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( 54~ ) , 

fou1' axes given in- the fil'st 1'0W are axes 0 E for Cs and C'16> áxeS 
4 

'0 R for C16' C" 16 and C24 ; mOl'eover t.he coefficients 2, 3,2 of 

4 
2 R, 3 R, 2R indicate that the qnadl'nples of eoordinates appearing 

in . this row l'elate to the point which is obtained by multiplying 
the observed axis 0 R of C16 , C"16' Cu as far as the length from 

4 o goes by 2, 3' 2. 

With the preeeding we have pointed out the position of each axis 
of one of the eeUs of the three nets (Cs), (C16), (C24 ) with reference 
to each of the two systems of coordinates and so we have furnished 
in connection witb the preceding the material by which it is possible 
to deduee easily all the spacial sections of these three regular nets 
eonnected in a simple way with these axes. To give an example 
here already we observe that [lp space normal to one of the twelve 
axes 0 F s is normal to an axis 0 J( for all the cells of the net (Cu) ; 
if it now proves possible to determine such a apace in su eh a way 
that it is equally distant from the een tres of all the cells C16 which 
are intersected, then in the interseeting space a more or less regular 
space-filling is generated by a sèlfsame body in three different positions. 

In a future part we hope to commenee with the determination 
of the remarkable spacial sections of the nets (Cs), (C16 ), (C,J 

Mathematios. - "Contribzttion to the knowleclge of the surfaces 
with constant mean curvatztl'e". By Dr. Z. P. BOUMAN. (Com
municated by PrÇ>f. JAN DE V RI~S). 

(Communicated in the meeting of January 25, 1908). 

§ 1. As is known th~ great difficlllty connected with the study 
of the surfaces with constant mean curvature is the integratiol1 of 
the differential equation 

a'8 a'8 
-a + -a = - sinh 8 . cosh 8. 
u' v' 

The. course followed here leads to i wo simultaneous partial diffe
rel1tial equations of order one and of degree two. 

In Gauss' symbols the value of the mean curvature H of a sUl'face 
is indicat~d by 

2FD' - ED" - GD 
H= EG-F' 
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As independent coordinates on the surf ace we choose those which 
are in varia bIe along the lines with Jength zero and we l'epresent 
them by 6 and 7]. 80 we find. 

1)' -
H = - 2 -, whilst E = G = 0 . 

F· 

. Let us rnultiply both members of the first eqnation by X (eosine 
of the angle of the norlllal with the X-axis); we then find: 

But 

and moreovel' S) : 

FlIX=- 2D'X. 

ay dz 

1 ag ag 
FX=

i 
1 (y z) 

ayaz = i g "1 ' 

a7] all 
where x, y, z represent the Oartesian cool'dinates ofthe surface with 
respect to a rectangular system ofaxes. 

80 we find 

or: 

and Iikewise: 

. . . . . . • (I) 

a'z H( m y) 
agihj = - 2i g 1j / 

Moreovel' x, y and z must satisfy 
E= G=O, 

therefore 

• (11) 

1) BIANCHl, Vorlesungen übel' Differential-GeQmetrie. translation into German by 
MAX LUKAT, page 89. 

~) 1. c. page 86. 
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The equations (I) and (Il) gi ve back fol' H = 0 the problem of 
the minimal sUl'faces, 

H 
Fol' -- 2i we shall introduce fol' brevity the symbol' Q. 

§ 2. To satisfy befOl'ehand (Il) we, put 

Om .oy az Om .oy OZj' 
ag + Z og = u og , Ol'j + Z Ol'j = v Ol'j , 

:; - i ~~ = - ~ ~; " :~ ~ i :!, = - ~ ~~ ~ 
(IlI) 

where U and vare functions to be determined of g and 1/, 
Wben we substitute the equations (lIl) into (1) we find the equations 

., Om Om oy oy 
which u and v must sahsfy, whllst moreover ag , à1/' às and al'j' 

derived fl'oII!, (lIl) must obey the conditions of integrability. 
The latter furnish 

àz o v oz 
Ou as . al'j 

al'j - og , 
and 

o~ àz 
u Os 

o~ oz 
v Ol'j 

~- og 
which is clear. 

W l'iting out we find 

au àz à2z àv OZ o'z I 
(a). al'j . ag + u às. 01/ = àg' al'j + v og, al'j 

1 àu oz 1 a2z 1 ov oz 1 02Z \ 
(b). ~ al'j , ag - -; og . èhj =-~ àg' àl'j - -; og. à1/ I 

(IV) 

'à,'!) am ày ày 
If we now also substitute the values of ;)~, -à ' al: and :I into the us 1j ~ Ulj 

- H 
equations (1) w~ilst we put Q = - 2i we find: 

(
OU 1 àu) àz ( I ) 02Z Q(, 1 1 )aZ oz 
ehj + ~ àl'j og + 1t - -; asàll =i ~t T -; -- v - -; a6' àl'j' 

2-(OU _2- OU)OZ + ~(u + ~)~= Q(v _ ~ _ U + ~)Oz oz 
i at] ~t2alj ag i ,u OSOlj V u ag'al'j' 

à2z Q(U V)az az 
àgal'j = 2i -; - -;;: ag' al'j . 

/ 
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From these three last equations we derive directly with the aid 
of (IV): 

(a). 

(b). (V) 

whilst 

We ean easily show that one of the equations (V) is dependent 
on the two others, as is eleal'. -

If we divide both members of (V,tl) hy 1t~ and if we add (V;b), 
we find: 

àz 2v au 
al) - Qi(V-U)2 . all' 

Fl'om (1 V,a) follows: 

au az av az a'z (US-V') Q az az 
al) . ag - ag' aJI = (v-u) a;a11 = (v -u) -~;;;- 2i' ag' aYJ' 

az 
Ey substituting here -a we find : 

Jj 

az 2t6 av 
ag- - Qi(L,-~'ar 

We ean now Wl'ite down out of (JJJ) the following set of equations: 

ax = ~ (u _ ~). az = - (16'-1) . aa~ 
os 2 t6 as Qi(v-u,' ~ I 

az - 2u 

o~ 
- Qi(V-U)2 

oz 2v 

a1] - Qi(v-u)' 

.~~ 1
I 

av 
. as , 

\ . . . (VI) 

. ~~ 1
1 

uv 
. as 
au I 

a1] 
80, as sOQn as u and vare kr,lOwn, the problem will be solved. 
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~ 3. In ordel' now io wl'ite down the equatiolls whieh u and v 
must satisfy, we ean make use of (1 V) and (VI), Ol' we ean use 
the eonditions of integrability. 

(l.v,a) gives: 

au az - 2u Oll au 2v ( 2 au au 1 o2u ) 
a1]' ag = iQ(V-U)2 . ag a'l + iQ (V_U)2 ag' a1] + v-uagalj . 

aV,b) gives: 

au az - 2u av alt 2u (2 ou ou 1 o2u ) 
01] . og = iQ(V-U)2 . og or. + iQ (V-U)2' ag' all + ~ . agalj . 
Out of (Vi) we find: 

a (aZ) 2 v + lt au av 2v ( 2 ou au 1 a2U) 
ag alj = - iQ (v _U)3 . all . of, + iQ(v - u) (17-U)2 og . Olj + v-u agall ' 

a (OZ) 2 17 + U au av 2u ( 2 av av 1 a2V) 
all ag = - ~iQ(V-U)3' 011' ag + iQ(v-u) (V-U)2' ag' all - v-uaga1] , 
and 

a2z Q (tt V) az az a2z 2 v + u au av 
agalJ = 2i ;; -:;; . as . all glves agalj = - iQ (V-U)3 . alj . ag' 

The equations given above show that all the eonditions of the 
problem ean be satisfied in the only way by putting: 

_2_ou.au +_1_. a2

u =Oand- 2 av.av +_l_~=,O, 
(V-7t)2ag all (v-u) oga1] _ (v-u)2ag all (v-U)agall 
w hieh equations_ we write in the form : 

au au a2u 
2 ag . a1] + (v-u) agal1 = 0 

av av o2 v 
2-.--(v-u)- =0 ag a'l oga11 

(VII) 

80 the problem is entirely reduced to the integration of these two 
sumultaneous differential equatiol1s which are of order two and 
non-linear. 

/ It is easy to deduee from (V IJ), that the eonditions 

a (atv) a (atv) a (ay) a (ay) 
a'l ag = ag all and all ag = ag a'l ' 

are satisfied. 
We find namely always: 

a2
.'V 2(uv--l) au av 

aga11 - - Qi(v _U)3 . all . ag 
whilst 

a2y 2(u1) + 1) au ov 
, agaf/ = Q(V-U)8 . af/' as' 

" 
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à2 z 2(v + n) àn àv 
àgà1j - iQ(v-n)~ . a'tj . as' 

Aftel' substitution we get: 
IJ -

D' = - - F and X' + P + Z2 = 1, 
2 

so that really all the conditions of the problem prove to be satisfied by 
the equations (Vil). Thus on1y the solutlOn of (VII) is 1eft to be 
found. 

§ 4. We already know, that fol' the coordinates g and 11 

D'=- H. F 
2 

must be satIsfied. 
But moreover follows from the equations of CODAZZI l~ : 

aD aD" 
a'tj = 0 anel ar = 0 

80 

where /1 and /, are respectively fnnciions of g and 11 on1y. 

(VIII) 

The case that either D or D" is equal to zero offers no difficul
ties, but nothing remarkable either. 

The case that D and Dil are both equal to zero, leads, as 
is immediately clear, to the sphere as the sImplest form of a surface 
with constant mean cm'va tUl'e. 'iV e cau namely Wl'lte down the 
conditlOn for umblllCa1 pomts, wInch IS as follows wlih the omisslOn 
of infinitesimals of higher order: ') 

E F G 
D- D'- Dil' 

When fol' earh point of the slll'face E = G = 0 then each pomt 
is au umbilical point, as soon as always D = D" = O,-and these 
stlrfaces are Cm as far as lt concel'ns the rea1 solution) sphel'es on1y. 

§ 5. We shall now take the matter a little more generally . 
Let us regard the total cnrvature of a snrfa.ce as a simultaneous 

differennal-iuval'lant of both groundforms, we then finel~): 

1) BrANCHr, I. c. p. 91. In usmg the cOOldmates ~ and ~ the CHRISTOFFEL 

symbols are all zero, except ~ 11 1 tand 1
2
2 2l. By making use of D = - : F, 

we prove what was said in the text. 
ll) See e g. V. and K. KOMMERELL, Allgemeine TheorIe der Raumkurven und 

Flächen, lI, p. 21. 
S) BrANcHI, l.c. p. 68. 
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DD"-D'~ H' /1 (S)/2('Yj) 
EG-F~ 4 F' 

Total curvature 

_ 1 a (2 aF) _ 1 a'(lF) x 
- 2iF o'Yj ~iF ag - - F ogalj (r ) 

(We notice more over that, as is directly to be seen, 
2 1 1 
-=---, 
F 7\ 1'2 

where '1\ and '1\ are the principal radii of curvature). 
Let us now deduce from (Vi) the value of F, we then find: 

2 au av 
F=- .-.-, 

Q'(v-u)' o'Yj Os 
or: 

8 au av 
F= .-.-. 

H'(v-u)' 011 as 
We substi1ute this value of F into (IX) by means of the following 

calculations. Out of (VIl) follows 

a'u 
1 oF a'Yj~ 2 au 
--=-+-.-, Fa'Yj au v-u a'Yj 

a'Yj 
a'u au Ou au av 

~ (~ aF) = ~ a'Yj2 _ 2 äg' ~ + ~. äg . 
as F all as au (v - tt)2 

a1] 
This must be equal to 

_ E' F + I/s) ·/~(1]) = _ 2 . au. av + B~(v-u)'/l(s)/~(1]) 
4 F (V-1t)' a7J ag au av 

8 a1]' ag 
and so we find: 

o'u a'u 
H' ./1 (s) ·1, ('Yj) • (v-u)' a al]~ ag. al] 

au av = os ou + v - l' . 

8 01] . ag 01] 
The second member can be onre more reduced by means of (VII), 

and we find: 

38 
Procccdings Royal Acad. Amsterdam. Vol. X. 

, 
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So 

~ 6. Let us now return to equation (VII). We see immediately that a 
8 av au .. 

sol ution, w hieh does not rause F = H" ( . al: . -a to vamsh, IS 
- v-u)~ b 11 

given by 
u = 9' ('I]) , v = tp (s), 

where tp and tp are respeetively functions of 'I] and 6 only. 
It is ('lear that equation (IX) is satisfied, when 11 (6) = I~ ('I]) = 0, 

so when D = D"= 0 (~4). 
It is worth notieing, that when u = 9' (1)) and v = tp (6) are sub

stituted into the equation for F, this form becomes a solution of 

_ ~2 F = aa~ (~ . ::) 
and so this tallies perfectly, because we have here the differential 
equation of LIOUVII,LE. Indeed, the pl'oblem of the surfaces with 
constant mean curvature always leads to an extended equation of 
LIOUVILLE, as (IX) does, m w hatever way we treat it. 

That we really find a sphel'e here must follow from (VI). These 
equations give for u = tp (11) and v = lP (6), 

1 v + u z=----, 
Qiv - u 

1 uv-1 
x=- , 

Qi v-u 

1 uv + 1 
y=-- , 

Q v-u 

the wellknown formulre for the sphere in mini mal coordinates. 
We find· 

1 4 
X2 + y' + Z2 = - Q~ = H2 ' 

2 
i.e. a sphere wIth radius H' as is necessary. 

Now th at we haye regarded the Rpecial case 11 (S) = 12 ('I]) = 0, 
we can put both funrtions equal to 1 by introducing new functions 

11 m = ~1 and 12 (1)) = 1)1' 
• which we shaH again indicate by ~ and 1). This is of high importance, 
if eventually the solution of equation (VII) were to be found. 
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§ 7. We ean now put the question whether the equations (VIl) 
can be solved by putting u eqnal to f (v), where for the present! 
is arbitral'Y. 

From (VIl) can be deduced 

o'v o'u 
ogorj OS01] 

av-Tv + Ou Ou = o. 
Os . 01] os • 01] 

For u =j (v) this leads to 
Ou , ov 
og = f (v) 'og' , 

o'u " Ov ov , o'v 
ogo1] =f (v) , 06' Ol] + I (v) '0601]' 

80: 

or 

{ , f' ( )l o'v lil ov ov 
j 2 (v) + v og01j + (v) , og' 01j = o. 

ov Ov v-u o'v 
Then, according to (VII), og' Ol] -= -2- , og01j' 

80: 

J" (v) + J' (v) + v-/(v) f" (v) = 0, 
2 

One integral of this is sufiicient to l'ecognize the nature of the 
surfaces found. We find that satisfies 

f(v) = - v 1
). 

1) Prof. W.KAPTEYN was 50 kind as to draw my aUention to the following genera I 
solution of the differential equation. 

Put 
I(v) = y, 

then 

Now put 

v-y ePy + (dY)' + dy = O. 
2 dv~ dv dv 

y=v+w, 
50 

50 that 

38* 
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The equations (VIl) become 
au au a'u _ 0 av av a2v 
ag . all - tt èJgàlj - and ag' àlj - v àgàll ::-: 0 , 

-
which are satisfied by a function and its ·opposiie. Fl'om this we 
deduce: 

~ (à (lU») _ 0 
à~ àlJ - . 

Therefore e. g. 
u = éC'l1)+?Cn , v = - efC~) +l'(~). 

By quadratures we find out of (VI), 
2Qiz = - tf)(lJ) + p(~), 
4QiaJ = ef(~)+l'cn + e-~(~) -l'cn, 

4Qy = - ef(~)+l'cn + e·-~(~)-'f(~). 
The surface is a cylinder of revolution. lts section with the plane 

X 0 Y is a circle, as we find 
1 1 

y2 + aJ' = - 4Q' = H' . 

1 
The radius of the circle is therefore -, as it has to beo 

H ' 
We can furlhermore easily show that our solution agrees with lhe 

differential equations (IX), when we put 

f1(g) =f~(lJ) = 1. 

We find namely that the second member becomes zero, 80 th at 

~_H_~(~+~) 
F - 2 - 2 1'1 1'2· 

1 1 (1 1) As moreover F = 2" ~ -;: , as we saw before, 1'2 is therefore = 00. 

§ 8. We can now investigate what in the equations (VII) the 
significance would be of a solution u = X (g), if it were possible. 

-~~:: + (~:y + 3 (~:) + 2 = O. 

d2w dp 
so dv~ = P dw' 

dw 
Let dv =p, 

then: 
w dp 

- 2" p dw + (p + 1) (p + 2) = 0, 

( + 2)2 
trom which ensues, ~-1 = kw2 (k = const.) p+ 

For k = 0 thlS solution gives the one used iu the text. 
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The equation 

au a1~ a2u 
a~ . a'YJ + (v - u) 2 a~a'YJ = 0 

is satisfied by u = X (~). 
80 there remains to be integrated 

av av a2v 
2 a~' a'YJ - (v - u) agarj = 0 , 

when u = X (~). 
We find: 

av 1 
a~ = 2" (v - X (~»2 ·f(~), 

with f (g) as arbitrary function of ~. 
The solution lt = X (~) fllrnishes (see (VI)) the value zero for 

a.v ay az ax ay az -
ar] , ar] a,nd all; whilst for ag' a~ and a~ the wellknown formulre are 

found back for the minimal curves. 
Entirely the same (with exchange of ~6 and v, ~ and rj) is found 

by pntting v = Xl (tl)' 
This solution therefore shows what relations there are between 

the minimal surfaces and those nnder consideration. For the former 
we have, but to join the two solutions found to get the complete 
solution with two al'bitrary fllnctions. So we see that the minimal 

I surfaces are translation sUl-faces, ~enerated by moving a mini mal 
curve out of a set along the various points of a curve out of the 
second set; i. o. w. we have found back the integration of the mini mal 
surfaces and in the usual form too. 

Because of H ten ding to zero there is in this case no fear of 
F becoming O. 

, ~ 9. Now that the special cases of sphere (plane), cylinder and 
minimal surfaces are excluded, the integl'ation of the eqllations (VII) 
would remain. I have not been able to attain more than the lowering 
of the order of tlle two differential equations, wInch is perhaps a 
step on ward to a complete Sollltion Ol'. to solutions fol' definite 
series of sllrfaces. 

To thlS end we put: 

av ~ 1 tOl au ~_ = _ t02 , 

c:l~ ~ (V_U)2 2 ar] (v-u)! 2 

where UIl and w! are functions of ~ a/nd '11. 
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Fl'om these we del'ive, by differentiation with respect to g and 'Ij 

\ respectively 

à'v (àv àu) 1 àW1 
à~a'l'j = (v-u) . W1 ' à'l'j - à'l'j +"2 (v-u)' '1;' 

and 

otu (àv àu) 1 aWf 
à~all = - (v-u) . tv" à~ - à~ - 2 (v-u)' -af' 

By means of the two non-differentiated equations and byequation 
(VII), we deduce from our last equation: 

ov (àv ou) 1 oWl 
wl ' à'l'j = Wl a'l'j - d'l'j + 2 (v-u) 'tà'l'j 

au (aV aU) 1 àw, 
and -w~, ag=w~ ag-àg +2(v-u)'"äf' 

or: 

du 1 dW l ov 1 ow, 
w ---(v-u) '- and W -= - -(v-u) -

1 à'l'j - ,2 ' a'l'j , o~ 2 ' o~' 

from which ensues: 
àW1 _ aws 

- tV1 w~ (v-u) = ä";J and - W1W, (v-u) = W' 
80 we may put: 

_af af 
~Vl =:l alld w, = ~, vg V'l'j 

whel'e f is a fUl1ction of g and 'IJ which has however to satis(y a 
new differential equation. 

80 we have: 

av 1 
- ag '(v-u)' 

whilst moreover : 

o'f 
àgö'l'j 

v - u= - af àf' 

ag' (}'I'j 

Out of (VII) follows: 
av av àu au 
ag'à'l'j - og'(}'I'j 

v - u = 2 -~ - and 'IJ - U = - 2 -a-'- . v'v u 
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av 
By substitution of v - u, ag 

af av 
(v-u)ag'a1J 

1 =----,,--
a'v 

a~a1J 

a'f av 
• ~ 'a;j 

1 = - a'v af ' 
aga1J ' a1J 

02V a~f 

ag01J aga1J --av of 

01J a1J 
Aftel' integration we find: 

av 
and al1 we thus find : 

af au 
(v - u) a' al: 

1 = 1J ~ 
a'u 
a~a1J 

a'f au 
aga1J 'ag 

1 = - a~u af' 
aga1J . dg 

a2tt aSf 
aga1J ' aga1J 
~=- af 
ag ag 

av af au af 
a1J . afj = F, (11) and ag' ag = Ft (g). 

av au 
Joining these equations to the values of -a and -a ' we fiud: 

g 11 

av au 1 au av 1 
a1J . a1J = - "2 (v - U)2 F, (1J) and ag' ag ="2 (v - u)' F 1 (~), 

These equations must be regarded as the intermediate integrals; 
they contaill the al'bitral'y functions F, and Ft, and it is easy to 
prove that by differentiation they lead back to the two equations 
(VII) of order two. 

It goes almost 'without saying that F, and Ft appeal'ing here are 
closely connected to fl and I, appearing in (VIII), 

or 

From the equations just found follows: 

av av au au 1 4 

a1J . acE 'a1J . ag = - 4 (v - u) • F, (1J) . Fl'(~)' 

If we compare this to (X), then: 

- 4 F, (1J) • F 1 (g) = E' fl mi, (1/). 

The first integrals found satisfy therefore all the conditions entirely, 
We have transformed our original coordinates in such a way that 
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11 @ and /2 (1/) both became 1 and so now we ('all take in 'accord
ance with it: , 

H H 
F 2 (1/) = 2i and F 1 m = 2i' 

so that the first integrals become: 
ov Ou H au dv H 
01/ • 01/ = - 4i (v-u)' and o~' i)~ = 4i (V-U)2, 

I or 
Ou av Q n alt av Q n 

Ol) • all = 2" (v-~t)- and i)~ . a~ = - 2" (v-u)- . . . (A) 

By replacing moreover v - u by Sl and v + u b,Y S2 the fin al 
equations hecome: 

(~:11J= (~:;J- 2 Qs/ and (~~ly= (:;2y+ 2 Qs/ . W) 

These are süll to be solved. 

Mathematics. - cc On the 'l1wltiplication of tl'igonometrzcal se?,ies." 
Ey Prof. W. KAPTEYN, 

1. If / (x) and cp (x) are two functions which are finite and conti-
nuous in the interval fl'om x = 0 to x = tr, we have 

vrhere 

I (tu) = ~ ao -+ al cos tu -+ a2 cos 2 tIJ -+ .... 
I (x) = b1 sin tu -+ b2 sin 2 IV -+ .... 
ep(.v) = 1 a'o -+ a'l cos ,v -+ a'2 cos 2 ,v •••• 

ep(a:) = b'l sin.v -+ b'2 sin 2 a: -+ .... 

all = :j/(W) cos nw dw bil -. :f/(W) sin nw dw 
o 0 

a'll = :f~(w)COSnWd(O b'll= !f~(W)sinnwdW. 
o I) 

In the same way the product / (x) . ep (x) may be developed, this 
product being finite and continuous in the same interval i therefore 

1(./]). (p(a:) = i Ao + Al cos a: -+ A 2 cos 2 a: -+ .... 
I(m) . cp (x) = Bl sin x + B 2 sin 2 IV + .... 

where 

2J1I" An = ;; I(w) ep (w) cos nwdw, 2 f7t <> Bn = -;; I(w) ep (w) sin nw dw. 

o Q 


