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logram Y d0d0, or the product of the two cylindres in which points
of velocily were found before impact. The product of the cylindres,
in which points of velocily are found after-impact is equal {o the
product of dOd0, and the area of the rectangle with sides parallel
to the axes 0'd" and 0'd’, described round the parallellogram under
investigation. In {this rectangle lie a number of points which have
-n0 corresponding points in the first rectangle. Only when m = m,
rectangle and paralellogram coincide.

Collisions of opposite kind, now, are such for which the combina-
tions of velocily before impact arc represented by points of the
paralellogram 1n the plane d'0Od’, and after impaet by points of the
rectangle in the plane d0d,.

Physics. — “Contributions to the knowledge of the w-surface of
vaN DER Waals. XIL On the gas phase sinking in the hiquid
phase for binary muztures.” By Prof. II. KamerniveE ONNES

~ and Dr. W. H. Kepson. Communication N°. 96¢ from the
Physical Laboratory at Leiden.

§ L. Imtroduction. In what follows we have examined the equi-
hbrium of the gas phase with the liquid phase for binary systems,
with which the sinking of the gas phase i the liquid phase may
occur.

It hes 1o hand to {reat this problem Dby the aid of w (free
energy)-surfaces for the unily of mass of the mixture (vaN DER WaaLs,
Continuitat 1T p. 27) for different {emperatures construed on the
coordinates v (volume of the unily of mass of the mixture) and «
(quantity of mass of the second component confained in the unity
of mass of the mixture).

As vax DER WaaLs (loe. cat.) has already observed, the laws refer-
ring to the stability and the coexistence of the phases are the same
for these w-surfaces as for the more generally used -surfaces for
the molecular quanlity. in particular also the coexisting phases are
indicated by the points of coniact of the p-surface with a plane
which rolls with double coniact over the plait in the w-surface. In
what follows we have chiefly to consider the projections of the con-
nodal curve and of the connodal tangent-chords on the zv-plane.

More particular cases as the occurrence of minimum or maximum
critical teraperature or minimum or maximum pressure of coexistence
we shall leave out of account; we shall further confine ourselves
to the case that retrograde condensation of the first kind ocecurs.
Moreover we shall restrict ourselves fo temperatures, at which the
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appearance of the longitudinal plait does not cause any irregularity?).
The component with the higher critical temperature (7%) is chosen
as first component; its. eritical temperature is, accordingly, denoted
by T%. The special case that T3, =0, is that of a gas without
cohesion with molecules having a certain extension. The investigation
of the w-surfaces becomes simpler for this case. For the present it
seems probable to us that helium still possesses some degree of
cobesion. We will, however, in a following communication compare
the case of a gas without cohesion with what the observations yield
concerning mixtures with H.,.

§ 2. Barotropic pressure and barotropic concentration. We shall call
v and 2 of the gas phase v, and x,, of the liquid phase »; and ;.
At a temperature 7' a little below 7%, we shall always have
v, >vi. For then the plait extends only little on the w-suvface (see
fig. 1), the plaitpoint is near the top of the connodal curve, which
is turned to 2 =1, and all the projections of the connodal tungent-
chords deviate little in direction from the wv-axis, the angle with

—a& :
the v-axis, 8, = arc tg ———, increases regularly if we go from ¢ =0
$ U(I‘— v

along the connodal curve to the plaitpoint, but it has but a small value,
when Tr.—T is small. Only when we take for 7" a value a certain
amount lower than 77, the plait extends sufficiently on the y-surface

k4
to allow that v;—= v, and ¢ =3

If at a sunitable temperature 7' we have substances as mentioned
at the beginning, as e.g. helium and hydrogen at the boiling-point
of hydrogen, we shall find the projection of a connodal tangent-
chord denoting the equilibrium considered in the zv projection of the
gas-liquid-plait on the w-surface for 7°; to reach it we shall have
to ascend from =0 along the connodal curve up to a certain value
of the pressure of coexistence p, before &, which itself is zero for

) .
& =0, can become 5 A pressure of coexistence p = p;, under

which v, =wv; at the temperature T, we call a barotropic pressure
Jor thut temperature, the corresponding concentrations of liquid and gas
phase the barotropic concentration of the liguid and of the gas phase
at that pressure and that temperature. For when v,—v; with increasing
pressure of coexistence p passes through zero at p = p;, we find
in equilibria with pressures of coexistence above and below the value
ps the phases to have changed positions under the influence of gravity.

1} This will be treated in a following communication.
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In order lo examine how a barotropic tangent-chord first makes
its appearance on the plait on decrease of 7, we point out that with

extension of the plait from 7% at first I remains positive all over
[

the liquid branch of the connodal ecurve, so that at first we have to
look for the -greatest value of & at the plaitpoint, where we shall
denote its value by &,.

When, however, on decrease of 7’ the plait extends over the -
surface, this need not continue to be the case, and we may find

dé
T alternately positive and negative. This is immediately seen when

we notice that this must always be the case when the plait extends
all over the v-surface.
If with decrease of 7' the maximum value of # more and more in-
creases, and 7" has fallen so low, that the maximnm of € somewhere
14
in the plait has just ascended to _, then at this 7" the condition for the

barotropic equilibrinm v, = v, will be satisfied just for the corre-
sponding tangent-chord, and only for this tangent-chord. The Aigher
barotropic limiting temperature is then reached. On further decrease
of temperature the barotropic tangent-chord will then split into two
parallel barotropic tangent-chords, the Aigher and the lower tangent-
chord, which at first continue to diverge with further falling tempe-
rature, so that_the higher barotropic tangent-chord may even vanish
from the plait through a barotropic plaitpoint, and then, at a lower
temperature, make its appearance again through a barotropic plaitpoint?).

At still lower temperaturve it follows from the broadening of the
plait in the direction of the v-axis, which at sufficiently low tempe-
rature renders the occurrence of a barotropic tangent-chord impossible,
that the maximum of 4 falls again, and the barotropic tangent-chords

5T
draw again nearer to each other. At Guay= 5 the tangent-chords

coincide again, and the lower barotropic limiting temperature is reached.
At lower temperatures vg==v; is no longer to be realized, and v,
is always > v

Figs. 2, 3 and 4 vepresent different cases schematically. In the
spacial diagram of the u-surfaces for different temperatures the
barotropic tangent-chords supplemented with the portions of the con-

1) The latter supposes that T% /T is not very great; in accepting the contrary
we would come in conflict with the supposition that the longitudinal plail dees
not become of influence. Moreover we preliminarily leave out of account the case
that both barotropic tangent-chords follow one anotler in disappearing or appearing
through a harotropic plaitpoint. [Added in the translation].
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nodal curves between the lower and the higher tangent-chords form
logether a closed surface, which bounds the barotropic region.

If on the other hand G0, = p remains, till il has reached or
%, and if not a second maximum value for €>g
occurs on the plait, a barotropic plaitpoinl will occur at the higher
barotropic limiting temperature, whereas at lower temperature a
single barotropic tangent-chord on the plait indicates the equilibrium
with v, =wv;. With decreasing temperature this barotropic tangent-
chord will at first move along the plait starting from the plailpoint,
but at lower temperatures it will return, and finally (the occurrence
of a longitudinal plait being left out of consideration) it will disappear
from the plait through a barotropic plaitpoint at the lower barotropic
limiting temperature. In this case the barotropic region is bounded
on the side towards which the plait extends by barotropic tangent-
chords, on the other side by the portions of the connodal curve which
are cut off.

It follows from the above that — when the occurrence of barotropic

tangent-chords on the y-surfaces for a definite pair of substances is
aitended by the occurrence of barotropic plaitpoints — if T3 > Tl
(higher baratropic ploatpoint temperature) ox T < Ty, lower barotropic
plaitpoint temperature there always exists at the same time a higher
and a lower barotropic tangent-chord; if Ty > Ts > Ty there
exists only one barotropic tangent-chord.
. The nature of the barotropic phenomenon for He and H, may
serve for arriving at an estimation of the critical temperature of He.
According 1o the invesligation of one of us (K. See Comm. N°. 96 ¢.)
it is probable that the appearance of a single barotropic {angent-
chord for He—H, at the temperature of boiling hydrogen would
point to Tm. < about 2°, whereas on the other hand when 7%.p,
is higher, a higher and a lower barotropic tangent-chord is to be
expected. Further that, as was already observed in Comm. No. 96 a.
(Nov. ’06) a barotropic tangent-chord can only appear in the gas-
liquid-plait when very unusual relations are satisfied between the
properties of the mixed substances, which for the present will most
likely only be observed for He and H..

Whether it is possible that more than one barotropic region occurs,
and whether one or more barotropic tangeni-chords can move from
the plaitpoint past the critical point of contact, is still to be examined.
Also whether it is possible that the lower barotropic limiting tem-
peratute descends lower than 7%,, so that fig. 5 might be realised.
With regard to these questions too it is only of practical importance to

exceeded the value
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know in how far the properlies of He and H, create that possibility.

§ 3. Barotropic phenomena at the compression of a mizture of definite
concentration. What will take place in this case is easy to be derived from
the foregomg survey of the different equilibria which are possible at a
same temperature. For the further discussion we have to trace the
womignic hne, the line of equal concentration {# = const.) for this
mixture, and to examine the section with the connodal curve, the
successive chords, and finally again with the connodal curve.

In the description of the barotropic phenomena we shall confine
ourselves to the more complicated case, that at the 7" considered
both a higher and a lower barotropic tangent-chord occur, after
which it will be casy to survey the phenomena when only one
barotropic tangent-chord appears.

To distinguish the different cases we must divide the liquid branch
of the connodal curve at 7' into an wnfra- (@ =0 to & = au,7, lower
barotropic concentration of the liguid phase at T)), inter- (@i 10 &4ps7)
and supra- (€ = &psr t0 & = @y )-barotropic part, and the gasbranch
into the three corresponding pieces falling within and on either side
of the region between the two barotropic tangent-chords (the lower
b,r and the higher 6.7) at that temperature.

Whether the phenomena of retrograde condensation attend those
of the barotropic change of phase or not depends on this: whether
both barotropic concenirations of the gas phases fall below the plait-
point concentration or not.

Let us vestrict ourselves in this description to the case that this
complication does not present itself or lel us only consider mixtures
for which & < @, . On compression the first liquid accumulates in the
lower part of the tube for @ < @47 and for &r > & > ags7, and in the
higher part for sz >@ > agr. On further compression, when
T > CisT, Change of phase will lake place once for mistures of
the conceniration @, so lhat 257 > 2 > ag7 OF @ust >8> 2mr;
it will {ake place #wice for miatures of the concentration 2, so
that @y > @ > apsy. S0 the last remains of the gasphase will
vanish above for o <Taug and for @, >a > ansr, and below for
s> & > apr. I it is possible that over a certain range of
temperature the barotropic tangent-chords get so far apart that
@wsT > 2y, change of phase will again take place once for these tem-
peratures for mixtures of the coneentration @, so that 2y > 2 > wust
or &gur >8> 8

This description will, of course, only be applicable to He and H,
when the suppositions mentioned prove to be satisfied. -

-
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§ 4. Disturbances by capillary action. As is always tacitly assumed
in the application of the w-surface when the reverse is not expressly
stated, the curvature of the surfaces of separation of the phases is put
zero in the foregoing discussion. If the curvature may not be ne-
glected, e.g. at the compression of a mixture in & narrow tube,
then, when the barotropic pressure is exceeded, the phase which has
thus become heavier, will only sink through the lighter phase under it,
when the equilibrinm has become Ilabile taking the capillary energy of

the surface of separatiou into account. For this it is required that &,

24 . .
has become larger than 5 to an amount of Aﬁml,, which will depend -

on the capillary energy of the surface of separation and the diameter
of the tube in which the experiment is made. Thus eapillarity causes
a retardation of the appearance of the barotropic phenomenon: both
with increase and with decrease of pressure the barotropic tangent-
chord must be exceeded by increase or decrease of pressure to a
certain amount, before the two phases interchange positions. In this
way the difference of pressure mentioned in Comm. N°. 967, (Nov.
1906, p. 460) between the sinking of the gas phase chiefly consisting
of helium and its rising again at expansion (49 and 32 atms.) is
e.g. to be explained by the aid of the following suppositions which
are admissible for a first estimation.

1. that at — 253" and 32, resp. 49 atms. He is in corresponding
state with H, at 150° and 160, resp. 245 atm., in agreement with the

. 1 . e
assumptions M. vipm = ZM v g according to the ratio of the molecular

refractive powers, Zpg, = 1°.5 (according to Onszewskr < 1°.7); if b
the gas phase consisted only of He (molec. weight 4), the density
at the temperature and pressures mentioned would be 0.062, resp.
0.081, and it moreover the liquid phase had the same density with
the two pressures, A8, would have to correspond to a difference
of density of == 0.01; owing to the fact that the two last mentioned
suppositions are not satisfied, the difference of density will be smaller ;
2. that the capillary energy of the surface of separation beiween
the phases coexisting at the above temperature and pressures is not
many times smaller (or greater) than that of liquid hydrogen at that
temperature in equilibrium with its saturated vapour, and that the latter
may be derived from_that of nitrogen*) by the aid of the principle
of corresponding states. The gas bubble will then in a tube like
that in which the experiment described in Comm. N° 98a was made
(int. diam. 8 mm.) only sink through the liquid or rise again, when

) Bary and Dowwaw, Trans. Chem. Soc. 81 (1902) p. 907, -
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the difference of the radii of curvature of the tops of the bounding
menisei exceeds that between 3 and 5 mm.

T
At those temperatures for which Guax <C 5+ 4 B4, the phenome-

non of the phase which is uppermost at low pressure, sinking and
rising again does not make its appearance in consequence of gravity
alone. If this condition is satisfied for mixtures of a definite pair
of substances for every temperature between the lower and the
higher barotropic limiting temperature, the phenomenon could only
be realised for these mixtures by the aid of a suitable stirrer.

§ 5. Remarks on jfurther experiments with helium and hydrogen.

a. In the experiments mentioned in Comm. N°. 96¢ the gas phase
proved to remain below on compression to the highest pressure which
the apparatus will allow. When we repeat these experiments at a
higher temperature (which may e. g. be obtained by boiling the
hydrogen of the bath under higher pressure’)) it is to be expected
that the barotropic pressure will first rise, as in the beginning starting
from — 253° the gas phase will continue to expand more strongly
than the liquid phase. At higher temperature the liquid phase begins
to expand more strongly than the gas phase, but the mutual solu-
bility plays already such an important role then that a definite expectation
cannot be expressed, unless this, that on account of the retreating
of the plait and the impossibility of the barotropic tangent-chord to
reach the side of the hydrogen, the higher barotropic limiting tem-
perature may be preity soon reached. Also in connection with the
estimation, which may be made from this concerning Tpg., it will
be of importance to investigate whether with a suitable concentration and
at a suitable higher temperature we may observe the liquid phase sinking
after it had jirst risen. That the phenomena at higher temperature,
it the glass tube used should prove strong enough to bear the pres-
sure, should be prevented by capillary action, is not probable, as
capillarity together with the differences of density decreases at higher
temperature; moreover in spite of capillarity the phenomena might
be realised by the aid of a suitable stirrer.

b. With decrease of temperature the limit is soon reached at
which we meet with the solid phase. The question rises whether
then the phenomenon: the solid phase, (the solid hydrogen) floating
on the gas phase (chiefly the as yet still gaslike helium), might not
be realised.

_15—01' by using the vapour from boiling hydrogen in a separate vessel [added
in the translation].



