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Chemistry. - "The s/zape of the spinodal and plaitpoint cttrves 
fo/' binary mûvtures of norrnal substances." (Fourth communi
cation : Tlze longituclinal plait.) By J. J. VAN LAAR. (Com
municated by Prof. H. A. LORENTZ.) 

1. In order to faciJitate the survey of what has been discussed 
by me up to now, I shall shortly l'esume whnt has been communi
cated on this subject in four papers in 'fhese Proceedings and in 
two papers in the Arch. Teyler. 

a. In the ji1'st paper in These Proceedings (22 April 1905) the 
equation: 

2 
RT=a[.'II(1-x)(av-t3Va)2+a(V-b)2] . (1) 

v 

was derived for the spinodal lines for mixtures of norm al substances, 
on the supposition that a and b are independent of v and T, and 
t.hat au = Val a2 , while 

(av-t3Va)3 [(1-2.v) v-3.v (l-.v)j3] + 
+ Va (V,W[3(at·-t3Va) (av-2t3Va) + a(V-.b)(V-3b)] = 0 (2) 

x(l-x) 

was found for the v,x-projection of the plaitpoint line, when 
Ct = Va2-Va1 and {:I = b2-b1 • 

b. In the second paper in These Pl'oceedings (27 May 1905) the 
shape of these lines for different cases was subjected to a closer examina
tion. For the simplification of the calculations t3= 0, i.e. bI = b

2
, was 

assllmed, so that then the proportion (} of the critical temperatures of 
the two components is equal to the proportion ~ of the two critical 

Val b T 
pressures. If we then put - = (jJ, -= w, T = T (wh ere To is the 

- a v 0 

"third" critiral temperature, i. e. the plaitpoint temperature for 
V == b), the two preccding equ'ations become: 

T = 4w [.v(l-x) + «(jJ + :IJ)~ (l-w)2] . . . . (la) 

(1-2.v) + 3«(jJ + x) (1_W)2 + «((1 -+- .v)B (1-W)3 (1-3w) = O. (2a) 
:v(l-.v) 

It now appeared that the plaitpoint curve has a double point, 
when (p = 1,43, i.e. (} = 3l = 2,89. If (} > 2,89, the (abnormal) case 
of fig. 1 (loc. rit.) presentsitself(construed for cp=l, 8=(1+1/1')2=4); 
if on the other hand 8 < 2,89, we find the (norm al) case of fig. 2 
(loc. cit.) (construed for (jJ = 2, () = 21/4)' 

At the same time the possibility was poillted out of the appearance 
of a thil'd case (tig. 3) loc. cit.), in which the branch of the plaitpoint 
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line running from Cl to C, was twice touched by a spinodal line. 
Here also the branch CDA is tOllched by a spinodal line [in the first 
two cases tbis took p1ace only once, eitber (in fig. j, loc. cit.) on the 
branch CIA (A is the point (1J = 0, v = b), or (in fig. 2 loc. cit.) on 
the brancb CDA (Co is the before-mentioned third critical point)]. 

80 it appeared that all tbe abnormal cases found by KUENEN may 
already appeal' for mixtures of perfectly normal substances. 

It is certain1y of import~nce for tbe theol'y of the critical phenomena 
that the existence of two diJ!B1'ent branches of the p1aitpoint curve 
bas been ascertained, because now numerous phenomena, a1so in 
connection . witb different "critical mixing points" may be easily 
exp1ained. 

c. In the third paper in These Proceedings (June 24, 1905)1) the 
equation: 

~=:1(~Do=8V ~ [8 V ~(~/2_1/2V ~y-l) .. (3) 

was derived f~r the molecular inc1'ease of the 10wer criti~al temperature 

for the quite general case a, ~ al' b, ~bl' which equation is reduced 

to the very simp1e expression 

L. = 8 (8 - 1) . . • . . . . • (3a) 

for the case :r = 1 (p, = Pl)' 
This formula was confirmed by some observations of CENTNERSZWER 

and BÜCHNER. 

d. The fourtlL paper appeared in the Ai'chives Teyler of Nov. 1905. 
Now the l'estricting -supposition ~ = 0 (see b) was relinquished for the 
detel'mination of the double point of the plaitpoint line, and the quite 

general case a, ~ al' b2 ~ bl was considered. This gave rise to very 

intricate calculations, bnt finally expressions were derived from which 

for every value of & = :" the corresponding value of :r = p, , and 
1 1 Pl 

also tbe values of .v and v in the double point can he calculated. 
Besides the special case 8 =:re (see b) al80 the case :r = 1 was, 

examined, and it was found that t~len the double point exists for 
8 = 9,90. This point lies then on the line v = b. 

I) The three papers mentioned have together been published in the Arch. Néerl. of 

Nov. 1905. 
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e. The fiJth paper (These Proceedings, Dec. 30, 1905) 1) contained 
the rondition fol' a minimum critical (plaitpoint) teTflperat~t1'e, and ' 
that for a maximum vapour pressure at _higher temperatures (i. e. 
when at lower temperatures the three-phase-pressure is greater than 
the vapour pressures of the components). For the first condition 
was found: 

for the second: 
;re 

8<2V$-l' 
. . . . • • . (5) 

which conditions, therefore, do not al ways include each other '). 
Aftel' this the connodal relations for the three principal types were 

discussed in connection with what had already been writt€'n before 
by KORTEWEG (Arch. Néerl. 189j) and later by VAN DER WAALS (These 
Proceedings, March 25, 1905). The successive transformations of main 
and branch plait were now thrown into relief in connèction with the 
shape of the plrdtpoint line, ancl its splitting up into two branches as 
examined by me. ' 

f. In the sixth paper (Arch. Tey Ier of May 1906) the connodal 
relations mentioned were first treated somewhat more fully, in which 
also the p, x-diagrams were given. There it was proved, that the 
points Rl, R, and R'" where the spinodal lines touch the plaitpoint 
line, are cusps in the p, T-diagram. 

Then a graphical representation was plotted of the corresponding 
values of 8 and :;r for the double point in the plaitpoint line, in 
connection with the calculations mentioned under cl. 

Both the graphical l'epresentation and the corresponding table are 
here reprodllced. The resuItR are of sufficient importance to justify 
a short discussion. 

We can, nameIy, characterize all possible pairs of sub stances by 
the values of 8 and:;r, and finally it will only depend on these 
values, which of the three main types will appeal'. To understand 
this better, it is . of importance to examine for what combination 
(:;r,8) one type passes into another. As to the transition of type I 
to II (lIl), it is exactly those combinations for whirh the plaitpoint 
line has a double point. In fig. 1 (see the plate) every point of tlle 

1) Inserted in the Arch. NéerI. of May 1906. 

2) These -results were afterwards confirmed by VERSCHAFFELT (These Proceedings 
March 31, 1906; cf. also the footnote on p. 749 of the English trallslation). . 
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plane denotes a combination (8, n), to which every time a certain 
pair of substances will answer. 

8= T 2 n =P2 al v/b 
Tl PI 

1,00 7,50 en 0,13 0,96 en 0,040 2,57 en 2,57 

1,19 7,21 » 0,13 0,94 » 0,036 2,49 » 2,60 

1,71 6,26 » 0,13 0,84 » 0,025 2,26 » 2,68 

1,88 5,76 » 0,13 0,78 » 0,021 2,18 » 2,71 

2,04 5,42 » 0,12 0,72 » 0,018 2,11 » 2,74 

2,22 4,94 » 0,12 0,63 » 0,014 2,02 » 2,79 

2,89 2,89 » 0,12 0,24 » 0,003 1,73 » 2,87 

9,90 1,00 » 0,11 0,01 » 0,001 1,00 » 2,95 

00 » 0,11 » 0,000 » 3,00 

In the said' figure the line C' APB denotes the corresponding 
values of 8 and 3t from 8 = 0 to 8 = 9,9. For C' 8 = 0, n = 9, 
for A f) = 1, n = 7,5; with 8 = 2,22 cOlTespands 3t = 4,94. (Case 
'TC = 82 or a2 = al); for P 3t = 8 = 2,89 (Case n = 8 or b2 = bI); 
for B 8 = 9,9, '3t = 1. Fa!' values of 8> 9,9 the double point would 
lie on the side of the line v = b, wh ere v < b. It appears from the 
figs. 23, 24 ~nd 25 of the said paper, that then the line BD (3t = 1) 
farms the line of demarcation between type 1 and II (lIl). For 
starting from a point, where 'TC < 1 (however little) and 8 is com
paratively low, where therefore we are undoubtedly in region II (lIl), 
~e see clearly that we eannot leave this region, when with this 
value of 'TC that of f) is made to increase. For we ean never pass 
to type I, when not for realizable vallles of v (sa < b) a double 
point is reached, and now a simple eonsideration (see the paper 
cited) teaches, that for 'TC < 1 a double point would always answer 
to a value of v < b . 
. Now it is clear that f) = 0, 'TC = 9 is the same as f) = 00, n = 1/9; 
that f) = n = 2,89 is identical with f) = n = 1/2,89 = 0,35 j etc., etc. 
(the two components have simply been interchanged), so that the 
line CA' will correspond with the line C' A, while A' B' corresponds 
with AB. If we now consider only values of f) w hich are > 1, if 
in other words we always assume T2 > Tl' we may say that the 

16 
Proceedings Boyal Acad. Amsterdam. Vol. IX. 
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region of the normal type II (lIl) is practically bonnded by the _ 
lines ABD, AAI and AI C. On the right of ABD we have the 
abnormal type I (O~H6 + OHsOH, ether +R~O); on the left ofAIC 
we have also the type 1. But whel'eas in_ the first region of I the 
branches of the plaitpoint line áre C/'}o and G\A, they are Cl Co 
and C~B (see figs. 23-25 loc. cit.) in the second region. It is namely 
easy to show, (loc. cit.), that for ~ > 1 the branches of the plait
point line are either Cl C~ and CoA (type II and lIl), or CIA and 
Co C2 (type I), while for 3t < 1 thèse branches are Cl C2 and CoB 
(type U and UI) or C2B and Co Cl (type I). The line 1r = 1 divides 
therefore the region of type II (lll) into two portions, where we 
shall resp. find the shape of the plaitpoint line branches mentioned 
(viz. for 8 >1). But in practice it will most likely never happen, 
that with 8> 1 a value of 1r corresponds which is much smaller 
than 1, for a higher critical pressure goes generally togethel' with a 
higher critical temperature. We may therefor~ say tl)at with a given 
value of 3t the abnormal type I is found when 8 is c01nparatively 
la1',ge [larger than the double point (of the plaitpoint line) val ue of 
0J, whel'eas the normal type II (or lIl) appears when 8 is cornpam
tively smal! (smaller than the said double point value). 

It is now of the greatest importance to examine, when type II 
passes i.nto lIl, where the plaitpoint line Cl C2 is twice touched by 
a spinodal line (in Rl and R/). This investigation forms the con
clusion of the last paper in the Arch. Teyler. 

The calculations get, however, so exceedingly intricate, that they 

proved practically unfeasible for the general case a~ ~ al , b2 ~ 0l' 

Only the special cases {J == 0 (b 2 = bI or 3t = 8) and ~ = 1 admitted 
of calculation, though even then the latter was still pretty complicated. 

Then it appeal'ed, that for {J = ° the region of type III is exactly 
= 0, that it simultaneously appears and disappeal's in the double 
point P, where ~ = 8 = 2,89. But in the case ~ = 1 the region 
lies between 8 = 4,44 and 8 = 9,9 (the double point). This is 
therefore QB in fig. 1; i. e. for values of 8 > 1 and < 4,44 we 
find type II (see fig. 2a); for 8 = 4,44 (in Q) the plaitpoint line J 

gets a point of inflection (see fig. 2b), whereas from 8 = 4,44 to 
8 = 9,9 we meet with type III (fig.2C

) with two points RI and R/, 
where the spinodal lines touches thE; plaitpoint line. This type 
disappears in the double point P, where 8 = 9,9 and R2 and R/ 
coincide in P (fig. 2d), and passes for values of 8> 9,9 into type I 
(fig. 2e). We point out, that the figs. 2a-2c represent an intermediate 
case (i. e. between Jr = 8 and ~ = 1, see fig. 1), for in the case of 



- 7 -

( 231 ) 

'lJ: = 1 the branch AR2Co would coincide with AB (v = b). There
fore the special value 4,44: has been replaced by ()q (the value of 

-() in Q) and the value 9,9 by ()p (the value of () in P). 
Of the curve which separates type II from type III we knowas 

yet only the points Pand Q (see fig. 1) and the furtber ('ourse of 
this line is still quite unknown, for which reason we have denoted 
it by a dotted line. 

In any case the investigations, described in the Arch. Teyler have 
p1'Oved, tbat tbis, very abno1'mal type III is possible f01' mixtw'es of 
n01'mal substances. If the critical pressUl'es of the two components 
are the same (n = 1), tben we meet with this type when () lies' 
between 4,4 and 9,9. The critical temperatUl'es must therefo1'e lie 
far apart, but not 50 far (see fig. 1) as would be necessary for the 
appearance of type I. 

We shall once more emphatically point out that the numeric results 
of our investigation will naturally be modified, w hen b is not assumed 
to be independent of v and T, or when one of the two components 
should be associating substances. This will eau se the types III and I 
to make their appearance earlim' than has been derived above (i. e. 
with lower values of () with for the rest equal values of 3t'), but 
that qualitatively everything will remain unchanged. This appears 
already from the fact that the substitution of the quite general assumption 

bl ~ b2 for the simplified assumption -bi = b2 (in the first paper in 

the Arch. Teyler) has made no change is the existence of a double 
point in the pIaitpoint line with cel'tain cOl'l'esponding values of () 
and 3t', and that al80 the calculations for the limits of type III 
(in the second paper in the Arch. Teyler) may be carried out 1'01' 

the quite general case bl ~ b2 • 80 the phenomena remain qualitatively 

the same fOl' ve1'y different pairs of values of bl and b2 , and will 
therefore not change essentially either, when one definite pair of 
values, holding e. g. for the critical circumstances of ont" of the com
ponents, is subjected to changes, whether by association, Ol' by otuer 
causes, when v Ol" T change - no more as e. g. the critical pheno
mena for a simple substance will essentially change when b is no 
longel' constant, but is supposed to be dependent of v and T, or 
when that substance farms complex molecules. 

Tlle longitudinal Plait. 

2. In former papers it has been demonstrated thai in the neiglt
bourhood Of Co a -';llinimum plaitpoint iemperature makes its appearance 
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both with type I in the line Co C2 and with type II in the line CoA, 
and that therefore with decrease of temperature a separate plait 
begins to detach itself stal'ting from Co at a definite tempel'ature 
To (the plaitpoint temperature in Co), wlJich plait will merge into 
the main pIait (Ol' its branch plait) later on in an homogeneous 
double point. The consequence of this is, that with type I e. g. at 
lowel' temperatures the main plait will always be open towal'ds -
the side of the small volumes, so th at increase of pressUl'e wilJ never 
cause the two split phases to coincide. 

Let us howevel' specially consider the case of type Il. Here the 
usual course, inter alia described in the last cited paper in the 
Pl'oceedings of Dec. 30, 1905, is this. At a certain temperature, 
passing ti'om higher to lower temperatures, a spinodal curve touches 
the branch of the plaitpoint line ACo in R~. In the ~en-known way 
a closed connodal curve begins to form within the connodal line 
proper, which closed curve gets outside the original connodal curve 
at lower temperatures, and gives rise ro a new (branch) p1ait, and at 
the same time to a th ree phase eqm1ibrium (figs. 3a and 3b). In many 
cases this branch plait has a11'eady appeared before the p1ait which 
starts from Co, begins to Jevelop at somewhat lowel' temperature. 
Later on the tW? branches coincide (at the minimum tempera.ture 
in D), and then form again a continued branch plait (fig. 3c). 1). 

Now for the special case b~ = bI the point D lies always very 
near Co (see the paper in these Proceedings referred to under b. 
in § 1). If then e. g. T2/T1 = 21

/ 4, then Tm/To = 0,96, when Tm 
represents the temperature in the minimüm at D. The reaI longi
tudina1 plait l'ound Co exists then only at very high pressures 
(fig. 3b), while the open plait of fig. 3c can hal'dly be called a 
longitudinal plait, but is much sooner to be considereä as the 
branch plait of the transverse plait which has joined the original 
longitudinal plait. Incl'ease of presslll'e makes here always the two 
coexisting liquid pbases approách each other, unless with very high 
pressnres, when these phases dh"erge again. 

The calculation proves that in the quite general case bI 3 b, tbe 

point D may get mucb neare1' in the neighbourhood óf R2' and a1so 
th at the temperatme in tbe plaitpoint Co may be comparatively high, 
so tbat in opposition to wh at has been represented in fig. 3a the 
longitudinal plait has all'eady long existed l'ound Co before a three 
phase equilibrium has formed at ~I (fig. 4a and 4b). Tbe meeting 

') In this and some other figures the spinodal curves seem to touch in the 
homogeneous double point D, instead of to intel'sectl as they should. 
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of ihis longitudinal plait, which has then already greatly extended, 
with the branch plait takes pI ace much more in the neighbourhood 
of the line 1, 2 of the three phase triangle, so that aftel' the meeting 
the plait assumes the shape drawn in fig.4c, which makes it for 
the greater part retain its proper charactel' of longitudinal plait. 80 
at first increase of pressure makes the phases approach each other 
(this pOl'tion may be exceedingly small, but as a rule it will exist); 
then fmther increase of pressure makes the phases 1 and 2 again 
diverge, till Xl and X2 approach to limiting values at p = 00, without 
the longitudinal plait ever closing again - as was formerly considered 
possible r cf. inter alia VAN DER WAALS, Cont. II, p. 190 (1900)]. 
For in consequence of the minimum at D the longitudinal plait 
always encloses the point Co' OnIy at temperatures higher than To, 
at w hich the longitlldinal plait does not yet exist, there can be 
question of homogeneity till the high~st pressures. But then the 
plaitpoint P belongs to the branch plait of the tmnsverse plait, and 
not to the longitudinal plait. This is indicated among others by 
fig.3 a, aftel' the closed connodaJ curve in M has brok en through 
the connodal curve proper of the transverse plait; or by fig. 3b, 

befm'e a longitudinal plait has developed round Co' 
Of course we mayalso meet with the case, that the plait round 

Uo coincides with the branch plait at the moment that the latter 
with its plaitpoint just leaves the' transverse plait, as shown in fig.. 5a, 

but this involves necessal'ily a 1'elation between f) and 3l, and is 
therefol'e always a very special case. Then the branch plait happens 
to leave the transverse plait exactly in the minimum at D. Af ter 
the meeting the plait shows the shape as traced in fig. 5b• Now 
increase of pressUl'e causes the two phases 1 and 2 to divergefrom 
the beginning . 

But the longitudinal plait ronnd Co mayalso meet the connodal 
line of the transverse vJait, be/ore the closed cOll1lOdal Hne has got 
olltside the transverse plait (fig. 6a). Then the th1'ee phase equilibrium 
does not deyeIop, as in fig. 4'\ at the transverse plait (from which 
a branch plait issues), but at the longitudinal plait round Co' The 
latter penetrates then further into the transverse plait, till its meets 
the isolated closed connoda] curve in D (fig. 6b), aftel' whirh tbe 
confluence with it takes place in the unrealizable l'egion (fig. 6~). 

Tbis plait is then the lonyituclinal plait p1'ope1', of which the1'e is 
genel'ally question with mixturefJ of substances which are not miscible 
in all proportions. But we should bear in mind that just as weIl 
the above treated case of fig. 4: may present itself, with th at of fig. 5 
as transition case. 
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The calculalion teaches that the transition case presentE. itself when 
the proportion (J of' the critical tempel'atUl'es of the two components 
is in the neighboUl'hood of 1, and tÎ1e proportion 1f of the critical 
pressures is at the same time pretty large.-

A cleal' l'epresentation of these different relations is also given by 
the two p, T-diagrams of fig. 7 and fig. 7a. (The temperature of Co \ 
is there assumed to be lower than that of' R2' but it may just as 
weIl be higher~. The plaitpoints pi on the part R 2A below the cusp 
are the unrealizable plmtpoints (see also tigs. 3-6), lhe plaItpoints 
IJ on the part R 2 JJf before JJf also (then the isolated closed' connodal 
curve has not yet got outside the main plait); the plaitpoints P 
beyond Jf are all rc:tlizable. 

So aftel' the above we arrive at the conclusion that in all cases 
in w hich a distinct longitudinal plait appears of' the shape as in 
figs. 4' or 6~ (so when the minimum D lies near R 2), the critICal 
mixing point Jf Of the three phases need not always lie on the 
longitudmal plait (see fig.4a), and also that the longitudinal plait 
with its plaitpoint P wIlI not always coincide with the transverse 
plait itself', but it can also coincide wIth the branch plait of the 
transverse plait, so th at at that moment no three phase equilibrium, 
i. e. no vapour phase is fonnd (see fig. 4C). The two liqUld phases 
1 and 2, however, coincide in this case. 

The case drawn in figs.5a and 5b remams of course an exception, 
and the condrtions for lts occurrence may be calculated (see above). 
But this calculation, as weIl as th at which in general indicates the 
situation of the points R2' D and M, will be published elsewhere 
(in the Al'ch. Teylel'). It is, however, self·evident that the above 
general considerations are by no means dependent on these special 
calculahons. 

It is perhaps not superflllous to caU attention to the fact that the 
concentration Xa of the vapour phase IS neither in fig. 4n, nor in 
fig.5a or 6a, the same as the concentration of the two comciding 
hquid phases aJl,2, as VAN DI!.R LEE wrongly believes to have shown 
in his Thesis fol' the doctOl'ate (1898), [see p. 66-69, 73-74 and 
Thesis lIl; also VAN DER WAALS, Cont. II, p. 181 (1900)].. Now we 
know namely, that when {/Ja lies between Xl and {/J2 at 10wer tem
peratures, this need not continue to be so till Xl aud {/J2 have coin('ided. 
The latter would be quite accidental; in general one of the maxima, 
e. g. in the p,x-line, which lie in the unstable reglOn between Xl and 
''/]2' will get outside the plait before [V l and X 2 have coinClded. 
Cf. the figs. 12a to 121 in my Paper in These Proceedings 9f March 
25 1905 and ~ 8 p. 669-670, and also the footuote on p. 665. 

( 
\J 
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.À.lr~ady in a previous paper (These Proceedings June 27 1903) I 
had elaborately demonstrated this, and somewhat later (These Proceed
ings 31 Oct. 1903) KUENEN arrived at the same opinion indepen.dently 
of me. 1) And in 1900 SCHREINEMAKERS (Z. f. Ph. Oh. 35,p. 462-470) 
had experimentally demonstrated that one maximum leaves the 
longitudinal plait for exactly the same mixture (phenol and water), 
for which Vl~N DER LEE thought he could theoretically prove, that 
Xa = Xl,2. ~) 

Finally I shaH just point out that in the peculiar shape' of the 
p, T-diagram of the plaitpoint line (fig. 7) in the neighbourhood of 
the point D, and in the fael that the two critical moments represented 
by figs. 4a and 4r (as D and .M. in general do not coinride) do not 
coincide, the clue may be found for the explanation of a highly 
pnzzling and as yet unexplained phenomenon, which has been observed 
as weU by, GUTHRIE as by ROTHl\1UND [Zo f. Ph. Oh. 26, p. 446 
(1898)J 3) in their experiments, viz. the appearance and disappearance 
of a distinct clondiness when the mixture is lteated above the 
"critical temperatnre of mixing", which cloudiness often continued 
to exist up to 10° above this temperature. 

1) C. f. also KUENEN: Theorie der Verdampfung und Verflüssigung von Gemischen. 
Leipzig 1906, p. 170, no te 

J) 1<'or the rest the assumption Xs = Xl,2 at the point M leads, as the calcula· 
tions teach, not only to strange, but to highly absurd conclusions. 

S) C. f. also FRIEDLÀNDER, Ueber merkwärdige Erscheinungen in der Umgebung 
des kritischen Punktes. Z. f. Ph. Ch. 38, p. 385 (1901). 

(October 25, 1906). 


