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Astronomy. - "On the mean sta7'-density at d~d'erent distances 
f1'om the sola]' system." By J. C. KAPTEYN. 

(Communicated _ in the meeting of February 29, 1908). 

In the meeting of April 20, 1901, I c1erivec1 not only the so-callec1 
lwninosity-cw've bnt also the law accorc1ing to which the star-density, 
i. e. tILe number of stars per unit of volume, diminishes with increas
ing distance from the solar system 1). I aSbumed, anc1 the assumption 
will again be made in the present paper, that there is no absorption 
of light in space. I then pointed out that the luminosity-cUl've is 
no(\'ery appreciably modified if we change; within admisRable limits 
the data from which it was derivecl. On t11e other hand it was 
expressly stated that the determination of the change of density was 
only quite p1'ovisional. lts discnssion was c1eferred to a subsequent 
communication, in which, along with the data then used, other ele
ments might be taken into account. (l.c. p. 731). 

These other elements are mainly: the total numbers of stars of 
different magnitude and their mean parallaxes. As to the first, the 
numuers: a short time ago I treated all the materials accessible to 
me (see Publications of the Astr. Lab. at Groningen N°. 18) 
and I think that I obtained very reliable resuIts fol' the stars brighter 
than 11 .. 5, fairly reliable Ol1es down to the 15th magnitude. Now,
though the mean parallaxes are still wanting, we are al ready able, 
by the numbers alone, to arrive at a considerable impl'ovement in 
the distributioll of the densities, at least for the largel' distances. 
Such a derivation will be given in what follows. 

As formerly a separate treatment of the l'egions of (lifferent galactie 
latitude was not yet attempted, because I think that it will be desirabie 
that in carl'ying out such a separate treatment we investigate at the 
same timp, whether it be admissable or not to assume the same 
luminosity curve (mixture-law) fol' the different parts of the system. 

Alreac1y 1 have collected fairly extensive materials fol' this purpose, 
but still some time will have to elapse before the investigation can 
be carried out with aclvantage. 

In the main my purpose, in making the following c1etermination, 
was simply to get nrst notions about the star-dcnsity at still greater 
distances than:~could be l'eached in OUl' former investigation. The 
determination embraces ,also the smaller distances but it remains to 
be seen w hether fol' these the correction fonnd is or is 110t all 

improvemenL 
In the Astl'on. Jou?'rt. N°. 566 I clel'i ved analytical expl'essions, 

1) See n1so: Publicaliolls of lhe Ast! .. Lab. at Groningen No. 11. 
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whieh_ faidy represent the n umbel's fOlmd m the communieation 
just mentioned. 

Ijet 
Apparent brigAtne~s of a star of ma.q m 0 

d = 2 512 ... = (log.o= .4); 
" "".,,,,, " m -t- 1 

Q = distanee from the solar system (Q = 1 fol' parallax = 0"1); 
..... 7V;JI = number of stars in the whole of the sky between the appareut 

1 1 
magnitudes m - - and m + -. 

2 2 
1::. CQ) = star-density = numbel' of stars per unit of volume at distanee 
Q (uniL of volume = eube, each side of which = unit of distanee). 
hili = apparent bl'ightness of a star of the magnitude m (h5•5 = 1). 
L = lJnminosity = total quantity of light emitted (L = 1 fol' Sun). 
cp (L) dL = pl'obability that th€' luminosity of a stal',~~ ehosen at 
random, is eontained between Land L + dL. 

_[LVii 
1/' (L) =J L cp (z) clz = probability that the luminobity is eontained 

va 
between the limits L + ~ mag. 

- 2 

Now, if we assume that qJ CL) is not dependent on (I, we shall hav€ 

00 1~1II V 0 00 

Fm = 4 "t.l f/ 1::. (Q) d1 cp (l~(l) dQ = 4 ~ J Q2 1::. CQ) tp (hl1z(?~) dr, (1: 

o ~ 0 

Vo 
The expressions derived in Astl'on. Journ. N°. 566 are: 

a2 
• modo 

ti' (L) = e - «2 [log L-l'J2 (2' 
V~L 

111 which 

1::. (I?) 
--= e -f3p + ~o e-yp2 (3: 
1::. (0) 'i 

T = 1.400 I 
a 2 = 0.385 \ 

b. (0) = 111.0 . 

{j = 0.0220 I 
r = 0.0052 I 

(5 

(6 

In a subsequent part of the same paper, the nwnbers of the stars 
as given by PICKEItING led to a new value of. 1::. (0) viz. 

b.(0) = 136.9. . . . . . . . . (7 

the difference of this valne anel the valne (5) is wholly cxplaineel bJ 
(hc constallt c1iifel'enc«; of the photometrie seale ofPotsdam, wbieb wa 

43* 
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used fol' tlle deteJ'mination (5) and that of Harvard which served for 
the derivation of (7). 

In what follows the magnitudes have also be l'edllCed to the 
HaL'vard scale. I ha\<e adopted the luminosity-cul've (2), in which thc 
constants have the values (4), without any change. For the density 
curve (3), however a new determination was obtained by the aid 
of the total numbers of the stars of different apparent magnitude. 
In other words: by the aid of formula (1) 1 derived L::,. as a function 
of ~ fl'om the yiven values N m (m = 2 to 15) and the given form of 11'. 

The intl'odllction of the analytical functions (2) and (3) has the 
advantage of gl'eatly facilitating the compntations. Of course we have 
not to forget, however, that they can be l'elied on only .just to the 
same extent as that fOL' whiC'h we possess obsel'vational data. Fol' 
the luminosity-clll've, with the exception only of the stars belonging 
to the classes of the very greatest apparent brightness, the unlimited 
use of the formula will not easily give rise to appreciable errors, 
becallse extl'apolation is only necessal'y fol' a very small fl'action of 
the total. On the contl'al'y, the density-curve (3) (which, as we all'eady 
remal'ked, is not very accurately detel'mined) furnishes vaIues, which, 
fol' ~ exceeding 60, are to be considel'ed as wholly obtained by 
e.vtmpolation. It will appeal' from what follows that up to ~ = 60 the 
values del'ived from the new matel'ials do not differ fl'om those 
formerly obtained more than seems in accordance with lheil' uncertainty. 
That on the other hand, the valLles fol' ~ > 60, which we may extl'a
polate by means of fOl'lTIula (3), are fa]' too small; to sllch an extent 
that fol' these gl'eater distancfls the formllla is evidently Cjuite un
satisfactory. 

To begin with, I ascel'tainecl how the formula l3), in whicb the 
constants have the values (6) and (7), l'epl'esents the .1Vm of publicatioJl 
18. A tabie of the integTals entering in the forml1Ia (1) has been 
given in Astronomical Joztl'nal N°. 566 fol' values of In between ° 
and 11. (tab Ie IIl) 1). 

1) In t11e calclllation of the valucs of 1\ and Ta amistake has been discovel'ed : 

Tl l'g 
------.........- ------FOl' m = 30, instead of 9.12 rcad 9.13 

4.0 
" " 

12.69 
" 

12.71 
8.0 

" " 
17.04 

" 
17.10 

6.0 
" " 

21.86 
" 

21.99 
7,0 I! " 

26.63 
" 

26.88 
8.0 II TI 30.54 

" 
30.96 

9.0 
" " 

32.80 
" 

33.42 Instead of 1.71 read 1.72 
10.0 

" " 
32.84 

" 
33.64 

" " 
1.37 

" 
1.38 

11.0 ,. 
" 

30.54 
" 

31.51 
" " 

1.04 11 1.05 
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POl'-m, = 14 the vaIues wel'e lIOW expressly compu..ted. The result 
is as follows: 

Total numbel' of stars. 

Oomp. 1. Oomp. Il. 
rn Obs. (Publ. 18) (by Form. (3)) 

4.5 tot 5.5 1848 1897 1788 
6.5 " 7.5 17940 18420 18650 

8.5 " 9.5 159200 140200 169500 (8) 

10.5 ,,11.5 1275000 808200 1335000 

13.5 " 14.5 23680000 6500000 20800000 

The deviation increases stl'ongly with diminishing brightness and 
is excessive for magnitude 14. We conclude at once, that for the 
greater distances the fOl'mnla (3) flll'Ilishes a vaille of the star-dellsity 
which is much too smalI. Oalculation shows that some approximate 
agreement is already obtained if we take the stars between Q = 140 
and Q = 00 to be 21 times more nnmel'Ous. 

As it thus appears that formllJa (3) is useless fol' considerabIe 
\'alues of Q, I began by retaining that formuIa exclusively for the 
"ulues of Q below 70 whel'eas for the values exceeding 70 I assumed 
tlmt the density diminishes regularly (Jinearly) from 0.214 to ze7'O. 

It was easily n,scel'tained that, if we choose the deerease of the 
density in sueh a way that it vanishes for Q = 557, we get consi
derably nearer to the truth, espeeially if we take: 

1::::.. 0 = 125. 

Thc mIues obtained in ihis way were pl,lt down in the above 
tabIe under the head Oomp. Il. 

As a further appl'oximation I a]so derived corrections for the star
density at distances below 70. It appeared that the results become 
more satisfactol'Y if the lineal' deel'ease of the dellsities is assumed 
to begin for distances somew hat smaller than 70. 

Having' obtained this result I have no furthel' continued these 
appl'oximations, bnt I have given up the fOl'mula (3) altogethel' and 
haye tried 10 detel'mine thc Iuminosity-cul've direcqy in the assumption 
that, f'01' the inlervaIs between Q = 0 and f! = -10; Q = 10 and 
Q = 30; Q = 30 and 50; Q = 50 and Q = 9 the density chn,nges 
linearly in sueh a way th at it vanishes for Q = g. 

In th is way the problem is reduced to the del'ivation of the 
5 nnknown q llantities: 

1::::..(0) i 1::::..(10) i .6.(30) i 1::::..(50) i 9. 
b'or ('easons given in the paper quoted abo\'e we have to assume 
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a6 
that aQ vanishes fol' Q = O. As a consequence 6(10) will cel'tainly 

be little different from 6(0). Therefore, in order to reduce tlle 
number of unknown quantities as much as possible, I took, in 
agreement with wh at was formel'ly found: 

6(10) = 0.97 6(0). . . . . .. (9) 

The number of unknown quantities is thus lowered to 4. 
Putting 

we have 

~(Q) -D 
6(0) - f' 

(10) 

, (11) 

in which, for the several intel'vals, A and B have the following 
values: 

Q -= 0 to 10 

10 " 30 

30 " 50 

50" g 

~D 
10 10 

A 
1 

10 

1 1 
-D --D 20 ijO 20 80 

1 
----D g _ 50 ijO 

B 

1.-

(12, 

g 
g _ 50 D 60 

The practical admntage of the present form is that the expression 
(1) fol' N;n ran now be l'edllCed ta t11e well known integJ'al 

(11) 
-00 

Numerical integration is thus twoided and we obtain l'elations 
which are linear in respect to the unlmown quantiiies Dao , Dijo and 

1 

~ (0)' 

If we dellOte by (NlIl)~ the number of stars between apparent 

1 1 
magnitude 'in - ~ and 'In + 2 existing between the dislance 0 and 

Q, we get, substituting (2) (10) Jij in (1) : 

(Nm)~ = [G A + H B] ~(O) (12) 
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in which ft = modo of the Nep-Log. 

0.4 1/1- 2.20 + T + I 

G = -e @ a(2.20-T-0.4rn+2logQ)-- (13) 2na - I' 4a2
1'2 [ 1 ] 

~ 2~ 

0.47/1-2.20+ T+ 1 

H = -e @ a(2.20-T-0.4rn+2logQ)-- (14) 2.1l'a - 2p. 16«2 1,2 [ 1 ] 

~ ~ 
and 

log hili = 2.20 - 0.4 m (15) 

As soon as the (Nm)op have become known we find the (N;nl'J by 
PI 

simple subtraction. _ _ _ 
I have carried through the solution for the values 400, 600, 800 

and 1000 for g. It appeared th at only whell we come to t.he last 
value we gei satisfactory results. 

lt seems superfluous to give all my calculations in fuU. I wil! 
only communicate some of (he values obtained with the constant 

g = tOOO . (16) 

which was finally adopted. The value of the G and H were found 
to be as follows. (See table I p. 632). 

Now, if for the stars of magnitude 2,3,4,5, we take the nUlllbers 
found by PICKERING fol' the whole of the sky, viz. resp. 58, 172, 
577, 1848 1) alld for the remaining magnitudes, the numbel's which 
we derive fL'om tabie ~ of the Groningen Publicat.ion N°. 18, by 
simpIy multiplying with 41 253 (the number of square degrees fol' 
the whoie of the sky) , we find eqnations of condition for the deri
vation of the unknown quantities 6(0), D 8o • D6O> sueh as this: 

1 
58 - = 0.2962 + 0 0411 Dao + 0.0244 D 60 6(0) 

140 
etc. They get a more convenient for111 if we put t;: = Zand if 

we then dlvide all the equations by the roefficient of Z. In th is 
way the equations of condition become as follows: 

1) In Publ. 18. p. 8 I found, by countings made on the materials of PWICERING : 

N2495 = 58' N3.49~ = 171' N4.495 = 574' N5.495 = 1837. 
1.495 '2.49,) '3.495 '4.495 

With lhe aid of the computed values commullicated iu the same publication it ia 
easy lo pass from these to the numbcrs N 2.5 etc. The results thus found are 

1.5 

lbose of the text. 

! 
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TABLE I. 

Il G. II, H. 

I! 
1'=10 30 50 1000_11 p=10! 3IJ 50 1000 

m=2 0.9341 I 2.365 3.L05 4.834 0.246~~ 
03300 I 0.3496 o 3670 

.-.... 3 3.406 10.75 15.39 30.29 0.7842 1 203 1.32.4 1.461 

C'I 4 -11.22 44.74 70.58 188.1 z.314 4.179 I 4.84-7 5.813 ro 
~ 

5 33.29 169.5 296.8 1 151. 6.275 13.66 16.94 23.12 

7 210.9 1795. 3937. 39430. 34.79 116.5 171.0 361.9 

9 850.9 1238!). 34570. 1107000. 128.0 696.0 1254. 5425. 

11 2163. 54580. 195700. 23250000. 304.6 2778. 6288. 72510. 

13 3436. 151700. 703600. 340600000. 460.9 7203. 20780. 784150. 

15 3387. 264000. ! 1589000. 3 329 000 000. 438.6 11900. 44120. 6275000. 
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(m = 2) 0.099 Dao + 0.059 D 6D - Z= 0.715 , 

(m= 3) 0.186 + 0 146 - Z= 0.836 ) 

(m=4) 0.272 + 0.287 -Z=0817/ 
(m= 5) 0.375 + 0.534 -Z=0.781 

(m= 7) 0.527 + 1.474 - Z= 0.595 . (17) 

(m= 9) 0.508 + 3108 - Z= 0.345' 
(m = 11) 0.341 + 5.187 - Z= 0.149 

(m == 13) 0.159 + 6.926 - Z= 0.047 ! 
(m = 15) 0.050 + 7.148 - Z= 0.010! 

In sol ving these equations I have neglected those corresponding 
to the magnitudes 2 and 3. The reason is that for these the influence 
oegins to be sensible of stars of so great a luminosity th at extm
Dolation beyond the directly determined part of the luminosity-curve 
oecomes necessary. These stars might therefore rathel' be used for 
~ correetion of this curve at its brighter extremity. J 

The l'emaining equations have been condensed into three by com
oining those for 1n = 4 and 5, thot:ie for 7, 9, 11 and those for 
13 and 15. The solutions of these three/ equations is: 

Z = 1.002 therefol'e 

Du = 0.460 

D 60 = 0.1315 

whereas we already assumed 

6(0) = 139.7/ 

\ 

D 10 = 0 970 

. . . . (18) 

. . . (19) 

If with these values we compute the numbers lV711 and if fnrthel' 
we interpolate those fol' m = 6, 8, 10, 12, 14 we get the following 
wmparison bet ween theory and obsel'vation: 
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TABLE Il. TOTAL NUlVIBER OF STARS. 

m Obs. Comp. I o-c in fraction of 
\wholeobs.numb. 

2 58 44 5 + 0.233 

3 172 161.5 + 0.061 

4 577 , 564.3 + 0.022 

5 1 848 1 889 - 0.022 

6 5 816 6 025 - 0.036 

7 17 940 18 450 - 0 028 

g 54 040 51. 580 - 0 OIO 

9 159 200 157 200 + 0.013 

10 457 900 448 000 + 0.022 

11 1 275 000 1 256 000 + 0 015 

12 3 453 000 3 490 000 - 0.011 

13 9 157 000 9 419 000 - 0.0285 

14 23 680 000 24 100 000 - 0.018 

15 ÛO 225 000 58 500 000 + 0029 

If, in accOl'dance 'with what has been said, we except the Yery 
brightest magnitudes, the deviations are doulJtlessly below the uncer
tainties in the detel'mination of the obsel'ved numbeL's of the staL's. The 
somewhat iL'regular course of the numbel's is probably due to the 
discontinuities in tlle denstty-curve as definitively adopted. 

'fIle followmg table may serve to get aL least some insight in the 
distl'ibutioll of the stars ot' a detel'mined apparent magnitude over 
the different distanres. 

P~ 

TABLE lIl. NU~iBER OF STARS (~n) 

P 11 

o to 10 108. 863 4770 17 500 42000 

10,. 30 45 . 5 779 83'10 56 100 2aü 000 

ao ,. 50 5 . ;) 145 2\50 3 40;) 144 000 

Pl 

13 15 

63 000 60 OJO 

6'25 000 1 030 000 

54.3 000 1 25D OOD 

50 :> 10DD 2 j IOJ 3000 59 900 8J5 00 8 188 uOO 56 150 COJ 

Ol' expressed in fractions of the totals 
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TABLE IV. 

p 3 is I 
7 9 11 1.:\ 15 

o to 10 0.660 0.457 0.259 0112 0.033 0.007 0.001 

10 ,. 30 .282 .412 452 .357 .188 066 .018 

30 ,. 50 .034 .077 .127 .150 .115 .058 .021 

50 ,. 1000 015 .a54 162 382 .665 .870 .960 

Summing Up we find: that the total numbers of stars of difreren 
magnitude (Hal'vard scale) as derived from observation in P'llblicationi 
of the G1'oningen Labomt01'Y No. 18, are weIl repl'esented bJ 
adopting the luminosity-curve (2), with the values (4) of the constantf 
and the following values of the sta1'-density: 

TABLE V. STAR-DENSITY. 

p 11 
11 

p I 11 

11 

/ I 
--

0 1. 0006.(0) 100 0.12511(0) 

10 o 970 200 0.111 

20 o 715 300 0.097 

30 o 660 400 0.083 

40 0.296 500 0.069 

50 0.131 6 600 o 053 

60 0.130 700 0.042 

70 o 129 800 0.028 

81J 0.127 900 o 01l~ 
90 0.126 1000 o 000 

in which 11(0) = 139.7. 

It wonld be interesting to investigate what are the changes tha1 
can be made in these values without thei1' reasing to represent the 
obsel'ved numbers satisfactorily. I have deferred this investigation fOl 
the present because it will be desil'able in surh a discussion te 
inclnde also the data i'urnished by the parallaxes. 


