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Mathematics. - "On the cyclic mini/pal swjace". By Prof .. T. C. 
JÜUYVER. 

(Communicated in the meeting of January 25, 1908). 

ENNJI'PER (Zeitschl' i\latb. Phy&. 14) pointeel to thc cxistence of a 
minimal &lI1'facE' contaiuing tl system of cil'cles lying in ptlmllel plnues, 
Witll eentl'es bÎtnateel on a plane CUl've. l.Jet US suppose that Ihis 
curvc passes tbrough the ol'igin of the l'ecttlngl1lar cool'elinates, that 
it is situated in the XZ-plane anel that tbe vUl'hlble circle with the 
('enll'e (~, 0,;) tl,nd the radius R, generating the surface, lies alwttJs 
in a plane parallel 10 the XY-plane. 

The reclangl1lar cool'dinates .c, y, z of a point of the surface are 
given by the eql1ations 

,'v = g + B cos ti , Y = B sin a , Z = ;, 
so that t bey are expressecl in thc two pammeler& Cl tlnd ;. Wc find 
th at the clifiercntltll eql1ation of the minimal smfaces IS satisfied when 

B2 (f' B cos (/ + RH") - B~ (1 + ~'2 + Br~ + R'~ + 2 !;' R' cos (t) = 0, 

in winch equatlOl1 the clashes denote the dift'el'entiations wlth l'egttl'd 

to ;. 
The equatlOl1 breaks up into 

g" B = 2;' B' 
and into 

BB" = 1 + ~'~ + R'2. 

The fil'&t equation fUl'l1isbes 

where A elellote& tl positive constant ancl b the lllinlll1Um vallIe of ll. 
The second equation now passes into 

~ (R) __ 1_ A~ fl2 

d; R - B~ + bI 

auel the iJltegl'ation fUl'l1isbes 

1 (A2H,2) 
B'J = -,;;{]l2 - b~) 1 + T I 

so that finally we Ctl]) express ~ en ; in B by mCttl1S of elhplie integrals. 
'We find 
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Here an ellipLic argument can be intl'ocluced. We put 

and we find 

b 
B=--, 

en lt 
1 

k = sin 8 = -===VI + A~' 
u 

g = bk' [dw , ~= bku. 
J~n~w 
o 

By allolVing n to Yary from - J( (0 + f( the centl'e 111 with the 
cool'c1ina(es ~,~ in the XZ-plane descl'ibeE> completely tho locus of 
the celltl'eS and the eqllation 

b 
B=-

cnu 

indica(es how the radius of the circle changes dlll'ing thc ll10tiOll. 
'Ve notice that the minimal E>ul'f'ace c1ellendE> on two constants b 

and k, that the smallest ril'cle (1~ = 0) is found iu the X Y-plane, 
tIntt with l'espert io the origin there is symmetl'y, antI that fOL' u :=: 1(, 
~ = bkK the radius R ha& become infinite whilst at the same time 
the centre fil is at infinite distance. 

As however 
ft 

Lim (s -B) = b Lim [kj d.:v - _l_J- = ~ (k'~ K-E) 
n=K u = [( en-w enu k 

o 

anel s-R retains therefol'e a finite value the sUl'face contains two 
right lines 

:; = ± bkK, 

b I 

o'lJ = ± 11 (k' K-E). 

Fo!' k = 1 the eliptic integmls clegenera(e. vVe have 

g = 0, ~ = bu, B = bClt /t, 

and the s11l'face has passeu into a ca(enold. The smaller kis, the 
mOl'e the surface cleviates from tlte catelloicl anel ihe mOl'e obliqne 
it becomes. Por, we tind for the coefficient of dil'echoll of the tangent 
to the locus of the centl'es J.ll: 

d~ k cn~ 1t 

d~=-k'-

alld the greatest value of this coeffirient k: 1./, whieh is al'l'ived at in 
the origin, tends to zel'O when k tends to zel'O. Tile slll'ffiCO ie; then 
aHogethel' in the XY-plane. 

51* 

1 

I1 I 
1I 

1

1: 

- ___ I 
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I sllall now encleavoUl' fil'st to inve::,tigate in the follO\~riJlg whl 
it is posbible Lo lwing through two equal eirele::, placecl in l)("\'rall 
plane& a cyclic minimal surface anel then to calculate thc part of ti 
minimal sUl'tfice extended between those cil'elet->. 

'VlJcn for both circles the radius B is taken equal to 1, the centr 
JIJ (~,;) a/neI .MI (-E, -;) are siluatecl in the XZ-plaue symmelrical 
with respect to the origin aneI their planes are pnmllel to the X ~ 

pInne, thp, question is whether the two equations: 
lt 

~ = k' on 1t r dw , 
J~n~ w 
Q 

; = l~lt en 1t 

admit of suitable solutions for 1.; nnd u. If these are founeI, we ha' 
b = en u nnd both pnmmetel's band 1.; of the minimal sUl'faee al 

lmown. 
In order to illvestigate thc indicated eqnations we regm'd for ft 

present in the ~;-pIane ~ and ; as variables and we consider tI 
curve which is de&cribed by point (~, ;), when for constant 7,; tI 
vnriable ~6 eIescribes the range of vaIues fl'om 0 to K. We have: 

~ (0) = 0 , ; (0) = 0, 

~(K)=l ;(K)=O. 

80 for all values of k the CUl've will run from the origin 0 i 

point A on the g-axis (see the diagram). 

Br---__ _ 
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Fal'ther we have: 
u u 

g = k' cnu ----< Ic on lt ---, j 'd (tn w) I Jd (tn w) 
dn w dn u 

so th at from : 

follows: 

o u 

g < k' sn lt, 
dnu 

dS 1 - = - (k' ~ .m ti dn II S) 
dt6 en 1t 

ds - > lc' en 11. 
d16 

We conclude that fol' increasing lf the val'iabie § gl'OWS regularly 
Erom 0 (0 1. So the .curve GA is intel'sected but onee by a line 
~ = constant. 

At the same time: 

d
Ç

=k(CnU-USn16dnn)='lcenu(l-n snu ). 
~ m~+~ 

1"01' small zt we find d; to be positive, it keeps on decreasing, becomes 
dlt 

Ol1e time zel'O and is then negative. So the variabie ç reaches 
sdtnewhere a maximum anel the curve OA IS eithel' not cut by 
a line ç = constant or in two points The form of the curve 
/.; = constant IS 1he1'efo1'e as is indicn,ted schematically in the dIagram. 
In order to be able to compare the curves beIQnging to different 
values of k we ean determine the values w hich the dlfferentialquotient 
dÇ . 
- assumes III the points 0 anel A. 
d~ 

We have 

- _k, - _k, (
dg) _ I (dÇ) _. 
du u=o dil II=U 

(d~) = E _ k'~j( , (dÇ) = _ kk'K, 
dlt II=K du II=K 

ft'om which ensues 

(
dÇ) kk'I( kiK 
d~ ; = 1 = - E - lc'~ J( = - f f{ • (0) 

k en'wdw 
(

dÇ) Jo; - --' 
.. - I' 

cl~ ~=o k 

o 

Frolll this is a.ppal'ent that in 0 the value of ~~ increases with k, 

I 

_____ J 
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d~ 
that 011 the othe1' hand tbe absolute valne of - decreases in A for dg 
increasing k. For, if Jc becomes greatel' Jcl f( decl'eases, but the deno-

1\. 
minator kJcn2 

'IJ) (ho 111Cl'cn,ses. 

o 
Tn,}dng into considcl'ation the form just sketched of a curve GA 

belonging to n, definite val ne of k we fincl thn,t a second sllchlike 
curve belonging ei th el' to a lal'gel' ":Llne Ol' to a smaller vnlue of k 
wil! certainly l11te1'sect the first curve somewhel'e. So as soon as n, 
cyclic minimal snrface passes thl'ongh two eqnn,l cil'cles placed in 
parallel planes we shn,1l be able io bring a second cyclic minimal-

surface through these rü'cIes. . 
We must now investigate when tbe two cyclic minimal surfaces 

coincide, i. o. w. we must find the envelope of the curves OA. 
lf we put c = Jc2, c' = 1.;'2, then the sysiem of curves is given in 

the equations 

g ::::: Vd en u r dw ,ç = Vé u en 1t i J cn'w 
o 

we regn,rd c as the pammeter of the curve, lP = am tt n,s the para
meter determinÎ11g a point on a given curve, so thtLt the coordinates 

(§ ) Ç) of n, point of the en velope satisfy the condition 

.D (5 , Ç) O . 

.D (e, lP) 

If here and in future we put fol' shortness' sake 
ti ti 

A(u) = r dU) , B(u) = r dw J en2 11' J dn' ti) 

o 0 

and we take iuto account tllat for constant fp = am u we have 

au 1 
-a = - (B(1t) - u), 

e 2e 

we !ind 
a~ 1 aç 1 _ = - --_ en u B(lt) , -a = --_ en II B(u) , ae 2Vc' c 2Vc 

ag ./ aç V-_ = V Cf sn u (c B{ lt) - Q( u» '-a = - c sn ?t (c' B( u) + Q( tt) ) , alJl cp , 
whel'e Q(tt) is gÎ\'en by tbe equntions 

dn 1t en 1t 
Q(u) = U - E(tt) - , 

sn lt 
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K 

SdW 
=K-E- --, 

sn2
10 

11 

1 = -- (u - en' n A(n) - dn' tt B(u», 
sn S 

1t 

1 
= A(u) + kS B(u) - . 

sn 1t en u dll u 

D (~ , ~) 1 -'---- = - ---= en a Sl1 n B(u) Q(u) , 
D (e, p) 2 Vee' 

and so the points of the envelope of the curves OA are determined 

hy the equations 
. K 

Q (u) = K - E -J d10 = 0 1). 
snS w 

11 

As when c is given, the fh'st member of the equation increases 
l'egularly from - 00 for ~t = 0 to J( - E for Zb = K, thc equation 
Q (~t) = 0 admits of Olle solntion UO' By diffE.'l'cntiating we find 

IlO 

--- dw ---dlto 1 J [dn 1UO IJ 
de - 2e dn~ 7l! ' 

o 

i. e. a negative vaIue; therefore the greater cis, the smaller is the 
fI,rgument uo, which I eall the cl;itlcal argument. This argument 
moves tlnally between rather mtrrow limits. For c = 0 we tind 

~ ~ ~ 
J{ = E = - and 80 a180 ~to = - = 1.0708. For c = 1 we find 

2 2 

dn u en n GIL u 
Q (11) = 11 - E (ll) - == lt - --= u - -- . 

sn 1l sn 1l BIL u 

So the critical argument Llo satisfies the equation 
Gh lto 

110=--' 
Sh U o 

From this ensue8 
no = 1.1997, 

Po = am U o = 56°.28', 

cot Po = no en no = 0.6627. 

1) G .. fUGA. (Uebet' die Const::mtenbestimmung bei eme!' cyklischen Minimaltläche, 
Math. Ann. Bl!. 52) gives lIus cqualion in Lhe form 

cnu dnlt + (E{u) - u) snit = O. 

I 
I 
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11'01' values of c betweell 0 antI 1 it is easy ro sol ve llo out ot" 
the cquation 

tlo 

by means of the tables of LIWgNDR1'~' If '(t' 0 is un upproximate valne 
of thc cl'itical argument, the calculatiun of NIm 'rON furnishes 

n'o - Q (~t'o) sn~ n'o 

as following appl'oxiJllation. In this wa)' the rritical argument is 
calculated in the following tablc fol' some ,;alllcs of 1.;2 = c 

k = Ve Iro = am Uil I--Uu- I b = en llJ I ~-I y r'o " 
-j--y, 

-u • 0 -0 

---

11.
5708

1 
I I 

IJ. sin 00 00° 0 I. I O. DOo 0 

15° 87° I' I 1.5442 0.0520 o . 9900 0 0208 87° 0' 0.905i O.f1243 

::l00 7Do 17' 1.4701 0.1859 0.9498 0.1307 70'23' 0.9427 o 142:3 

,1;jO 70° 3' 1.3708 o 34·12 0.70'10 0.3308 70°10' 0.70Jû 0.3323 

00° 02°31' 1.2801 0.461 " 0.3573 0.3110 02°35' o 3510 0.313:3 

73° 57°57' 1.2198 0.5300 o :2f113 O.û2:11 h7°57' 0.2770 0.0203 

DOo I 50°28' 1.1997 0.552i I 0. 0.0027 50°28' O. 10.00:!7 

and 11101'eOYer are indicated in it the cool'diuates go' ~o of the poil1 t 
P, in which thc Curve OA belonging to each value of 1.; touches 
the envelope of that system of curves. 

By thc equation& 

~o = Vi en 1Lo A (Ito) ;0 = Ve-:v o en Uo 

we now find in connection with the conelition 
Q (lLo) = 0 

tha,t go allel ;0 are given as functions of C only. \Ve ean deduce 
out of it 

-do 

dgo k 

From this appears that fol' inCl'oasing /.; Ol' V c the coordinate ;0 
decl'eases l'egularly anel the cool'dinate ;0 incl'eascs l'egula1'ly. IJl 
connectiOIl with the 11l1mbel'S insGl'tcd in the table it follows that the 
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envelope of the curves OLl bas uuout the shape of a quadmnt ot' 
ellipse BA of whiclt half of the gl'ea,t axis UA = 1 and half of [he 

smal! axis 013 = 0.6627. 
Moreover lt is clear that the tangent to any curve k = constant, in 

the point P where the latter touches the envelope, is nOl'mal to the 
tangent in the origin 0 drawn 10 this same curve. The preceding 
calculations now leael to the conclusion thai throngh the two equal 
cil·cles with radius B = 1 phlceel parallel anel symmetrlCally with 
respect to the origin 1 wo cyclic minimal surfaces wiIl pass, w hen the 
centre Jlf (~,Ç) of the upper circle is situated inside the curve BA of the 
eliagram, that the t WO surfhces coincide when JlJ has arl'iveel on the 
curve BA a,nel that the cn'Cles canuot be connecteel by a minimal 

surface when Jll faIls Olltside the curve BA. 
H JlJ lies inslde the curve /JA two curves OA pass through Jlf. 

ane of these touches the ellvelope in P, a point on curve 0.11 between 
o and J1[' So the argument u belonging to jlf is gl'eater than the 
critical argument 'lto in Panel so the mimmal surface belonging to 
it anel ex.tended between the circles 111 and J1f' would contain the two 
circles along which this minimal sUl'face is cut by a second minima I 
surface with an infil1ltesimal slight difference. So this minimal surface 
is unstable. For the second minimal surface laid through the cil'cles 
all argument u cOl'l'esponds to jJl sma,ller than the cri tic al argument 
'Uo ; ihis slll'face is thel'efore stabIe alld can be realized in a, proof 

of pl.Arrl~Au. 
lf two sUl'faces cau be laid thl'ough the cireles the most oblique 

surface (the smfacc belonging to the smaller value of 7.: anel with 
the greater vnlue of the radius b of the mean seetion) is thel'efore 

aJways stabie, the other is unstable. 
It is worth mentioning that whilst here the qualltities Po' ~o' ç 

depend in rather an illtricate way on k = sin e, we Cttn find by 
appl'oximation out of simple formulae very accurate values for 

these quantities. 
lf we eaU the eritital mnplitude 56°28' of the catenoid {j, we sha11 

be able to assume with gl'eat accul'acy the following l'elations : 

dOS Po = dOS {j sin~ e (1 + ~ dOS~ fI } 
j;; ~ _ 1 (dOS lfJO)2 
"'0 - - -- , 

COS {j 

(

COS CP)5" Ço = cat {j __ 0 " 

COS {j 

from whieh ensues for the elluation of tile e~velope BA 

I 

11I 

I 1 
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10 

ç ~ I (~)7 = 1. 
o T cat {~ 

In the table the values of- CPo' ~o and Ço calculatec! in t.his way 
are ac!ded in the thl'ee last columns, io be compul'ec!. 

To conclude v,rith wc g'ive a compntation of a part of a given 
-cyclic minimal sUl'face wilh given 'parameters b anc! 1.;, situated 
beween t\'"O eCJually large cil'cles cOl'l'esponding to the al'gnments + 'ti, 
and -u. 

The cool'dinales ,re, y, z, of a point of the surface are again deler
mined by the equations: 

b b 
.1J = bk' A (n) + - cos a, '1 =:: - 6in a, Z = ble I{, 

en 16 • en 11 

out of which we can find fol' the line-element on thc slll'face the 
expression 

ds~ 

b' 

Pdu - i en u da + i k' sin a dlt Pdn + i en n da - i k' sin a dn 
------,----- X " , 

en 1t en- 11 

in which P ii:i detel'milled by the equation 

p2 = (k' cos (t + sn n dn nr + k~ en 1 
lt. 

We intl'oduce fol' (t an imaginal'Y argument 'V. 

We snbstitute 
.1 ' tg ~ am v 

tg'la=t----
t,g t am (u - K) 

ane!' we fine! 
, i sn v sn (u-K) 

szn a = , 
en v - en (u-K) 

I-en v en (u-K) 
cos a = , 

en v - en (u-K) 

da dn v dn (u-K) 
-- = - dv - dlt, 
sin a sn v sn (u -K) 

en2 u dn v dn (u-K) 
P= , 

k' (en v -en (lt-K)) 
and finally 

ds~ dn 2 v dn2 (u-I() 
- - (du-dv) (du+dv). 
b~ k'2(env-en (n-K) r 

Fl'om th is ensues that 'l{, + v anc! u - vare tbe parametel's of 
tht' 1ines of length zel'O, so that v is the pat'ameter of tbe gl'eatest incline. 

Accol'ding to tbc gcnel'al pl'Opel'lies of tlte minimal sudaces we have 
tbr the supel'ficial ~lelUent d~ the expl'essiQn 
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as!' dn~ IJ dn~ (n-I() dv 
_,_, = ,.. .. dlt-;-, 
Ir I~ - (en j)-cn (~t-I(»- t 

and we filld for that part of the surfaee limited by the tvvo cil'eles, 
wjth the aJ'gnments + 1~ anel - ~~ : 

U 21J\.' 

-= du . 
9 J' JdV dn~ IJ dn

2 
(u-K) 

4b~ i k'~ (en v-en (u-K) r 
o 0 

'fo pel'foel11 I,he integration we start from the iclentity 
2iK' 

f'(u) = - = 2[(' Z(n-K) + - = JdV ,~n (u-K) dn (n- K) ~11 

i en v - en (n-I() J( 
o = 21l (E'-I() + 2k'2 K' B (tt), 

whieh fumishes fit'st 

Moreover 

2t!C 

JdV dn2 (tt-Kl 

i w v-en (u-K) 
o 

2iK' 2,A' 

k' f \,~ 

" " ~ .. 

____ ~_...:. =- - - en v + - cn 1t-.li.) , JdV dn2 v-dn2 (tt-K) kO JdV 2 kO K' ( z~ 
i en v-en (tt- -IC) i 

o 

A elash befOl'e the integl'al sign inelietl,tes th at the path of' inlegra
tion does not pass thl'ough point v = if('. 

Out of the two last equations follO\vs by means of aelelition 
2~' 2~' 

JdV dn2 v k'f(1t) '[dV -;-. = __ + k2 
- en v + 2k2 IC en (u - K), 

~ en v - en (u - K) en te _ 'l. • 

o 0 

tUl equation whieh, if we clifferentiate with regal'el to u anel then 
elnride bJ kt en 1~, passes into 

2lK' 

JdV dn2vdn2(u-K) 1 d (f(~t») 2k2K' 
i' k'2 (en v - en (11 - K»2 = en te du ~ + dn 2 

t6 

U 
1 d ( Jt1t») 2k2IC k'2 IC E'-K' 

= '2 du en2 tt + dn2 tt ·t en2 te dn2 u + en~ u 

Now integl'ating aceol'oing to 1~ between the limits 0 anel U we 
find finally 

9 It dn2 
lt -" = -,,- (E" - IC) + E'.A(u) + JC -0- B(u). 

4b- en- n en- 16 

If the given cireles h:;we the radius B = 1 then b is eqnal to 
en u and we ean write 

i I 
I 

I 1 

,I 
, 1 

II 

" 

1 
1 

I 
1 

1,1 

il 
1I I, 

'1

1 

1 

1 

1

1 

I 
I 1 

1I 
I 
1 , 

I 

I' 
1 1 

1 11 

I I 
I I 

11 
11 

11 

I 
1 
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.$2 E' - IC 
4" = ttE' + ~ w tt --k-

' 
- - ML~ uICQ tt), 

where ~ again l'epresents tbe ,v-cool'dmate of the centl'e A1 of the 
uppel' cil'cle. 

If this centre J11 moves on tbe em'elope BA of tbe diagJ'am, then 
u becomes equal to the crItieal argument ~to' Q (u) equal to zero 
and we have obtainec! the greatest possible minimal surface .20 fol' 
the given value of k. So 

.2 E'-K' 
0_ E'+ 'C ""4" - /to ~o on Uo kt 

We ean now put the question whel'e ,ve have to put M on the 
cnyelope BA, that is what value must be glven to 10 fol' .20' 10 
obtain the gl'catest posslble valne. To allswel' thai ql1CStiOIl we sub
stltnte c = 7o! and CPo = Cl In u o' then .!~o ls a functIOn of c, whilst 
lf!o anc! go are eonneeted with c by means of the equatinns 

K 

f dto 
Q(uo) = K - E - -.-, = 0, 

sn- lIJ 

Uo 

to = Vd enuo A (llo)' 
By dlii'el'entÜttlOn we find 

d,po 1 
- = - - sn' UD dn tto B (uo)' de 2 

duo 1 n 

-d = - - on- U o A (uo)' 
o 2e 

d§o 1 
- = - --_ dn U o B (uo) (en 1to dn Uo + Uo e sn! ((0)' 
de 2Vc' 

and finally by means of these results 

- _0 = I en llo dn U o B (uo) (en U o dn Uo + U o C 8n
3 uo)' 

d (.2 ) IC-E' 
de 4 IJ 

As the right member of the last eqnation is always positive, .20 
nlways inel'eases with c or with 7.:. The greatest possible surface 
between the two eil'cIes is obtained by placing J11 in 13; we have 
Lhen ti- part of the eatenoid, of whieh half the height is equal to 
cot [j = 0.6627. 

Now l(,=E'=~, 
2 
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The smallest value 20 obtain<; fol' /.. = 0. Then;o = 0, go::!::: 1 ; 
the minimal sUl'face consists only of Ihe sl1l'face of tlle circles ~1 anel 
C' placed side b)' side in the .x Y-plane. \Ve ha,ve 

,520 
-=1. 
2.iT 

So also the surface 20 koeps moving between mther nanow hmits. 
Although the value of .go depencIs agaill in rathel' ,tIl intricate wa,)' 

on k we can put pretty accurately, if Ol1ce the crltical argument 
U o Ol' the amplItude Po has been calculated, 

.20 1 
2.iT - sn 1t

o 
• 

Tlus is evident from the following tuble, ll1 which have been 
.20 lJlsel'ted fol' some mines of k the cOl'respondmg yalues of and 
2.7 

1 
of --. 

sn 1to 

Uo 1 
Tc 2n- sn 110 

Sm 0' 1. 

15° 1 0002 1.0001 

30° 1.0111 1 0170 

45° t 0550 1.0030 

00° 1.1211 127\ 

75° 1.1795 17\)5 

\)0° 1 1997 1\)97 

As we have b = en /tI" where u l'epl'osents agalll the radIus of the 
mean section we can in any case put with great approxunation 

2 .... o - .J. 

~""u - VI-lr' 

and in this way wo obtaLn fol' the gl'eatest posslblo .Just stabie pal't 
of an arbLtl'al'y cyclic mini mal slll'faC'e that can be extellded between 
two cil'(~les with radllls H = 1 (he bame expl'ession as 1'01' the 
catenoid. 
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