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( $5&) 

11 @ and /2 (1/) both became 1 and so now we ('all take in 'accord
ance with it: , 

H H 
F 2 (1/) = 2i and F 1 m = 2i' 

so that the first integrals become: 
ov Ou H au dv H 
01/ • 01/ = - 4i (v-u)' and o~' i)~ = 4i (V-U)2, 

I or 
Ou av Q n alt av Q n 

Ol) • all = 2" (v-~t)- and i)~ . a~ = - 2" (v-u)- . . . (A) 

By replacing moreover v - u by Sl and v + u b,Y S2 the fin al 
equations hecome: 

(~:11J= (~:;J- 2 Qs/ and (~~ly= (:;2y+ 2 Qs/ . W) 

These are süll to be solved. 

Mathematics. - cc On the 'l1wltiplication of tl'igonometrzcal se?,ies." 
Ey Prof. W. KAPTEYN, 

1. If / (x) and cp (x) are two functions which are finite and conti-
nuous in the interval fl'om x = 0 to x = tr, we have 

vrhere 

I (tu) = ~ ao -+ al cos tu -+ a2 cos 2 tIJ -+ .... 
I (x) = b1 sin tu -+ b2 sin 2 IV -+ .... 
ep(.v) = 1 a'o -+ a'l cos ,v -+ a'2 cos 2 ,v •••• 

ep(a:) = b'l sin.v -+ b'2 sin 2 a: -+ .... 

all = :j/(W) cos nw dw bil -. :f/(W) sin nw dw 
o 0 

a'll = :f~(w)COSnWd(O b'll= !f~(W)sinnwdW. 
o I) 

In the same way the product / (x) . ep (x) may be developed, this 
product being finite and continuous in the same interval i therefore 

1(./]). (p(a:) = i Ao + Al cos a: -+ A 2 cos 2 a: -+ .... 
I(m) . cp (x) = Bl sin x + B 2 sin 2 IV + .... 

where 

2J1I" An = ;; I(w) ep (w) cos nwdw, 2 f7t <> Bn = -;; I(w) ep (w) sin nw dw. 

o Q 
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( 059 ) -
, 

We shall now investigate the relations which exist between the 
integrals An, Bil and the coefficients an, bn, a'm b'n. 

Su bstih.lting in All for cp (00) the series of cosines, we obtain 

2 J1t " I ] An = -;; f (00) cos nw [t a 0 + a 1 cos 00 + a ~ cos 2 00 + . .. dw 

o 

=! a'o an + :2 ~.- f(w) [cos (m + n) 00 + cos (m - n) 00] dw 
(Xl a' 2 J1t 
1 2 :rr 

o 
(Xl a' 

= 1 a'o an +:2 ~ (am+n + am-II)' 
1 • 2 

This equation may be wl'itten in anathel' farm; far, beca.use 
a, -a' -p- p, 

(XI , 00 ' 00 
>' a m _ ..... a m + ..... I -
- - am-II - ~ - a'l-m -1 ~ a m am- n 
1 2 . 1 2 n+l 

or, putting rn + n instead of m in the summation from n + 1 to 00 

Hence 
n (Xl 

An = i:2 a'11l an-'1I + t :2 (a'lllam+n + ama'm+n) . (I) 
o 1 

If now we substitute in An fol' <p (00) the series of sines, we have 

All = ! J1tf(W) C?S n 00 [b'l 8zn 00 + b'~ sin 200 + .. ] dw 

o 

= :2 ....!!:... • - f (00) [sin (m + n) 00 + sin (m - n) 00] dw (Xl b' 2J 
1 2 3't 

o • 
(Xl b' = ~ ;1 (bm+1I + bm- n) 

or, as b'_ p = - bp 
11 (Xl 

All = - t 2 b'7ll bn-71I + i '2 (b'71l b71l+n + b,nb'm+li)' • • (II) 
I 1 

In the same way we find 

Bn = !f1t f(w) szn nw [t a'o + a't cos 00 + a's cos 200 + .. ] dw 

o 
(Xl I , - ..... am = i a 0 bn + ~ 2" (bm+n - bm- n) 

or, aftel' a slight rednction 

/ 
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and 

or 

( MO ) 

ti (YJ 

BtI = i :2 dm bn-m + ~ :2 (dm bm+n - bm alm+n) • 
o 1 

2J1< -
Bn = - f (00) sin noo [bil sin 00 +- bi ~ sin 200 + .. 1 doo 

~ -
o 

OO,b'm = :2 - (am-n - am+n) 
1 2 

n 00 

(111) 

Bn = t:2 b'man- m + ~:2 (amb'm+n - b'mam+n) • (IV) 
I 1 

2. If we suppose 

12 (m) = ~ 210 + rul cos al + 21~ cos 2a: + ... 
= ~1 sin m + ~~ sin 2a: + ... 

the four preceding equations gi ve immediately, by putting p (tv) = f (al) 
n . (YJ 

Qln = i :2 am a'I--l1l + :2 am am+n • • • • • • • • • • • • (1) 
o 1 

n (YJ 

21n = - t :2 bm bn- m + 2,' bm bm+11 • • • • • • • (2) 
1 1 

n (YJ 

(tn =!:2 am bn-m + t:2 (am bm+n - bm am+lI ) • • • • • • • (3) 
o 1 

3. From the four equations of Art. 1, the bea.utiful theol'em of 
PARSEVAL may be easily deduced. Por) supposing that for all th€' 

, values on the circumference of the circle mod z = 1, we have 

t ao + al z + a2z
2 + ... = p (z) 

" , , al a 2 
~ a 0 + - + - + .. = "l/-' (z), 

Z Z2 

it is evident, if we assume in succession z = è ' and z = e-iw , that 

F 1 (00) + i F 2 (00) = p (eiw) G1 (00) - i Gs (00) = tp (eiw) 

F 1 (00) - i F~ (00) = p (e-iw ) G2 (00) + ~ G~ (00) ="l/-' (e-iw ). 

Multiplying these equations and adding the results we obtain 
2 [F1(oo) Gl (00) + F 2 (00) G, (00)] = p(eioJ)"l/-' (e1W

) + p (e- iw ) tp (e-iw ) 

where 

Fl (00) = F\ = ~ aD + al cos 00 + a2 cos 200 + .. . 
Gl (00) = Gl = t a'o + a'l cos 00 + a', cos 200 + .. . 
F 2 (00) = F~ = al sin 00 + a2 sin 200 + .. . 
G2 (00) = G~ = 0/1 sin 00 + a'2 sin 200 + .. . 
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( 561- ) 

1f now we put n = 0 in the equations (I) and (11) we find 

2J"\ 1 1 1 :;r jf 1 G1 dw = 1 ao a 0 + al al + a, a, + .... 
o 

~JF, G, dw = al a' I + a, a', + ... 
o 

thus 

1 Jj.. . . I 1 I I I 
2.1r lCfJ (elW ) '" (el61

) + CfJ (e-I61
) '" (e-l6l) dw = 4" aoa 0 + ala 1 + a,a, + .. 

o 
which is the theorem in question. 

4. From the pl'eceding formulae we mayalso deduce the values 
of several interesting series. Fol', if the series for f (x) and CfJ (x) are 
given, and the integrals 

r f j( w) CfJ (<.0) cos n<.O dw an1; (w) (P (<.0) sin nw d<.O 

o 0 

are to be fonnd, the values of the series in the second members of 
the given equations may be detel'mined. To show this, we shall make 
the following application of the formulae (1), (2) and (3). 

Suppose f(m) = m, then 

{IJ = ~ __ ~ (COS a; _ cos 8.v + cos 5m _ ..•. ) 
2 .1r l' B~ 5' 

(
sin LIJ siu 20) sin Ba; ) .v= 2 -1- --2- + -3--···· 

and 

mil = - <.0' cos n<.O d<.O = 4 --
2 fn' cos n:rt 
:;r n' 

o 

2 f n' 2.1r cos n.1r 4. (1 - cos n.1r) 
~II = -=- <.0' sin nw dw = - --n - -

". .1rn3 

o 
Now the formula (1) gives, because 

as = a4 = ae = ... = 0 

mo = ! ao' + al' + aa ~ + a,' + ... 
~I, = ~ al' + alaa + aaa§ + a,a7 + .. . 
m4 = al a, + ala§ + aaa7 + a6ag + .. . 

a ' . 
~Ie = a1a§ + 2... + al a? + aaa g + a6all + ... 

- 2, 
, . . . . . . . . . . . . . . , 



- 6 -

( 562 ) 

therefore 
1 1 1 ~4 

14 + 34 + 5~ + . . . - 96 

1 1 1 n' - 1 
1'.3' + 3~.7' + 5'.9' + .. = 16 - '2 

1 1 1 n' 1 
12.5' + 3'.7' + 5'.9' + .. = 64 - 9 

1 1 1 n' 137 
1'.7' + 3'.9' + 5'.112 + . = 144 - 4050 

Accol'ding to formula (2) we have 

a> 

21, = - ~ bl ' + 2b11lb11l+2 
1 

a> 

ma = - bIb, + 2bmbm+3 
1 

From which may be deduced 
1 1 1 ~, 

P + 2' + 3' + .. = 6" 
111 

1.2 + 2.3 + 3.4 + .. = 1 

1 1 1 3 
1.3 + 2.4 + 3.5 + .. = 4" 
1 1 1 11 

1.4 + 2.5 + 3.6 + .. = 18 

1 1 1 25 
1.5 + 2.6 + 3.7 + .. = 48 

1 1 1 137 
1.6 + 2.7 + 3.8 + .. = 300 
1 1 1 49 

1. 7 + 2.8 + 3.9 + .. = 120' 

., . " . . " . " . . 
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( M3 ) 
I 

In the same way the formula (3) gives 

~l = i aOb l + t (a1b,-b,a: + aSb4-b4 a G + .. ) 
~, = t (aob s + al bi) + t (a1bs-blaS + asb,-baa, + a,b7-b,a7 + . ) 
~s = 1 (aob a + alb,) + 1 (a lb4 -b,a, + a3bG-b~a7 + a,bS-bOag + . ) 
([4 = t (aOb4 + albs + aSb1) + t (alb,-bla, + aSb7-baa7 + a,bg-b,ag + .. ) 
([6 = t (aob, + a1b4 + aab,) + t (albo- b,a7 + aabs-b4a9 + a,blD-boall + .. ) I 
([0 = 1 (aob a + alb, + aaba + a,bl ) + 

+ ! (a lb7-bla7 + aSbg - baag + a,bll-b,a11 + .. ) 

from whieh the following relatioIlS may be obtained 
1 1 1 :r' 1 

1'.3' + (3 2 .5' + 5'.7 2 + . . - 16 - 2" 
1 1 1 1 :r' 31 

4.P - 2.5' + 6.3' - 4.7' + " = 12 - 54 

1 1 1 1 ",' 4 
5.P - 1.5 2 + 7.3' - 3 7' + .. = 16 - 9 

1 1 1 1 7 :r2 347 
6.1' - 2.7' + 8.3' - 4.9 2 + .. = 60 - 900 

1 1 1 1 n' 187 
7.1' - 1.7 2 + 9.3 2 - 3.9' + .. = 24 - 675 

Chemistry. - "On a c7'ystallisecl cl. f1'uctose tetracetate" , by Dl'. 
D. H. BRAUNS. (Communicated by Prof. A. P. N. FRANCHIMONT). 

Very few crystallised del'ivatives of cl. fructose have as yet been 
obtained. A pentacetate was described by ERWIGS and KOENlGS as a 
gummy substance. A number of researches have shown, however, 
that the high temperatUl'e at which the reaetions generally took pI ace 
causes a conversion or decomposition of the fructose. As na S:l.tis
factory l'esuIts were obtained with acetic anhydride and tlcetyl chloride 
acetyl bromide was employed whieh reacts at a' comparatively low 
temperature. The greatest possible precautions were taken to excIude 
moisture and to let the reaction take plaee at a low temperature. 
The details will be published in full later on. 

Refrigerated d. fructose in fine powder was mixed with a little 
more than ~ mols. of acety 1 bromide at - 15 0 and aftel' starting the 
reaction by touching one spot with a tube having' the ordinary 


