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The envelope of the lines conmecting pairs of points, through which
a curve of each of the pencils is possible, is of class ~

3 yst — 2 (st-ptr +rs) 4 (rbs4t) —a(r—1) — B(s—1) — y(t—1) + o=
== 3 rst — 2 (stt-tr-rs) + (r-Fs+t) — ' (r—1) — B (s—1) — y' (¢t —1) —
— d (r--s-Ft—4).

8. If the pencils have no common basepoints then the class of
the envelope is 3 7st — 2 (st -+ tr 4+ rs) 4+ (r 4+ s 4 t). By a common
basepoint Ay of the pencils (C;) and ((}) that class is lowered with
r—A4. This s because point Ay has separated itself from the
erwelope r—1  times. In fact, the curve (), passing through A, has
separated itself from the locus of the points ” and /. If we take
P arbitrarily on this (), the corresponding point 7’ coincides with

Ag. So an arbitrary line passing through Ay is to be regarded.

(r—1) times as a line connecting P and /7, as any of the r—1
points of intersection with C, differing from Ay may be chosen for P.

If the three pencils have a common basepoint 4, the total envelope
of PI” remains definite (in contrast to the total locus of P and
L. It is true P can be taken quite arbitrarily, but then 7’
coincides with a point A,q, so that the line /I passes through that
point A,y, and therefore is not quite arbitrary. As the class of the
envelope proper is lowered by the point A,, with # 4 s -7 —4 it
follows, that A,y separates itself (s —4-1-—4) times from the
envelope. As one of the points of the pair becomes entirely indefinite,
that ‘multiplicity is not casy to explain, as far as I can sea.

Physics. — “On a new empiric spectral formula”” By B. B.

MoerNnorrr. (Communicated by Prof. P. Zpmman).

By the fundamental investigations of Kavser and Runek and those
of Rypsrre the existence of spectral series was proved. The formulae
of these physicists, however, give in general too great deviations for
the first lines of a series. I have tried to improve the formula given
by RYDBERG :

NO
n:A___ ,,,,,,,,,,,,,,, —

(m 4 a)*

Particularly mnoteworthy in Rypsure’s formula is the universal

constant V,. From Barmer’s formula, which is included as akspeeial
case in Rypsrre’s formula, follows for hydrogen for the observation:

corrected to vacuo N, == 109675.
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Assuming for a moment that the N, was also variable for the
different series, I have calculated the constants A, @ and V, from three
of the best observed curves.- For NV, the following values were found :

Principal Series | Lithium | 109996
» . Natrium 107178

’ » Potassium | 105638

» » Rubidium | 104723

y . Caesium | 104665

15 associated series|” Hydrogen | 109704
» " Helium - | 109703

”» » Natrium 110262

" ,, Potassium | 109081

”» " Silver 107162

» " -Magnesium | 108695

» » Zine 107489

,, » Oxygen | 110660
Second ,, Natrium 107819
» . Magnesium | 105247

”» s Caléiu m 103702

. y - Zine 105399

» ’ Aluminium | 105721

These values have been calculated from wave frequencies not
corrected to vacuo. ,

As appears from these values NV, is not absolutely constant. As
Kayser 1) found in another way, we see, however, that relatively

1) Kavser, Handbuch IL p. 553,

B
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WV, changes little from element to element ). The supposition lies at
hand, that a constant of nature will occur in the rational formula.
For the first associated series of Aluminium calculation gives a con-
siderable deviation. Caleulating from the first terms of this series we
find N, =207620 calculating from the widdle lines N,=138032,
and from the lines with smaller 2 N, = 125048.

The first asssociated series of aluminium behaves therefore quite
abnormally. :

In Rypsere’s formula another function than (m -~ @)= must be
used to get a better harmony, specially with the first terms of a series.

In my thesis for the doctorate, which will shortly appear, I have

examined the formula:

109675

ALK
(m~[—a-|»;l)

in which % represents the wave frequency reduced to vacuo, 4, a
and & are constants which are to be determined, m passes through
the series of the positive integers, starting with m =1. In most
cases with this formula a good agreement is obtained, also with the
first lines of a series. .The associated series converge pretty well to
the same limit, while also the law of RYDBERG—SCHUSTER is satisfied
in those cases where besides associated series, also a - principal series
is observed. _

A spectral formula has also been proposed by Rirz *).

In my thesis for the doctorate I have adduced some objections’ to
the formula of Ritz, as it gives rise to highly improbable combinations
of lines. Moreover for the metals of the 2nd column of MENDELEJERE S
system his views are not at all in harmony with observation.

In the following tables the observed wavelength in- A E. is given
under 2,, the limit of error of observation under F, the deviation
according 1o the formula proposed by me under A, the deviation
according to the formula of Kavser and Runer under A. K. R. The
mark * on the right above a wavelength indicates that these lines
were used as a basis for the calculation of the constants A, ¢ and b.

The constants. are calealated from the wave frequencies reduced
to vacuo ).

1) The B in Kavser and Roner’s formula varies within considerably wider limits
than the N, of Rypeera's formula.

?) Ann. d. Phys. Bd. 12, 1903, p. 264. W. Rirz, Zur Theorie der Serienspectren,

%) Where it was possible, 1 have always taken these values from the - “Index of
Spectra” from Marsmaun Warrs. ' ‘

no= A —
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Lithium.,
Principal series: A = 43480,13; a = 0,95182 ; b = - 0,00722
15t ags. series : A == 28581,8 soa==-+1,998774; b= — 0,000822
Jud c A=285818 ; a=-1,59872 ; b= -—0,00321

bl

3rd ., C A =98581,8 ; a=-1,95085 ; b= - 0,00404

The associated series converge here evidently to one limit.

The difference of wave frequency between the limits of principal
and associated series is 43480,13—21581,8 = 14898,33. The wave
frequency of the 15t line of the principal series is 14902,7. So the
formula satisfies the law of Rypsrre-ScHUSTER pretty well,

PRINCIPAL SERIES,

m - F K | AKR

1| 67082 * | 020 0 | -108
9 | se3277 0,03 0 0

3 | 274139 003 | — 0,06 0

4| 2562,60* Lo o 0

5| 247513 040 | — 022 | — 02

6 | 249555 040 | — 0418 | — 001

7 | 230454 020 | — 043 | - 0,30
S8 | 23789 L.D.| 7 | 4002 |4 075
9 | awe4 LD | ?  + 017 I+‘1’,18 '

FIRST ASSOCIATED SERTES.

‘m A pa ¥ A A K. R,
1 6103777 | 003 0 o
9 A0237° | 040 0 0.
3 " 418244 0,20 | — 0,41 0

4| 8915200 | 020 0 | — 020
51 37949 500 | 4 0,09 | — 035

6 | 389 500 | — 194 | — 9,95
70 %606 | 500 106 | — 14
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- SECOND ASSOCIATED SERIES.

m o F | A |AKR
1 $1927,0* S | 030 0 |-
2 497211 | 040 | — 0,13 0 ‘
3 4973,44* 0,20 0 0
40 308594 | 020 4022 | 0

5 383830 | 300 | o 240 | — 02"

THIRD ASSOCIATED SERIES.

m w T A A. K. R
1| 6240,3*'S 0,40 0 | —

9 | 4636,3" S 0,40 0 | —

3 | 41482 S 1,00 | + 4,6 —

4 | 39218 EH ? | — 0,88

The capitals after the wavelengths denote the observers: L. D.
Liveive and Drwar; S. Savnprrs and E. H, Exxer and HAscHEK,

Where no further mdmahon is' given, the observation has been made
by Kavser and Rungr. :

Natrium.

Principal series (the lines of the doublets with grea'test 2)
A =41447,09; a=1,147615; b= —0,031484
Principal series (lines of the doublets with smallest 2)

A =4144520; o= 17,148883; b = -—0,031908.

For the calculation of the limit of the associated .series RYDBERG-
Scuuster’s law has been used. With a view to the constant differences
of wave frequencies of the doublets of the associated series, I have

only carried out the calculation for the components with small

wavelength.

For the 1%t ags. series A = 24491,1; 2 =1,98259¢ = -+ 0,00639
For the 2nd ags. series A = 24491,1; 4 = 1,65160; b == — 0,01056
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PRINCIPAL SERIES.

g

m dw i3 A A KR
1| 589616 — 0 |48
1| 5890,19* 0 | - 86
92 | 8303,07* 0,03 0 0

9 | 330247 0,03 0 0
3 | 285291 005 | — 044 0
3| 985201 005 | — 0,06 0

A | 2680,46* 0,10 0 0

4 | 2680,46* 0,10 0 0

5 | 259398 040 | 4003 | -+ 0,03
5 | 259368 040 | — 0,02 | + 0,09
6 | 9254385 L.D. | 040 | — 006 | - 0,0
6 | 254385 L. D. | 040 | — 044 | 4 0,24
7 | 251293 L. D. | 020 | -+ 0,03 | 4 0,50
7 | 251223 L.D. | 020 | — 0,40 | -4 0,60

FIRST ASSOCIATED SERIES.

m iw i A |AKR
1| 818433 L. | 02 0 0

9 | 5682,90 0,15 0,01 0

3 | 4979,30 0,20 0 0
4| 266520 050 | — 043 | -+ 0,52
5| 449430 100 | — 0,28 | + 0,50
6 | 439070 L.D.| 2 | -+ 028 | 130
7 | 432570 L.D.| ? | 4400 | 41,76

SECOND ASSOCIATED SERIES.

1| waoe ? | 1,00 | o 100,
2 | 615462 0,10 0 0

3 | 514949 0,10 0 0

Lo 474836 045 | 4042 0

5 | dsags 050 - 065 | 4,39

6 | 442020 L.D.| 7 | 4002 | 445

7 | 4343,70 ? 4 2,00 | — 1,36
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Zine,

For this element I have calculated the formulae of the 1st and
204 associated series for the components with the greatest wave-
length of the triplets. :

The limits ave determined for the two series separately, for the
first associated series the calculation gave 42876,25 and for the
second associated- series the limit appeared to be 42876,70. A very
good agreement,

The formula gives as 1% line of the 15t associated series of Zine the line
8024,05, which has not been observed. The 8 line of the first associated
series 2409,22 has not been obsetved either. Ag 9th line of this series
2393,93 was calculated, which is in remarkably good harmony with
the intense line 2393,88. As yet this line had not yet been fitted
in the series. The great intensity of a curve in the root of the series
is cerfainly strange; an investigation of the ‘magnetic splitting might
decide whether it is correct to range this line under the first associated
series. '

The formula for the 15t associated series is :

109675

n == 42876,25 — -
' (m -+ 0,909108 — 77

m
and for the 2nd associated series :
n == 42876,70 — - v 109675 0.058016%"
(m 1 1,086822 — _mwu)
m
FIRST ASSOCIATED SERIES.
m | b SN i A . |A K R
1 —_— — — —
9 3345,13* 0,03 0 |- 0,08
3 2801,00* 0031 o + 003
4 2608,65* 0,05 0 -+ 0,06
5 2516,00 020 | =004 | — 0141
6 463,47 020 | — 014 | — 0,39
7 2430,74 | 030 | 4022 | 4 9,00
) — — o -
9 2393,88 0,05 | — 005 | —
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SECOND ASSOCIATED SERIES.

4m v BRI % A A. K. R
1 810,71 | 0,03 0 + 58
9 3072,’19f 0,05 0 0,00
3 92719,60* 0,05 0 + 0,02
4 9567,99* 0,40 | 041 | — 001
493,67 015 | - 012 | — 0,04
6 2449,76 0,25 - 041 | — 020
I .
Thalliwm.
The formula for the 18t associated series 1S:
109675
n = 41466,4 — - — ) = 50096
; (m F 1,00141 —
for the satellites: L0967
n = 4146674 — ‘ 070008587
(m + 1,88956 —
+ the second associated series:
and for the seco ’ L0067

n = 41466,4 — 007108

(m+ 1,26516 — ——— )

m
The limit has been calculated from three lines of',the’lst as§901ateﬁ
series; only two more lines were required of the satellites and of tlule 2 )
associated éeries. So in this spectrum all the constantshavebeen calcu]at;z
from 7 lines and 31 lines are very well represented by the formula.
FIRST ASSOCIATED SERIES.

m Cw 0 A A K. R.

1 351939 | 0,03 0 —

p) 901848 - | 003 | — 004 | —

3 91709,33* 0,03 0 —

4 2609,08 003 | 4 004 | —

5 2552,62* 0,10 0 —
8 2517,50 010 | — 0,06 | — 0,34

7 9494,00 040 | — 003 | — 019

5 UTT B8 - 040 | — 0,00 | 4 0,06

9 Q465,54 020 | — 047 | - 0,24

10 24506,53 0,20 | — 045 ¢ - 047

5 244957 0,30 |- 01T | 4 0,68

19 Q444,00 0,30 | — 0,28 | 4 0,79

13 439,58 030 | — 0,24 | 4 0,95
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The constants have been calculated from the lines 4, 5 and 6.
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SATELLITES.
m Iy I A A. K. R
1 3529,58* 0,03 0 + 0,02
9 2921,63 0,03 | - 006 | — 0,07
3 970,77+ 0,03 0 £ 043
4 92609,36 003 | —003 | — 002
5 955307 0,40 | — 0,05 | — 0,12
SECOND ASSOCIATED SERIES.
m Jw t I A A K R,
1 5350,65* 0,03 0 — 168
) 3929,88* 003 0 — o7
3 2826,27 0,05 | — 005 | —.3,65
4 9665,67 0,05 | — 1,32 | — 1,69
5 985,68 0,05 | — 046 | 4 001
6 9538,27 040 | 047 | 4 0,04
7 92508,03 0145 | — 044 | — 0,01
8 281,57 020 | — 006 | 4 008
9 249765 020 | — 034 | — 021
10 2462,01 030 | — 020 | — 0,03
11 245387 030 | — 047 | -+ 0,07
12 Q44T 59 030 | — 0,05 | -+ 022
13 Q42,24 030 | — 037 | — 001

ALUMINIUM. FIRST ASSOCIATED SERIES.

m - ¥ A A. K. R.
1 3(89,27 0,03 | —96882 | -}3848
9 9568,08 0,03 | -4 846 | - 535
3 2367,16 003 | 4+ 252 | 4+ 61
4 9963,83* 0,10 0 + 0,03
5 920473 | 0,10 0 4 047
6 92168,87* 0,10 0 — 043
7 145,48 020 | < 006 | — 031
8 2199,52 020 | - 041 | — 021
9 92118,58 020 | — 08 | 4 044

I shall just add a few words on the spectrum of Aluminium.
None of the formulae given as yet represents the first associated series of
this element at all satisfactorily ; nor is a satisfactory result attained
with my formula. In the beginning of this paper 1 have pointed out,
that very deviating values for N, were calculated from three of the
15t lines of the series.

The formula runs:

109675

(m 4 0,89486 ;593?999)

m

n = 48287,9 —

The agreement with the first lines (1, 2 and 3), leaves much to be
desired. The value of the constant b is here 1,03806, greater than
the value of « in that formula; this does noé occur with any of the
other series.

With 4 constants, so with :

109675

b ¢
(m"l““-l-ﬁ—l—;b‘;

n— 4 — "

a boetter result is most likely reached. When the coustants b and here
probably also the ¢, are not small with respect to @, then the influ-
ence of those constants is very great, particularly for small values
of m. The deviation for the first line of the above series (3082,27),
however, is so great, that I doubt if this is really the first line of
this series.

The behaviour of this Aluminium series is certainly peculiar, and
a further investigation is desirable.

For the way in which the constants in the formula were calculated,
and for the spectra of Potassium, Rubidium and Calcium, of Magne-
sium, Calcium, Cadmium and of Helium and Oxygen, I refer to my
thesis for the doctorate, which will shortly be published.
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