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Crystallography. - "On the Plmnissible orde]'s of tlte atlJes of 
symmet]'// in cl'//strtllogme/ty." 13y Prof. vVo VOIG'r ttt Güttingen. 
(Oomll1l!l1icttied by H. A. LORRNT7.). 

(Communicated in the meeting of November 30, 1907.) 

In 011e of 1he ttrtiC'les of the second part of his collected pttpel's, 
H. A. LOlmN1'z iook lip tllO qnestioll - which is equttlly important 
in both cl'."stttllogl'aphy ttnd cI',vsialphysies -- of lhe pel'lnissible 
orc1el' of au axis of symll1etl'y of the fh'st Ol' the secoJld kind. Tn this 
il1vestigtttion he pl'oceec1s fl'om lhc principle of llJe mLionttl duplicaie 
mUo, ft'om whicl! IlO fil,!:'t PI'OVOS t1Htt it is C'onsistellt with ilsolf, auJ 
tl!cl'cfol'O tt suitnble bttsis for cl'ystallogmphicttl dcclllctions. 

The stud)' of this intcresting tl'oatise led me to the thought, that 
1'01' the purpose at hand ttnothel' fnndamcntttl principle of cr)'stttllo
gmphy - viz. that of the mtionttl indices - lllight wcIl fOl'Jll a 
1110re con vonient stul'ting poin t. Thc cont in lltttion of this though t led 
me to the following de\'elopment, whieb, I bclie\'o, Mtn,ins tlte one! 
in view in tt l'emadml>ly simple anc! shol't ll1auner. I will prove for 
t!lis nseful fnndall1ental principle, as LOIU~N'I'Z die! for t.he principle 
of the rational d nplicttio miio, that it does not contmdiet itsclf anel 
then c1ol'i ve .froJll it the permissible orders of t he ttXOS of symmotry. 

1. The principlo of tho m1ional indicos, as is woll kl1own, is as 
follows. 

Ir vve sclect thl'ee ttl'bitrn,l'j' bO\1llclttr,)' slll'faces of a cl'ystttl pol.r
hoclroll anel tIntw 1hJ'0l1gh ~U1,)' point () pttmllels to thoil' lincs of 
in10J'!:icdion 10 1'01'111 a systcm ofaxos ; if we choosc 1'l1rthol' two 
othor [l,L'bitn1.1'y positions iltrollgh this sj'!:itom or [l,Àos, alld tl1011 tho 
intorcepts of these planos llpon tlto ttxes are 

H = OA, v = OB, w = oe on thc onc httncl, 
u' = OA', v' = () 13', 1"" = oe' on tho otlle]', 

tlto 1l1'inC'iplc of UlO raiional in(liees ll1ainittins then, Umt, 

- : - : - == Z 1 : Z:z : Z3 • 
?t V 10 

fOl'llls ttt ttll timos tt mtio of wItoio nllmbol's. 

(1) 

In ordel' tlmt. qlis pl'inciple SbOllld lead Lo no eontmc1iction, it is 
nocossal'y tItttt if one proceecls frOJll tlll'ee ot/tel' bOllnc1ttJ'y slll'fttcOS of 
tho polyhodl'on and uses their lines of inierseclion ttS the fUlH.1amental 
sysicll1 of ttÀes, thon the polyhec1l'ttl snrf'[l,ces httvo rt180 on these !I,ves 
intercepts with the [l,bove men!ioned l'ela1ion, if tho principle held 
with 1'e1'e1'e11(:e Lo the fil'st sJ'stem ofaxes, 
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Thc follO\ving C'onsidel'ttiion with refel'cnce to fignro 1 pro"e8 that 

Fig. 1. 

illis is ·true. Oa, Ob, Oe form thc (h'st fnndamentat systcm ofaxes ; 
ABG and A' B' G repl'e:;ent thc t wo planes fol' whieh tbo principle 
of the ratiollal ül(liees holds, i.e. their intcl'cepts on the axes fulfil 
eq llation (1), Fol' a sim ple proof it is essen tial that wc let the ~vo 
planes ent the Oc-axis in the same point, so that 10 = 10' [tIld equation 
(1) aSSllmes tbe farm 

/t' V 
- : - : 1 = -=1 : ::2 : -=~, (2) 
!t V 

As secOIld system ofaxes wc take the Iines 130, BA and BG, 
and as second pair of sllrt'aecs, which likewise cut t.he BG-axis in 
OllC point, t he surfaces A' IJ' G twd A OG. Ir the pl'inciple is 10 lead 
to 110 conit'adiction, from (2) must tollow 

t". v", _ ... , 
- . - , 1 - ~1 ' !,2 . ;3' 
t v 

(3) 

III whielt the notation to the left is explainecl by the figul'e anel 
~";2 alld ;3 arc likewisc wholc nnl11bers, 

Ir wc undel'stand by l' anel (> rational fmclions we ean expect 
that 

u' Vi til v" -:- = l' ma)' follow fl'om -:-= Q, 
7l V t v 

while at the samc time 
v' 1 - = 1" f01l0ws fL'om v I = 0', 

" v v 
'rite latteL' is apparent; ror b)' Iho iiglll'e v' + v" = v n,nel hence 

1" + !?' = 1, follows; consequent.ly ir 1" is rational, Ihen ft' is a)so 
l'ational, 
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For the formol' the proof fo11ows by ropeated application of (he 
law of sin es, whicl! gives accol'c1ing La tho figul'e 

'tt v t lt' v' v" t" 

sin tp" 

whiIe 

x = ll" - tp' = 'I'" - tp", 3t = tp -/- 'I" -/- q/' = tp -/- tp' + 1./'''. 
Fl'om these we get 

sin (cp -/- ep') sin (tp + (P") 
')'== 

sin (cp + cp') sin (cp + cp") 
Q= . 

sin cp' sin cp" sin (cp + q/ + cp") sin cp 

The relation between 7' and !;I, is most eatiiIy obtn,ined by deter-
111ll1111g cp' fml11 the first formllla [tnd sl1bstituting this vaille in the 
second. Vve thllS obtain 

9'/(1'-1)=Q. 

This shows that a rational 7' leads (0 a rationn.l !;I, whieh was to 
be p1'oved. 

The last part of the proof can still be sinlplified, aeeol'ding to a 
sllggestion by LOm~N'l\( if'we assume the .i\1J<lNl~LAU&' Thool'elll [tS known, 

The elesired proof is also given, when frol11 ' 
v' 

, 
'tt " -=9" anel -=9' 

v 'ti 

v" t" 
-=0' anel -=0" v ~ t ~ 

follow. 
The formol' of these we havo eonsidered abovo; rolativo la Iho 

lattor, 1Ul\NEL.~US Thoorem gives according Lo tho figure 
ED OA' BB' 

AD AA' OB" 
1. e. 

t" ?t' v - v' 

t - t" /t' - 7t v' 

Hence tho l'<l,tionali tr or I(,'/n fl,nd v'/IJ gi vos dit'oetlj' Uw t'aliollali ty 
of t"/t. 

2. Tbo dolol'tllinatiull of lila poL'll1issiblo oL'dm' n of n,n [txis of 
syl1nnell'Y füllows rl'OIll all)' olie of lito f'1I1111amontal pl'inciplos of 
Cl'j'stallogt'apllY, l)lll onl)' ful' lho caso wlton n ~ 5, bocatlsO caclt of 
theso pl'inciples places five similal' cl')'slallogmpltic 0lel1lont8 in t'olatioll, 
YV 0 usually so pl'oeoed, llmt -I \te goncral pl'operly \V hich I ho pt'inci ple 
givos fOl' tbo cases n ~ 5 is also domandocl rOl' 1110 cascs n < 5 
Vve ean however 1'01' (he lalter limited IluIl1bol' of cases rel)' upon 
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expel'ience, anel appl)" the prinei ple 0111y for the farmer llnlimiterl 
111lll1bel' of éases, 

Sincc t1l0 pL'illcil'le of the l'atiomd illlli('os pel'lllits 6tll'fnees of tho 
cJ')'Wtl polyhedran ta Ile tl'allsln,tod pal'nllol fo thelllse[ves, tiJel'ct'oL'o 
fOl' its al'plicatioll axc& of' fi,)'l11ll1etr.)' of (110 fil'st nlJt[ Sc(~Olltl l<iml 
have oxaclly the balllC value, A diilGl'ellee lie" olll,)' ilJ tltat fOl' axes 
or tlLe secOIlcl killd n lllu&l llcce&sal'ily be all even ltumbcl', 

Vof e staL't wiLlt tl, COllb(I'IIc!ioll Ilp011 ft spllel'c or Illlit radius, thl'ough 
'tlte cento!' of wltielt wc In,,)' all ([10 dil'Ot:!iolli::- thnt COllie i1l10 COIl
si<leration, (Fig, 2), Let ./1 ue tuwe of' Ilte n-/'old ttxis, Pl , p~ , , , P" 
the tracos of t!Je ltorllutls of' 5 relntet! sllt'/i1,ces (J), (2)" , ,(5) of 
tlte p01,)'iledron, 61lch tlInt 1/, = 2::r/II, Tbc p,,'s [tl'e tllen <lesignatecJ as 
the poles of these smt'aceb, 

r;~"" -
, 

~/: 
, 
:-..... 
I 

~~!----~~~------~--

Fig, 2-

Let JC, J(~, J(~, bo the traces of tlle lines of inteL'sectioll of the 
sl1l'faces (2, 3), (3, 1), (1, 2), so tlHtt 

KIP, = J(IP 3 = t~, K 2P 3 = K2F\ = }~, KJ\ = J(~P2 = ~ 3l', 

Let Kt> Je., JC 1'01'111 the systell1 of' axe~, aml (4) and (5) tbc pai\' 
of sudhces foL' the applicatiolt of Lile 111'inc1plo of mLional inclices, Ti 
is now a question of detcrmining the Ïlltel'copts whicl! thc snrf'acoR 
(4) llncl (5) make upon the edges Ki,. 

If we give {he slll'faees snelt positialIs thai tltey aL'e tangent to the 
sphere in {,hei1' poles, ' then ,the sectiol1s Ó/ti are identical with lhe 
l'ecipl'ocal6 of lho CO.~ (l( Ijl!) whero ,; = 1, 2, 3, ft, = 4,5. C011se
t[ucllily Iho va[uc6 of Ihcsc COSillCS arc to bo dclcl'luilleÜ, 

If wc \Vl'ilo 'li, instend of ./11(,-, (f 1'01' .'lP" q,nd '1..11/ fol' the .(. Ph LI Ki 
tllOn from t he l:::. Ki 1I e" in t ho figlll'O wc' get 
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fmlher, fl'om 111C 6.P3AKll LJ3AJ(~, P ILt/(3 we geL 
. ctg cp cty cp 
tu ï 1 = tg Y:\ -= --- , tu y ~ = -- , . 

cos ~ 11' co~ t/' 

whiJe dit'cct ft'om the figme we gel 
5 

X4~ = J( - 2 tI', 1 

5 
X51 = ~ - 2 tI', X52 = ~ - 3tl', X58 = J( - ~ lP· \ 

If wc write the principle of l'aliomü iudiecs 

OH (f12 (14 ~ 
-: -: -===1: Z2: ";3' 
Ó5l (f. 2 (f' 3 

anel obsel've thal in lhe qllolicnls ol' cach two (!Ju 's, siocc 

l/(f!u = co~ (lG Pit) = cos ïiCOIi cp (1 + tg cp tg Yi ('o~ X/tl) 

(5) 

(6) 

(7) 

the factor stn,nding uefore the bl't"tckets alwt"tys cancel, then wc Ct"tll 
easily intl'odllCC Ille value::, (5) allel (6) aud obtain fl'0ll1 (7) 

,1 5 
cos - tI' - cos - tI' 

2 2 

1 3 
cos - tI' - cos - tI' 

2 2 
This givcs dil'eC'tly 

3 
sin - ll' 

2 

1 
sin - tI' 

2 

CÓ.S 11' - cos 3tl' 
cos 11' - COIi 2tl' 

sin 2tl' sin tI' 
. 3 . 1 

,sU! - 't/, .'m - t/' 
2 2 

1 7 
co., - t/, - cos - tI' 

2 :Z 

sin 2tl' -.-- = :::1 : :::2 : :::a 
SUl tI' 

(8) 

If wc 110'" takc the fil'sl anel last tIIelllbcr& of this double propol'

tion wc have 
. 3 

s~n -t/' 
2 

. 1 
sm - tI' 

2 

sin 2tl' 
--=1' 
sm tf' 

1. e. eqllal to a rational fraction, Ol' also 

1 + 2 cos 1/' 1 ____ = l' 1. e. cos tf' =--= 1,1, 

2 cos 'I' 2 (7'-1) 

",here 1" is also ra ti 011 al. 
'l'his l'cqnlrcmcnt, whelf 1/' = 2Jr/n anèl n > 5 is fnifilled only 

fol' 11, = 6, 
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Ir wc intl'odllCC t!tis vn,luc of 1.1' in equation (8) we gel, 
3 

2 : 2 : 1 ='cl : Z2 : Za ; 

whic11 is en/il'el,)' conSii:l!cnl witlt IIte double pt'OpOI'liol1. 
C'ow;equentl// n = 6 is tlw Ol/.Z/I va/ue > 5 tlu/t is cunsislmt witlt 

t!te JlI'incil)7e of t!te mtionaf indices. H we ex/end the l'eqllil'ellleJlt 
tIUL! cos 1.1' must ue ral,ional to the case n < 5 tIJen Ihe values 11 = 2, 
:3, 4, [l,t'e ulso pel'lllissibie rOl' axes of Ihe fit'st kind, fLllll the val lies 
n = 2, 4 fol' axes of the secOJld kind. 

Uiiltin!len,'" NovellI bel' 1907. 

Physics. - "fsothel'lns of dil/lomic !I(/se, ((lul theil' óinlt!',I1 mi,vtlll'es. 

VI. IsVtltèl'l1IS ol h,~dl'0!Jen betIIJeen -JOJO C. and -2l7° C." 
(Co111inuecl). By Prof. Il. K.\ilmRLINüTI O~NBS anel C. BlL\,\K. 

Communication N°. 100-' l'!'Om the P11ysica1 Labol'atory at 
Leiden. 

CC:ommunicaled in lhe meeting of November 30, J U07). -

~ 17. Survey uf tlte detel'minations. Remar/.; on the apl)a1'((tlls. 

-'1'11e measurements mentioned in this COl1l111llllicatioIl comprise ill 
the OJ'st place the supplementaL'y c1eterminations to wIJ ich we alread.r 
allmled in ~ 1'4 of Comm. NU. 99 rt (Sept. 1907). These arc thl'ee 
deterllliJlations at - 2170 al a densi/y of about 170 times the nOl'lnal onc. 

'l'he obvioLlS thing to do flll'lher wat:) to repeat the oLher determinatioJls 
or series II witlt the sallle piezometel' al'runged 1'01' the detel'minatiom; 
llleJltioned n.bo\'e, this piezoll1etel' beillg OlIe of about the sallie 
dilllcnsions as that of seL'Ïes II of COnlll1. N°, 97(( (March 1907). 
As a matter of fnct a compm'iRon of the values of PVA oblained in 
th is series with thosc yiclded by the series lIL and I V teaches that 
t he 1'ol'luel' lic SOlllew hat, thongh onl..,. slightly, 10wel' (han (he latte I'. 
'fhis ma)' be due to a s.,ystematical error as tbe fillillg in the latel' 
sel'ies v,ras accomplishell witlt more prccautiol1s (compare ~ 5 of 
Cornm, NU, 97a). In the series now given, .lust as in series IV, distillcd 
hydrogen w'as nsecl. 

Both the sleel tubes on the stem of the piezometel' and those on 
the stem of Lhe piezometer reservoir \Vere _ soldel'ecl to the glass (cf. 
~ 15 of Comlll. NU:. 9~a). This enSlll'es a gas-pl'ooi' eonnection with 
the steel capiJlal'y, ·Wïlli. sealing wax it is dillicult 1.0 make the 
connection gas-pl'OOr, because sometill1cs Ihe nul begins to slide ofl' 
when the flaug'e is tightly sCl'ewed on. 


