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Mathematics. - "On aZqebraic twistecl cU7'ves on scrolls oj 01yle7' 
n with (n-1)-folrl n'ght line." BJ' Prof. JAN DE VRIES. 

1. If we intersect a cubic-..scl'oll 4>3 by a pencil of planes having 
a generatI'ix a of cp3 as axis, we get a system of conics ('2, all passing 
through the point 0, where a meets the double l'ight line cl. If we 
take a (p, q)-corl'espondence between this pencil of planes and the 
pencil of plan es with axis d, then in this way to each (,~ t"tre 
aseigned P light 1ines l' of cp1 and to each l'ight line r evidently q 
conics 1/. Thc locus of the points of interRectLon of the lines t [tnd r/ 
cOl'l'esponding to each othel' i'3 a twisted curve of order 111, = P + q; 
fol' the points of tbe l'atIonal cubic curve which 4>~ de1ermines on 
an al'bitl'al'y plane are aeranged in a (p. q)-rol'l'esponclence, of whieh 
each coincidence is the point of intel'section of a ('2 wiLI1 a right 
line l' corresponcling to it. 

Tbe twisted curve Q11l has" the l'ight 1ines )' as q-folcl secants, 
whilst it is intersected byeach of the 00 2 conies of cpa in p points. 

2. If cp~ is reprcsentecl by centra 1 projection out of ° on a pIane 
T cntting a and cl in A anel D, then the systems (1') and (Q~) are 
transformed into the pencils (D) anel (A) wluch are nów likewise 
al'ranged in a (p, q)-col'l'espondenee. The cnrve cm genel'ated in this 
way has in D a p-fold pomt, in A a q-fold ol}e. Bnt it has moreover 
a q-fold point in the point of intel'section B of the l'ight line b of 
4>\ "hieh still passes thl'ough 0, for b IS q-fold secant of cr . 
Fl'om 1his enRues that the cOl'respondence (p, q) in 1:' Call11ot be taken 
arbitl'ariIy. 

The curve QlII is completely c1eteL'll1111ed by its central projection 
cm • FoL', the cone projecting c1ll out of 0 has a p-fold edge along 
cl and q-foId edges aIong a and b, so lts sectioll with cpl consists 
of 2p + 2q = 2m l'ight 1ine& and a iwü,ted curve of Ol der In having 
p points in common with d and q points with a. 

As the singuIar points of cll! are equivalent to ~p (1)-1) + q (q-1) 
nodes, the genus of cl/! is indicated by 

1 1 
g = 2" (P-t q-I) (p+q-2) -"2 P (p-l) - q (q-I) = 

1 = (P-I) (q-I) -"2q (q-I), 

or by 
3 

9 = Cm-I) (q-l) -"2 q (q-l). 
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This is at the same time the genus of (,)111. H is evident that p 
may not be smaller than (~q + 1). Fot' the smallest values of p 
and q we have 

r m p q g 
I 
I 

2 1 1 0 

3 2 1 0 

l~ 3 1 0 

4 2 2 0 

5 4 '1 0 

5 3 2 1 

(l 5 1 0 

G 4 2 2 

6 3 3 1 

The above considel'ations may be extended by taking instead of 
scrol! cp~ a seroll cpn with (n-1)-fo1d right 1ine d. Out of a point 
o of cl now start (12-1) l'ight lines ai> a2 , ••• all-I. A (p, q)-cor
l'esponclence between t1le pencils of }11anes (al) and (cl) determines 
again a twisted curve of order p + q = 1n, havÏllg as central pl'ojec
tion a cm with p-fold point D and q-fold points in Al> A~, ... AJl- 1 ; 

and invel'sely (>111 is again entil'ely determined by cm . For the genus 
of Qm (and cm) we 110W find 

1 1 1 
9 = - (p + q - 1) (z) + q - 2) - - P (p -1) - - q (q - 1) (n - 1) 
222 

Ol' 

9 = (q - 1) (m - 1) - ~ q (q - 1) n, 
2 

To obtain genera! twisted C\ll'ves we shn,ll not be allowed to take 1) 
larger than 4, q larger thao 3. Fo!' n = 2 we find evidently the weil 
known considerations cOl1cerning CUl'ves on an hyperboloid. 

5. If we snbstitllte in 'l' fol' the el1l've C' /I a curve passing IJ times 
throngh D, q times thl'ough Ak and mOl'eovel' cntLing the right line 
DAk in s points, the11 tbis curve is eddent!y the central pl'ojection 
of a curve on cp/1, having a multiple point in O. For, each of the 
(n-1) tangential plan es in 0 wil! !lOW contain s l'ight lines, tOllching 
the twisted curve in O. 

1\ 
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