 to 31:. JnsL as 

lJcfol'c we lItwc now n quanLit.r Sp J"pI lo,r; P'd!, ",hich dCl:I'cascs 

o 

becallsc P' = 2: Jp tlw becomes 11L hLst a consL11l1t 1). 

Sneh molecules noL interfel"ing w!Lh each othel' in their molion, tbc case 
0(' a continnotls ensemble of systems of onc molecule each, 11ncl thaL of a 
re111 gns of n molecules is pl'etty llluch I hc Stlme, .i usi as fOl' tbe 
plan els. For 11 gas of thl'ee diJ1lensions this is in geI,lCml 110 longer 
IIte case in consequenee of the colli&iollS. 

VVe meet with anoLhel' 1L't1l1sition C11se in 1111 ensemulc of syslems -
consisting of n pbncts each. The "ellLropie line" is no\\': 

S = J Plag P dl l .• , dln dWl . , • dWm 

lhe Sp is given by 

Sp = J~': .J~I log P' dll . , ,dln,' 

o 0 

iJl wltich P' = 2: Jp dWl ' .. dWn, illlegl'alcd witlt respcct Lo w: . " Wil 

allel sllJllmecl ovcr 1111 UlO combinntions from 11 to lil which give tlJe 
same t11'l'nngemenl of tilc plnnels. These eombint1tions t1l'e oulaincd 
lJy coinbining Ihe mInes 1v 2.7Z' + 11 eLc. \\'il11 ihe val nes l~, 2.7Z' + 1~ 
etc. 10 lil, 27l' + lu etc. in all wnys possible. TlJe ]Jumbc]' of these 
combinations, so Ihe l1umbel' of' lcrl11s in the ::HllllllHlIÎOJl incl'cases 
inclefin itely cl ming IIte molioH, jllst as iIJ t lJe pl'ecccling CtlSes; so 
P' becomes cOBsinnl, aml Sp l1ppl'oaches the minimuJlJ vaInc. Ir 

1)' Hel'e wc lmghl ulso have laken lhe cool'dinate :r val'ying from 0 la o;r as 
variuhle inslend of the coulinuolls l. Then the lIJ slü(ls every time fl'om + la -

nnel vice vel sa, ~l1d we gel llie same lel"J1ls J Pd6.', Tml ilO\\' [tI lhe same height x, 



- 13 -

( 399 ) 

instend of tlle'planels we ill1agine lllOlecllles movillg in a one-dil1Jensional 

1l10tion, wc gel: SI' = J~ .JiJllor; p' dl l • • dln in which lp 2.1l'-lp 

o 0 

2:r + ti cic. Inusl be taken togeillel' iJl the cnlculalion of P'. 
vVe meet wHl! slill l1uolheL' tmnsilion case when we consiclel' a11 

ensemble of systemb of' onc 1l10lecule each, ll10ving fl'eeI,r in a vessel 
having tbc slmpe of a right-angled pm'allelopiped with Uw eclges Cl, b 
l1lld c. This motion ma,)' ue t honght as cOll1posed of ihl'ee motions paral1el 
to I Ile Cliges, wh ieh we ma,)" each tI'eat as in the {h'st IrallsiLion ctl,se. 
Ir wc (:all Ilte COOl'tl illales wil h respect to I he bides ie, iJ nnc1 z, 
IIle comuinntions of .u, 2,l--./:, 2((,+.11 etc. WiUl//, 26-.'1, 26+V etc. 
allc1 z, 2c-.::, 2c+z cIC'. C'ome la the same thing with l'egal'd to 
pInce. Sa we now get tite P' b.r integntlillg fOl' the IJ with 1'egarcl 
to Ihe cOlllponents of t.he velocit,)', nncl b,)' l11en sl1mming fol' a1l these 

eombinations. The 8" = j'jJ~p, lop P' (/;u dy dz clecl'eases ngaill 

o .0 0 

ti1l the minimum vn.lue is l'el1checl. A molecule chosen at random 
fl'om Ihe ensemble wiJl lltl.ve an equal dw,nce io an)' place in the 

,vessel. -" vVhen the climel1siöns of the molecules tL1'e not negleciecl 
plnnes take the place of the walls of I he yessel at a c1istance l' 

parallel to tIlem. 
If we ma,)' clis1'egal'cl the collisions of the molecules inter se of n. 

gl1S 111<"1.SS, we might alwa,rs eOllsidel' ench of tlte n moleculeb l1S chosen 
al'bilral'ily erom snclt [1,11 ellsemble, l1nd hence al ln,sl these n mole 
cules would pl'obtLbly be clistributed ove1' the vessel nbout uniformly. 

~ 4. Fiuall,)' we shall cOBsidel' nll ('nselll bIe of sysLellls C'onsisting 
of n molecules llloving in a vessel having the bhape of' a rigltt-anglecl 
IxU'allelopiped. 1 f' wc take thp cOOl'dinales with l'ega1'c1 to the side 
faces as vÜl'iables, tlte compollents of the velocities lllny also be 
negative and the l'epl'escnting point. or a syslem ma,)' occnpy an.)' 
place witltin Llle space 

J;l~'I" .d'VIIJ ~;I .... clYllJ ;Z;'I .... dzIlJ dg~ .. :.(l;I,J~;tI~· ... (lIIIlJ (~~ ... cl;1I 

}' l' -00 -00 ~ -00 

in whiclt wc lleed 0111,)' take into cOllsidemtion thai dut'ing tbc lllotioll 
the killetic (,llel'g," Ol' 11.Iso the ;:Sc" l'clllaiJls eOJlst<l1lt. So we slmll 
no\\' have to cxallline whieh pal·ts of thc [llmse cxtension wijl gi\'c UlO 
StLllle mmllg'el11ellt of' Ihe llInlecllles, anti ",hieh Ihc same llloleeulal' 

'. 
27 

Pl'oceeclings floyal Acad. Amslet'dam, Vol. X. 
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veloeities, and to ascel'taill 'whell1el' the P integrateel anel Slll1lmecl 
over these spaces _ becomes COllstu,nt in COUL'se of time. 

Tt stands to 1'eason lhat here the pr091el11 of the clistl'iblltioll of 
veloeities will be the simplest, because it i~ 1l10cli!iecl d h'ectlJ' by t he 
impact, and the clistribution of place onl,)' inc1il'ectly. 

In agreement with ~ 2 wbere we considerecl an area fl'0ll1 the 
original extension lying bet ween Zo ancl 10 + dlo in order to examine 
the placing, we shall take here a part fl'01l1 tbc extension clcte1'll1inecl 
by limits of' veloeity lying infinitely lleal' eaeh othel:'.> but coyering 
a finite part of the 3n-c1imensional space of cQol'dinates. In eonnection 
with the condition thai 2v2 = C, we take ft'om tbc 3n-dimensional 
-space of velocities tUt elemellt ot' a sphel'ieal sl1ell, whose radiuFi 
is V 2v2

• 1'0 this eorresponcls a, prislllatie Ot cylilldl'ical pad of thc 
extension, the base of which is l'opl'esented hy the element in qnestion, 
With regard to the distribntion of yelocities the points ft'om thesc anel 
similal' prismatic or cylindricn,l tnbes ('ome 10 tbe same thing. Thc 
elements of the sphel'ical shell l'epl'esent the pl'ojeetion of the tubes 
on the space of velocities. Now it l'emains to investigatc whcthet' 
the qnantity of substance, which originall.r is Councl above the element 
mentioned in a given tube, will nOL lîually have spl'ead unifonnly ovor 
all tlie 'tubes, so that the same quantiLy \ViU be found above ever)' 

element of the same size. It' so, S, J P' tON P' cZr: wiJl ngaill become 

minimnm, if eb: represents the size of sn,eh an element, anri P'dr: 
the quantity wbieh is pl'ojected in dr. 

We mayalso eall tbe points 1'1'om the element of the sphel'ical 
shell the points of velocity of the systems, and the vector, whiel! 
joins the origin with sueh n poillt of velocity , l'eprescl1ts all tl1e velo
eities of the system both with i'egal'd to mngnituele nnc\ to clit'eetion; 
tbe projections of the Yectol' all the 3n axes of tlle &pnce are the 
components of the molecular veloeities. 

The best way of setting fOl'th the' gt'aduH,1 uniform dispersion of 
these points over tbe mentionecl bypel'sphel'e is perlHtps by ftvailillg 
olll'selves of BOlmL's mode oirepl'esentntiol1, and by partinlly following 
!tis methoeI. 1) 

BOHEL imagines. tllat in tbe same :3n-dimensional &pace in which 
the cOOl'dinntes of tbe molecules are laid out (so that wègeL in tl1is wny 
a point repl'esel1ting the totttl arrangement fol' cvet'y system) n.lso t.lte 
components of veloeity nl'e projectetl statting 1'rom tlte l'epl'esonting 
point mentionecl. Tlle vectol' then obtnined l'cpl'escnts the veloeity 

1) "SUl' les Principes de la ThéOl'ic cinéliquc des gaz" par E~!IL1~ BOR,"L. AnnaIcs 
de l'Ecole Normale Supérieure We Sél'ie, 1906, N°. 1, p. 9. 



- 15 -

( 401 ) 

of the l'epl'e~enlillg point, anel we ma,,}' now examine what takes 
plaee with this veetol' clming the motion. It is now obvious that the 
representing point moves in a spaee inelosed by slll'ülees anel spaces 
as XI = 1', ,el = ft - j' ate. wilh whieh it collieles when one of the 
moleculeti of lhe syslem strikes againsl a wall of the vessel. When 
two molecules collide, the l'epl'f'senLÏng point strikes against a smfaee, 
lhe eqllation of whieh has tbe for111 : 

(,Vm - ,VII)' + (YI!! - YII)2 + (ZIII - Z/l)2 = 41,2, 

Now BOREL shows th at 1'01' this impact the same l'ules bold as fol' 
ol'clinal'y eollisions, sa tbat the lines a.long whieh tbe poinl moves 
bcfOl'C anel aftel' impact, lic in tbe same pla.ne as the n01' 111al, (he 
nOl'mal divic1ing the a.ngle of lhe HI'st two lilles inlo two equal 
parts, Tlte vel oeit)' , 100, l'emains the same AecOl'cling 10 the above 
we Jl1nst now ima.gine a finite space (illed with sucb repl'esenting 
points, all intlniLely small peneil of vectors of veloeit,)' slarting from 
eacb point, Jl1utllall.r eCjllal, anü also equal 1'01' all tbe points. Now 
a l1u111bel' of these repl'esenting points strikes against one of the 
above mentioned surfaecs, e.g. with equatioll 

(''VI - iV 2)2 + (Ijl - .lJ2)2 + (=1 - Z2)2 = 41,2; 

this implie'3 th en lhat fol' these s,)'slems the first anel the seeond 
molecule collide. ThiR surti.lce is lhat. of a. c,)'lindl'c of l'e\'olution of 
the 3n-3th degl'ce, agûinsL lhe ontsicle of whiclt the points slrike. t) 
'rllC base of the eylilldl'e is tl sphel'e, the c1escl'iptive lines have here 
bctoDle c1eseripti ve spaces, nameI)" plane spaces of 312-3 c1imensipns. 

111 the collision l'el'eL'L'ed to, the extension fl'om ",hieh the pOi1ltS 
('ome bcing lm'gc cOll1pal'ed to the dimellsions of tlJe section of the 
cylindl'e (Ol' at ICtlst of the samc order) the infinitesimaJ peneil will 
eXLenc1s in the dil'eetions of tlJe PCl'pouJicnhll' section of the cyliudl'e, 
bO hel'e in :3 dimClmions, io a pencil of finitc width. If fl'om this we 
take again au inflnilesimal part, it comce ft'om a dcfinite point of 
eacb section of lhe sphel'e, anel so ft'om tlJe points of tl llescl'iptive 
spa,ee of lhe cylindl'e,~) Pm'l of this strikes again against anotlJel' 
c.)' lindl'e (whicb e.g. -Învolves collision of the l st anc! lhe 3tc1 molecllle), 
a.nel lhc in!initely JUlI'l'O\\' pellcil c'\:Lencis a.gain 10 finite WielUl; etc. 

Tlle l'cprescnting pO:llts whidl havc 1101. (akcn part in tllCSC col
lisions strike agn.ill agtlinst f"HoUwr sl1l'f'a~c, allll llte pencil cxtencls ever)' 
timc \0 one tl.l\ infinilc IlI1\l1ber or times widel', bnt avel'y timc iJl olhe1' 

J) If' the ncw cool'c1inalcs ~,~/, t" ,I, t l\11l1 ~' c1etermincd by ~ = ~ (:-'Jl-.'t2) 1/2, 
E' = ~ (:G~ + Xl) I/:d elc. al'e inlL'oduced , lhe eqnalion of' the sUL'face becomes 
~t + ~2 + ~2 :::: 21'2. 

2) Pl'Opcl'iy speaking a nQl'l'OW region in the dil'ectioll of this descriptive space. 
- 27~' 
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slJfwes. Howevel', wben in a s)'stem the same rnolecnle has had a 
gl'eat nu 111 bel' of collisions, the extensioll hns had n Pl'O,jcctiOll on tbe 
spaee detel'minecl by Ow nxcs 01' lhc eoonlillatcb 0(' t he 1"t tlloleculc 
fot' each of these colliE>ions. -Sa ,VhCll ~ cvcr)' 1ll0Jceule hns had a 
gl'eat mllnber of eolJisions t IJC above JlJCJ1 Lioncd vcctor of vE'loei 1.1' 
liaS passecl rouncl the sphel'c 011 whieh Ilic [JOillts of vclociLy lie, n 
gL'eat mall,)' times in ever.)' c1il'ecLion. TllC points of veloeit)' wlJich 
oL'iginally l:ove1'ecl an element of the sphel'ical shell, w.iU uow OCCllpy 
tbe whole spherical blll'face lHany timeE>. A ':i, bowevel', the points 
of the sphel'e, where a poiut or velocily is n,fte1' one, t wo ctc. I'CVO
lutiol1s in a cel'ütin di1'ectiol1, come to the snmc thing with l"CbpeC't 
to the distl'iul1tion of the velocities of thc moleenles, as in uil the 
prececling cases we may ngain tlSSnme tlmt finally thc dCIlE>ity iE> thc 
same all over 018 &phel'icnl &llrfi:Lee. 

Fol' the rest of the elements of' thc same sphel'Ïcal shclI ol'iginallJ 
occupiec1 the same I'casoning holeIs. If tlJel'c m'e also sysLcms in Lbe 
ensemble witlt anothel' kinetic cnCl'gy, Ihe points clispel'se also hcre 
homogeneonsly in sphericaI layeL"s; as, however, ono l;:illcl ramlOt 
pass i11to anotber, the c\ensity llmy ue different for the la.)'ers. It is 
the same as in the clistribl~tlOn of placo when the gas masses t1l'e in 

different vessels. 1) 
Now Lhe pl'oblem of the plnciug of thc lllo1cwles. Fol' Lhis pUl'pose we 

considel' 11 part of the phasc-cÀtcn..,ion, origiJ1<1lJy c1etel'llJillecl wiLh rcgl1l'd 
to place by limits lying- indefinitely nenI' cüch oUler, buL oeeupyillg 
a finite part of tIle space of \·elocities. Now we havo io clcmonstrate 

1) AIso without Bom:!..'s way of lepresenlation tlte above mentiol1ed dispersion 
may be imaginec1 10 a ectlain c~lcnl. In CadlOr a l1umber of SYSl8lTIS lbc male', 
cules have the same vcloeilies, buL dirCel enl places. Now it will enlirl'ly depcnd 
all the mutual ~iluation e.g. of Lhe molecules 1 anel 2 in cOlllleclioll wiLlt lheir 
velocities, wlJat tlle di/"cclion of lhe 1l0l"Jllal becomes in lhe colli&ioll, and sa up 
to a certail1 extel1l. ",hat lhe Hnal vr.lociLies win be. In any case wc geL an in· 
finitely large numbcr ft 0111 a single pair ol" \ clo('Jtics. ,"lICI eas we lwd herore infinitel y 
narro\\' limits helween which tbe components of \'elociLy had Lo lie, now wc get 
a finite regioll. 1f we lla ve thosen <l definile one fJ·om the pairs of final velocities 
50 also a llefinilc velocily of Lhe lst l11olecule, ibis molecule may have nU kinds 
of posiLioIlS will1 regan] lo Lhe 3rel llwlecul e, againsL ",hich il wil! pl csenlly sLrike, 
50 also lbe nOl"mal of collisioll cun have all kinds of c1irecLions, allel ~o lhe limils 
thouglll infinilely n:::.I"·ow are aguin removeLl la a finite clistuncc, eLc 11' we now 
take as vUI·iablcs Lhe angles ol' the general veclor ol' velociLy wiLh Lhe axe& of 
velocily insteal1 of the components of veloeiL)', Lh(~ movillg apat"l or lhe limils will 
yield a hll·ger amounl of occllpied angles, so 1llUb fin::t11y thel'C' is o('('upiec1 lUl amount 
of a large number of times 2". Ir we now lake illlo accounl, th at incl'ense or such 
an angle by an a1l1ount 2"11" has na efrecL, wc anive at cOllsiderations anc! I eSlJiLs 

, of quite the same nature as in Lhe problell1s LJ'eaLell ubove. 
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tlmt finally ihis -ensemblo will llo nnil'ol'1111y scaUm'ocl ove,' all tho 
comhinations of placo. 111 thi::: case Ihel'e will again he a pal'tial 
entropy 8/) which ha::; uecome minimum. 

VIT e may Iry 10 make u&e of Bom~r/s way of repl'esentation also 
here, anel sha11 take as intl'oell1ctory case an ensemble of systems 
consi&ting of 2 molecules l110ving along the &alUe line perpendic{llar 
to two parallel waUs bet ween these waUs. 

, 
:' 

A~---+-+-~~1--------

! 
• 

O~_~ ________ ~D~~ ______ ~~ 
Xi X, 

l~ig. 3a Fig. 3b 

Fig. 3r! l'op,'esents one syslem fL'om tlte ensemblo, fig. 3b the 111oLion 
of tlJe whole ensemble, ",ben the elil11ensions of the molecnlos al'~ 
elisÎ'ognl'docl. Ol'ig inal1," all I ho sy&loms are in an clement plnced n1 
P(.IJl> :IJ.), Iho points or velorit.y lying within an al'bitral'y figlll'e. 
Hero Ihe l'epl'esenLÏng poinls will he tOllnd aftel' :1 sec., whel'cas 
thoy \yolIld ocenpy a continnally extonding figl1l'G if Lhcl'e was no 
collisioll. Oollisiol1 of (he molecnles \Yith Ihe walls is hel'e repl'esentecl 
by eollision of Ihe l'epl'esC'Jl1ing points wiLh tho lines OA anel AB, 
collision of the molocules inLm' se by colli&ion \vith the line OB. 

Now, ho\Yevel', wc ma)' also think the motioll aftel' the collisioll 
e.g. wilh AB continneel past AB, if I.he triangle ABO whieh 
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would thell ue pas:;ed tltl'oug,h ('UI' tlte second til1le wHIt tlto ,"eloeity ul'lel' 
impact. is tltOllglJt to be tlll'lloc1 over alung LID. No\\' the point pnl'sues its 
course llnintel'L'upted. A follow ing l.:oll i:;ion wit hO IJ now becomes collision 
wilh BG; no\\' wc ITItt)' pl'oeeect again in 1I1e sallle wa)'. The pencil 
then goes on without all)' clistllL'bance, bul we must take inlo ac('onnl 
that Ihe elements of surface, ",hiclt in tltis way pl'oceecl from each 
other, l'epresenl the same placing of the (wo 11101ecnles. The C'ontl
nually extencling figUl"e of (he l:e[1l'esenling point:; \ViII !inally contain 
a very large numbel' of elemenli::l of smfi:tce of ever,)' kind coming 
to the same Ihing, Ol' a vel',)' large JlulI1ber of l\ll'nec1 over triallgles, 
so that t1na11y lhe points wiU be llnlfOl'ml,)' clislriblltecl over Ihe snms 
of tbc olements of sm'face. 80 ever}' siiuation of ihe two moleenles 
repl'esenled by a point in 11130, OCC\ll'S eCJllally fl'eqnellily. A poinl 
of BDO, however, is nevel" l'eachec1: so eve]')' situation in whicl! 
t.he 2ncl molecule is on lhe righl of tho l st is equally probable, bnt 
the 2ncl CaJ1l10t get to tlte left sicle of the 1 st • 

Now we shonlcl ha\'e to exlellcl tltis l'easoning 10 the case of 1110l'e 
th:111 I wo climensions. Tbc reflectiol1 against Ihe \Valls does nol 
affect om reasoning. The stL'iking of Ihe molecules against each 
otller, ho wever, is no\\' repl'esentec1 by stl'Îking against a cylinclJ'ical 
surface. ThOllgh th is obslJ'ucts Iho wa)', it no longel' :;11 nis oft' a part of 
the space. The case l1ll1y be compared wijlt thl1i of fig,3 u if tbe line 
OB is l'epll1ced u.)' l1 circle. I hl1ve not· sncceec1ec1 in sol ving the 
problem fol' Ihis generl11 Cl1se. Howevel', it, seems ver)' pll1l1sible [\utt 
t.hc finite nnmbcl' of l'ylincll'es will not be able 10 preven! .thal the 
uniform disll'ibn!ion of the repl'osenting points OVOl' lhe sums of the 
elemenls of volnme \vhich eome 10 Ihe Al1L11C Ihing, whielt dislL'iblllion 
woulc1 fillUlly come aboul as \\'e SU\V in ~ 3 if thoL'e was 110 collision, 
wil! be established al:;o now. So all the combinalions of plnce of 
thc molecules would tben oeCIlL' eqnall.v fl'oqnentlJ'. 

§ 5. Finally it ml1y slill be shown thai when all the cornbinations 
of plaC'e l1ncll1\l the combinalions of veloeit)' o('c1lI' witl! equal fl'equency, 
it follo\\'s fl'om tliis thl1t fol' Iho grel1t m~jol'ity of Ihe systems Ihe 
molecules [\,l'C distL'ibnted l1Uollt nniformly over the vessel, ltncl 1ll1ve 
lVlAXWI

'
1J.J,'S distl'ibnlion of velocilies. 80 fl1l' we have l1lways c1istingnishecl 

between t11e individl1l1\ molecules, now wc slmll have to ll1ke into 
consiclemtion, that. exebl1nge of the molceules does not alfeet thc 
dist,'ilmtion of pln.ee Ol' veloeit)", so far ttS we ean l\l1ow i t. 80 all 
tho combinalions whiel! al'ise fl'om eae!t O[\lel' b.)' ex('hange of 
molecules, now come to the same I/Jing. Henee if of S !l1oleenles 
SI are in the Îll'st element of volume, ,~~ in the 2nu eic., there ure 
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sj 
combinatiollS yielding the same distribution Qf place. As 

s/ s/ ... slll 

BOLTZMANN has shown, the clenominatol' may be l'epresented by 
If(x!/~)!o!JJ(:I;y=)dtdydz' ... . 

ce by appl'OXlmatlOl1, III winch f(.vyz) represents 
tho fUl1etion of distribution of the molecules over the vessel. Thc 
integl'al is minimnm if f (.vyz) = C, so thc nnmbel' of combinations 
is then maximum, 01' the uniform clistribution is the most fl'eqllelltly 
occUl'l'ing one. '1'0 show that the deviation froll1 ibis distributiol1 is 
not lnrge as a ru1e, we may examine how many combinations yield 

s s s 
a distribution, in which instead of - molecules, - + ,'IJl! - + iU~ etc. 

n n n 

molecules OCCUl' in the elements. This number is: 

si 

By putting sf = sS+~e-s V2n- etc., we get fol' tbis, taking into 
account that ,'IJl + m~ + ... mil = 0: 

s+~ 
n 2 

s ; 
-+XI +.z -+x +i 

(V2m)'I--1 (1 + n: 1
) 11 • , , , (1 + n:I:) 11 ,I 

Now by approximation 

.:. +:tj += 
log (1 + n.IJ1

) n = (: + l/\ +.t) (nm 1 
_ n

2

.1)1

2 

'1- . , , ,) = 
s n 8. 28

2 

'Wil n.'lJl~ 
/1: 1 +-+-", 2s 2s 

So the log of tbe clenominatol' (wiLh the exception of ihe til'st 
fnctor) is by npprOXil11fLtion: 

n2.v n n 
:S'IJ + -- + - 2.'1]2 = - 2,'1]2. 

28 28 28 

'fhe number of combinations beCOll1eS no,';>: 

s+~ 
n 2 -~~x~ 

----e 2s ; 
(V2.7tS)'1-1 

if we put 2,'1]2 == nn~, ihe chance, thai the mean deviation is smaller 
than U, may be l'epl'esenled by: 
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I 
-V28 

2b 11 

- 2 J' ,,2 Ol 

dit = -~ e -1- dt. 
Vn-

o 

Very 80011, however, this vnIne is V.Cl'y lttl'ge, when u is only a 
1 

few times - 1/2s as yel; then 1t or the meal1 x, however, is still 
n 

sll1all comparecl to 

element. 

s 
, the ll1ean nnmber of molecules per volnme 

n 

In a simibl' way the problem of tbc clistribntion of velocities ma}' 
8.

r 

be tl'eated. Heee the c1enominn,lor of the expl'ession !! ! 
81 .• 8~ ••• • 8N. 

jf(';r.Oloq!(;r.>:.)d;clr.d: w 

lDay be l'edllCed 10 Ce ' , in which f(Sll;;) 1'epresel1ts 
the funcLiol1 of c1istl'ibution of the points of velocity. The intcgml is 
minim 11ll1, taking in (0 considemtion tlmt ;S 02 is cOllsl,an t, when 
/(S1lg) = ae-b\;2+r,~+~~). No\\' it relllains Lo ÏIwestigate what is the 
chance LO a given deviatiol1 fl'om this distl'ibntion. \Ye ma}' deline 
this cleviation by the ligUl'es ,1\, ,7-'/ ... ,'V 2 , ,'V/ •• etc. inclicaling the 

" 1'ebtive smplns of points of veloeit,)' in the elemcnts of vo1nl11e, 1'espec
tively ,vilh the vclocitics VI' v

2 
etc. In lbc firs!' element is then t[lO 

qllanlily .';1 = ae-b01"(1 + ,l.'jr), in thc secOlld 1J 2 = (te-b!>I~(l + ,'Vt') etc" 
so that tbe number of combinn,lions to be taken togelhel': 

~! 

L ae-ó"j~ (1 +mJl ! LCUr-ÓVI2 (1 +,'I:/)J ! ... Lae-bv22 (1 -t .'1: 2 )] ! .... 

The fh'st fficlol' of Lltc clenolllinator is eqnal 10 (by approximfition): 

-ÓVI")+ -Ó/lI" + ) (ae-bvI~tC (i+Xj ~ X (l+,vfc (I .11 +:- X e-ae-ÓVI~(1+:l,'Jl X V2.n= 
-bV12 -Ó~I~( + )+ b n 

= Cl (ae-bVI~fe Ij X (1+,'l:lt' 1 ti ~ X e-ac- /'1-,11. 

Jf we mlllliply by Lhe oUWl' faclul's, the lfittel' 'pm't vanishes, fiS 

2ae-bvI2.Vj = O. SA we keep: 
-ÓVj2 -b('J~ -bV12 

C(ae-bvI~/c .l1(1+,'l:j)ac (1+IJ)+!rX(ae-~I'lyw Xj' 

oe - bl'j" (1+.11') +!r 
(1 +,'V/) X eta. 

lf wc t,a.ke Llte Nep. log. the former pa.l't vanishcs, fiS n.lso 
-:s ae-bl'l" ,1'1 • l'1" = 0, so thn.t lug. denomillatol': 

=;S [ae- bL'j2 (1+,111) + ~Ilo[j (l+ml) t c. 
1) This ct is cqual lo lhe aool'c OIlC multiplcu Dy d~d,,~~. 
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This is ur appl'oximation: 

I 
' ! 1 I~ I 

ie ti J IV l 
ae-bL'l! a:

1 
+ _1_ + . .. + ae-bUI- mi + ~ + ... 

1.2 1.~ 
+ etc. + (' 

Ol' 

2.1:1 ' 2,v. 2 

ae-bl)l'-- + ae-b,'~" -- + ... + C, 
1.2 1.2 

sa that the whoJe farm ma)' be represented by 

[ 
.,2,111' .,2t1J/ ] 

_ ae-bUI--- + ae-bv~· --+ ... 
1.2 1.2 

Ce 
Ol' if we denote tho most probable quantities pel' elemont by al' a, etc. : 

Ce 
[ 

2,'1112 2:.11/ ] 
- al --+ CG. -- + ... 

1.2 1.2 

This exponent agl'ees pel'fecily with th at obtained for the pre-

('oeling problem, vVe ma)' l'educe the Jatter to the form - 2 (:;aY 
OlH! (he form er (0 the form - :ö: (V:') '; IlO IV the y represen ( 

the nogative sum of Lbo sCllml'es of the absolute deviations c1ivideel 
by tbe l'oot fl'om twico tho 1101'mal nnmbel'. Just as in the pl'e
ceding problom tho chance to a combination of c1eviations fol' which 
the root ft'om ihis JatLOI' sum does not amount to more tl1an a 
rew times unity is now vel',)" large. If we now take as measnre 

V 2m2 
fOt' tho deviation the mean relaJive c1eyiation Ol' N ' we see v 

V
,,~ CG.v' 

that this value is \'ery smal! compa1'ecl to k-t 2' sa thn.t this 

moan clevil11ion wil! be very slight 1). 
'1'0 conclnc1e wo 11111)' still l'emark tlll1t in ol'der to got in thc end 

both I1ni('ol'\11 clistl'ibution of tho moloculos ovor the ,'ossel anc! MAX'YELL'S 

distribntion of veloeities, ol'iginally bath a finito part of the space 
of veloeitics anel of the spal'o of coorclinatos must hn.ve been occu
piecl. Ol' thol'e must be such an nllceetaillt.r as to the ol'iginal 
5il11ation I1ncl velocilios of the molecules thal we lllust consielel' possible 
a finite whole of combillations Wltll l'egard 10 bath. This lillite wItale 

"of possible combinations constil11tes tlto ensemble, whiel! wc follow 
in its eOtu'se inslcttd of tlla system nnlmown wilhin eertain limils. 

J) It 1\[\ ving becll assul1led in lhe ealeulation that a eonsidel'able number of 
po,inls of veloeily slill ocem' in evel'y element, \\'e must not lhillk of lhe wit ale 
of lhe spaee of "doei lies wbell eslimuting the l111ll1be( of elemenls N, 


