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case, it is easy {o reason tha{ P/’ coincides with AB, CD or EF
and so the locus proper consists of these three lines and there is
no envelope proper. The parl improper of the locus however consists
of six coniecs ABCDE, ABCDF, ABEFC, ABLFD, CDEFA
and CDEFB, the part improper of the envelope of the six points
A, B,C, D, E and F. The total locus is thus of order fifteen, the
total envelope of class six, so that for arbiirary position of the pencils
of conics this same holds for the locus proper and the envelope proper.

Sneek, Nov. 1906.

Mathematics. -— “The locus of the pairs of common points of four
pencils of surfaces”’ By Dr. F. Scuun. (Communicated by

Prof. P. H. Scrours).

(Communicated in the meeting of December 29, 1906).

1. Given four pencils of surfaces (), (I'y), (If;) and {F,) respect-
ively of ovder 7,s,¢ and w. The base-curves of those pencils can
have common poinls or they can in part coincide, in consequence
of which of three arbitvary surfaces of the pencils (I7), (If;) and (F7,)
the number of points of intersection differing from the base-curves
can become less (han stu; we call this number a, calling it & for
the pencils (F), () and (I7,), ¢ for the pencils (F,) (F) and (F,)
and d for the pencils (F), (£y) and (I7,). We now put the question:

What is the order of the surface formed by the pairs of points
P and P, through which a surface of each of the four pencils is
possible ¢

If the points P and /" do not lie on the base-curves we call the
locus formed by those points the locus proper L on which of course
still curves of points / may lie for which the corresponding point
P’ lies on one of the base-curves. If one triplet of penecils furnishes
at least several points of intersection which are situated for all sur-
faces of those pencils on one of the base-curves, then there is a
surface that does satisfy the question but in such a manner that if
we assume /£ arbitravily on (his surface the point P belonging lo
,it is to be found on one of the base-curves; this surface we call the
part improper of the locus, whilst both surfaces together are called

the total locus.

2. To determing (he order n of the locus proper L we find the
points of interscction with an avbilvary vight line . On / we take
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an arbitrary point Q.. and we bring through that point surfaces
F,, Fyand F, of the pencils (F,), (/) and (/7). Through each of
the @ — 1 points of intersection of those surfaces not situated on the
hase-curves of those surfaces we hring a surface F;. These ¢ —1
surfaces F), intersect the right line [ together in (¢ —1)» points @,
which we make to correspond to the point Q. The coincidences
of this correspondence are: 1st the points Q. determining four
surfaces which interseet one another once more in a point not lying
on the base-curves, thus the n points of intersection with the surface
L, 272 the points of intersection with the surface Xy, belonging to
the pencils (F), (f7)and (I7), the locus of the points S determining
three surfaces whose tangential planes in S pass through one line.

To find the number of coincidences we have to determine the
nomber of points @, corresponding to an arbitrary point @, of
To this end we take on 7 a point (, arbitrarily and bring through
it an #; and an F,. Through each of the h points of intersection
of these surfaces with the surface [ through @, (not lying on the
base-curves) we bring an Fy, which & surfaces F, intersect together
the line [ in s points (, which we make to correspond to Q.
To find the number of points @, corresponding to an arbifrary
point Q, of [ we take @Q, arbitrarily on /, we bring through @ an
£ and through @, an I, and through each of the ¢ points of inter-
section of those surfaces with J. an I;, which furnish ¢ surfaces
F, cuiting 7 in ¢t points Q; reversely to @ belong du poinls @,
so that we find between the points Q. and @, a (¢f, du)-correspond-
ence, of which the ¢t duw coincidences give the points @, belong-
ing to the point Qs So between the points @ and @, exisis a
(bs, et < du)-correspondence, of which the- coincidences consist of
the » points of intersection of [ with the surface /7, through @, and
of the poinits @y, corresponding 1o Q.; the number of these thus
amounts 10 0s - ct + du—r.

So between the points (y, and Q. there is an (w—r, bs—+ct-+-di—r)-
correspondence with ar--bs-+ct+du—-2r coincidences. To find out
of this the number of points @4, we must first determine the order
of the surface Ry, -

This surface may be regarded as the surface of coniact of the
surfaces of the pencil (Ifg) with the movable curves of interscctions
Ci of the surfaces of the pencils (£7) and (£,)"). So the question is:

1) We shall call this sucfoce the surface of contact of the three pencils meaning
by this that in a point of this “surface of conlact” the surfaces of the pencils,
though not touching one another, admit of a common tangent.
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3. To determine the ovder of the surface of contact of a twofold
infinite system of twisted curves and a singly infinite system of
surfaces. )

To this end we shall first snppose the two systems to be arbitrary.

To determine the order of the surface of contact we count its
points of intersection with an arbitrary right line /. To this end we
consider the envelope F, of the oo* tangential planes of the curves
of the system in their points of intersection with / and the envelope
I, of the ! tangential planes of the surfaces of the system in their
points of intersection -with /.

The common tangential planes not passing through /[ of both
envelopes indicate by means of their points of intersection with /
the points of intersection of / with the surface of contact.

In order to find the class of the envelope £, (formed by the
tangential planes of a regulus with [ as directrix) we determine
the class of the cone enveloped by the tangential planes passing
through an arbitrary point @ of I. If the system of curves is such
that” ¢ curves pass through an arbitrary point and ¥ curves touch
a given plane in a point of a given vight line, the tangential planes
of E, through @ envelope the ¢ tangents in Q of the curves of the
system through @, and the line / counting W times; for each plane
through / is to be regarded v times as tangential plane, there being
P curves of the system cutting / and having a tangent situated in
this plane. The emwvelope E, is thus of class ¢ 4 and has I as
P-fold line?).

To find the class of the envelope £, we determine the number of
its tangential planes through an arbitrary point Q of I If now the
system has p surfaces through a given point and v surfaces touching
a given right line, the tangential planes of the envelope passing
throngh @Q are the tangential planes in Q to the g surfaces passing
through @ and the tangential planes of the » surfaces touchingl. So
the envelope B, is of class p-+v with v tungential plunes through 1.

Hence both envelopes have (¢-1) (4 +») common tangential planes.
Each of the » tangential planes of FE, passing through / is however
a y-fold tangential plane of %, and so it counts for ¥ common
tangential planes. So for the number of common tangential planes
not passing through /, thus the number of points of intersection of ]
with the surface of contact we find:

: (0 4+ ) (4 ) — v = gv + pu -+ g,
therefore :

1) The regulus as locus of points has however line / as ¢-fold line.
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The surface of ¢ontact of a system (p, ) of o fwisted curves?)
and a_ system (n, v) of o' surfaces?®) is of order ¢v 4 wu -+ o).

4. To delermine the ovder of the surface of contact*) of the systems
@, ), (y,v,) and (u,,v,) each of o' surfaces, we regard the
system (¢, ) of the curves of intersection of the systems (u, , »,) and
(#,,7,). Of these curves of intersection w,u, pass through a given point,
$0 ¢ == w,u,. The y points, where the curves of intersection touch a
given plane in a point of a given right line, are the points of inter-
section of that given line with the curve of contact of the systetns
(ir, ,»,)") and (u,,»,) of plane curves, accordmg to which the given
plane intersecls the systems of surfaces (u,,»,) and (u,,v,). This
curve of contact is of order w,r, + u,», + p,u,, thus:

Y =@y, + 10 e,

The surface of contact to be found is thus the surface of contact
of a system (u,p,, v, + u,», + wu,) of o twisted curves and a
system (u,,»,) of o' surfaces, so that we find:

The surface of contact of three systems (u, ,v,), (U, , v,) and (@, , v,)
of ' surfaces is of order

alts?y  Qafty ¥y + BhyDy + 20,00,
If the three systems arve the pencils (Fy), (F,) and () we have
W= = =1,
v, =26s-1) , »,=20¢—1) , »,=2u—1).

So we find:

The surface of contact Fyy of the three pencils of surfaces (IFs),
(Fy) and (F)) 1s of order

') System with ¢ curves through a given point and ¢ curves cutting a given
line and touching in the point of intersection a given plane through that line.

?) System with » surfaces through a given point and v surfaces touching a
given right line.

8) This result is also immediately deducible from the Scruserr formula

ap?=pB. G+ pge. p°g. -+ p® . pge
(Kalkul der abzahlenden Geometrie, formula 13, page 292) for the number of
common elements with a poinl lying on a given line of a system £' of 003 and
a system £ of oo! right lines with a point on it. If we take for £' the tangents
with point of contact of the system of curves (7,4¢) and for T the tangents with
point of contact of the system of surfaces (u,v), then
pl=9¢ |, PYe=d , G=v , D=1,

whilst zp? is the order of the surface of contact.

4) Locus of the points, where the surfaces of the three systems have a common

tangent.
5) System of ool curves of which u; pass through a given pont and v touch

a given 1ight line.




( 559 )
2(s 4 ¢+ u—2).

5. To return to the question which gave rise to the preceding
considerations we find for the number of points @, on the arbitravy
line /, which are the points of intersection of /7 with the locus
proper L:

ar+bs + et +du—2r —2(s+t+u—2)=
=ar+bs+ct+du—2(0+s Ft4u)+ 4

So we find:

The locus L of the pairs consisting of two movable points common
to a surface out of eack of the pencils (I), (Fy), (Fi) and (Iy)
of orders r, s, t and u, and not lying on the base-curves, is a
surface of order

ar +bsF ot +du—2 @454t + u)+ 4.
Here a is the number of points of intersection not necessarily

situated on the base-curves of the pencils (Fy), (F)) and (F); b the
analogous number for the pencils (I)), (I)) and (F), etc.

6. It the pencils have an arbitrary situation with respect to each
other, then a==stu, ete., so that then the order of the locus becomes

4(rstu+1)—2(0@ + s+t 4 u.

That order is lowered when three of the base-curves have a common
point or two of the base-curves have a common part, which
lowering of the order can be explained by separation as long as
the total locus is definile, i.e. as long as the four base-curves have
no common point and no triplet of base-curves have a common part.
For, if A,y is a common point of four base-curves then the surfaces
of the four pencils passing through an entirely arbitrary point P
have another second poini in common, namely A,g,; if By, is a
curve forming part of the base-curves Bs, B, and B, of the pencils
(), (£;) and (L), then the surfaces of the pencils passing through
an arbitrary point P have moreover the points of intersection in
common of By, with the surface F, through P; so in both cases
the arbitrary point P belongs {o the total locus.

If the basecurves B,, B; and B, have a common point A, then
on account of that pomnt the number « is diminished by unity without
having any influence on 4, ¢ and d. The order of L is thus lowered
by » on account of i, which is immediately explained by the fact
that the surface I, passing through Ay, separates itself from the
locus. '
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If the base-curves B, and B, have a carve B, in ecommon of
which for convenience we suppose that it does not intersect the
base-curves B,~ and B;, this B, has no influence on ¢ and d, whilst
a is lowered with sm and b with mn, where m represents the order
of the curve B,; for, when F,, [, and F, are three arbitrary
surfaces always sm points of intersection lie on B,,. The order of
L is thus lowered with 2rsm by B, . This can be explained by
the fact, that the locus of the curves of intersection Cs of surfaces
B, and F, passing through a selfsume point of By *) separates itself
from the locus of P and P'. That the locus of those curves of inter-
sechon is really of order 2rsm 1s easily evident from the points of
intersection with an arbitrary line /. We can bring through an
arbitrary point @, of / an F, cutting B, in 7m points, through
each of those points of intersection we bring an [, which 7m sur-
faces Fs cut the right line 7 in rsm points @s. To @ correspond
rsm points Q, and reversely. The 2rsm comcidences are the points’
of intersection of [ with the locus of the curves of intersection C,,.

7. The base-curves B, B, B and B, of the pencils are morefold
curves of the surface L. If 4, is a point of B, but not of the
other base-curves, then 4, is an (¢ — 1)-fold point of L. For, the
surfaces Fs, Iy, and F, through A, intersect one another in ¢ —1
points, not lying on the base-curves, each of which points furnishes
together with 4, a pair of points satisfying the question. Each point
of B, is thus an (@ —1)-fold point, i. 0. w. B, is (a— 1)-fold curve
of the surface L.

Let A, be a point of intersection of the base-curves B, and Dy,
but not a pomnt of B, and B, An arbitrary point P of the curve of
intersection C, of the surfaces F; and F, through 4, furnishes now
together with 4, a pair of points PP’ satisfying the question pro-
perly, as Ay is for each iriplet of pencils a movable point of inter-
section not lying on the base-curves. If we lei P describe the curve
Cw, then the tangent /s in 4, to the curve of intersection of the
surfaces . and F; through P describes the cone of contact of I in
the conic point 4,;. The langents m, and m, in 4,10 B, and B
are (a—1)- rvesp. (b—1)-fold edges of the cone. This cone is cut
by the plane through m, and m, only according to ihe line m,
counting (¢—1)-times and the lme m, counting (6 — 1)-times, as
another line / lying in this plane would determine two surfaces

1) If B cuts the curve Bs in a point Asw, then the surface Fr passing through
A separates iself fiom the locus of the cuives of intersection (s.
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F, and F; touching each other in 4,,, whose curve of intersection,
however, does not cut the curve Cyn. Zhe tangential cone of L
in Ays s thus of order a ++b—27).

Let A,“s) be a point of a common part B,s of the base-curves B,
and Bs but not a point of B, and B,. We get a pair of points >/’

with a point P’ coinciding with Ag? when the surfaces F,. and F.

have in A,(? a common tangential plane V.. and pass through a
selfsame point P of the curve of intersection Cy, of the surfaces ; and

F, through Afl). If we let P describe the curve C,, then on account

of that between the planes V, and V,, touching in Ag) the surfaces
F, and F through P, a correspondence is arranged, where to V.
correspond b — 1 planes V; and to V, correspond @« —1 planes
V,. One of the a4 b— 2 planes of coincidences is the plane through

the tangents in A,(;) to B,s and Cy,; this plane furnishes no plane
V,s. The remaining @ 4 & — 3 planes of coincidence are planes V

and indicate the tangential planes in AY to the surface L. So By
is an (a-b6—38)-fold curve of L.

8. Let us then consider a common point 4,y of the base-curves
B,, Bs and B;. We get a pair of points PP’ with a point P’ coin-
ciding with 4,5, when the tangential planes in 4,, to F,, Fsand F,
pass through one line /; and these surfaces intersect one another
again in a point [ of the surface £, passing through A4,y There
are oo sach lines /., forming the {angential cone of L in point
A, The tangents m,, m; and »u in A,y to B,, B, and B; are
(@ — 1), (b — 1)} and (¢ — 1)-fold edges of that cone. So the plane
through m, and m, furnishes @ <~6—2 lines of intersection with
the cone coinciding with m, and m, Moreover ¢ — 2 other
lines I, lie in this plane. For, the surfaces F,. and F touching this
plane intersect F in ¢ — 2 points not lying on the base-curves; the
surfaces [ through those points intersect the plane through m,
and m; according to curves whose tangents in 4, are the mentioned

1) The order of this cone can also be found out of the number of lines
of intersection with an arbitral:y plane ¢ through 4. If I, and 7, are the lines
of intersection of « with the tangential planes in 4,sto the surfaces Fy and F, through
P, then to I correspond b—1 lines #; and to /s correspond a—1 lines I, so that
in the plane . lie ¢+ b — 2 lines Is.

38
Proceedings Royal Acad. Amsterdam. Vol. 1X.
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lines . So the tangential cone of L in Avg s of order -0 -4c—41).

A point of intersection Aisi of B, with a common part By of the
base-curves 5. and B, is a conic point of L, the tangential cone of
which is formed as in the previous case by oo! lines /.. The tangents

m, and mg in A% to B, and By are (@ —1) and (b 4 ¢ — 3)-fold
edges of that come. As no other lines [y lie in the plane through

m, and mg , it is evident that the tangential cone of L in AL s Bike-
wise of order a4-0-Fc—4 7).

Let A,(:l be a point of a common part B, of the base-curves B,,
B and B,. The point P’ of the pair of points PP’ coincides with

P . . 2
Ags} when the surfaces F., Fs and F, have in A,(.si the same tangen-
tial plane 7, and cut one another in another point 2 of the surface

I, through A,(f;’g. It we now consider an F, and an Fs having in

A2 the same tangential plane V. and if we consider through each
of the ¢—1 points of intersection of £, F, and F, not lying on
the base-curves an 7 of which we indicate the tangential plane in

Agig by V. then to Vs correspond ¢— 1 planes 7; and to V7 cor-

respond @ -+ b —1 planes V,; (as for given V; a (b, a)-corvespondence
exists between V. and V, of which V7 is one of the planes of coin-
cidence). Among the a - b - c— 2 planes of coincidence Vs V;
there ave however three which give no plane V., namely the planes
Vs, for which the corresponding surfaces F,. and Fs furnish with

F, three points of inlersection coinciding with A,(.SZ. For this is neces-

sary that F, touches in Agl the movable intersection of F. and
F,. Now the tangenls of those intersections for all surfaces F,

. . 2} . .

and F, touching each other in A% form a cubic cone having for
. . 2 .

double edge the fangent my,y to B, in point Agﬁ #). This cone

. . . {2 . .
is cut by the tangential plane in )y to F, according to three lines,
furnishing with ., planes V,s which are planes of coincidence

Y) This order can also be determined out of the number of lines s in aplane
¢ passing through 4,¢ In this plane we finda (¢ — I, @b — 2)-correspondence
between lines % and .lines I; of which however the line of intersection of - with
the tangential plane in 4,4 to Fu is a line of coincidence, but no line .

%) This is immediately evident if we take for (F,) a pencil of planes and for (FY)
a pencll of quadratic surfaces all passing through the axis B, of the pencil of
planes. The cone under consideration then hecomes the cone of the generatrices
of the quadratic surfaces passing through a given point of B, We can easily
convince ourselves that the same result holds for arbitrary pencils of surfaces,
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of V,s and V,, but not planes' V,,.. So there are a-+-b--c—35 planes

V.st, which are the langential planes of L in the point Ag),,i. 0. Ww.

By s (@ 0~ c— 5)-fold curve of surface L.

9. We then consider a common point A4,y, of the four base-curves.
We get a pair of points 2P’ with point P’ coinciding with 4,4, when
F, F, I and F, have in 4,4, a common t{angeni /g, and all
pass once again through a selfsame point P. The oo' lines /.., form
the tangential cone of L in A,y. To determine the number of lines
lrsy, in an arbitrary plane & through A,s, we {ake in this plane an
arbitrary line [l through A,q and we bring through the d — 1
points of intersection (not lying on the base-curves) of the surfaces
F.,, Fy and F, touching [ the swfaces F,, whose tlangential
planes in g, cut the plane & according to lines, which we shall
call /y. To l.g now correspond d —1 lines /, and to [/, correspond
a4 b-+c—2 lines /.5y as there exists between /s and [; when [,
is given a (¢, a 4 b)-correspondence, of which /, and the line of
infersection of & with the plane through the tangents in 4,4, to B
and Bs are lines of coincidence, but not lines /. So there are
a -+ b~ c-+ d— 8 lines of coincidence /. [, of which however three
are not lines /.5, The common tangents in A,q, of the surfaces £,
F, and F, possessing three points of intersection coinciding with
Ay and where therefore the intersection of two of those surfaces shows
a contact of order two io the third, form namely a cubic cone ) of
which the lines of intersection with ¢ are lines of coincidence but
not lines fysy. So in & lie ¢ + b + ¢+ d — 6 lines lgy, 1. 0. w. the
tangential cone of L in A,y 15 of order a +b4c+4d—67).

) This is again evident when taking for (F,) and (F)) pencils of planes with
coplanar axes B, and B: and for (F) a pencil of quadratic surfuces passing through
a line containing the point of intersection S of B, and B.. The line of intersection
of the planes F and F; shows only then a contact of order two to F; when that
line of interseclion lies entirely on Fi, so that the cone under consideration becomes
again the cone of the generatrices of the quadratic surfaces passing through S.

2) That order can also be found out of the lines of intersection with the plane
Vs through the tangents m, and m in d,s to Br and B;. Those lines of inter-
section are: the line m,, counting (@ — 1)-times, the line m, counting (b — 1)-
times and ¢-+d — 4 other lines, This last amount we find by drawing in plane
V. an arbitrary line I through A,s.. The surface F: touching I; cuts the surfaces
F, and F. touching V, in d— 1 poinls (not lying on the bhase-curves) through
which points we bring surfaces F% whose tangential planes in Ay cut the plane
V,s according to lines to be called {.. Between the lines & and /. we now have
a (d— 1, ¢ — 1)-correspondence of which the nodal tangents in Auu of the inter-
section of the surfaces Fr and F; touching V. are lines of coincidence. The
remaining ¢ -+ d — 4 lines of coincidence are lines lrsm .

38%*
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The preceding considerations hold invariably for a point Af.i{u
Iying on the base-curves B, and B; and the common part B, of
the base-curves B; and B,).

In a point of intersection AE?ZM of B,s and By, the tangential cone
is likewise of order @ -}b -+ ¢ - d — 6 as that cone has the tan-
gents m,s and my to B,s and By, as (@ 40— 3) and (¢ + d — 3)
fold edges, whilst in the plane through m,s and my no otber right
lines /s, are lying.

A point of intersection AE), of B, and B,y is also a(a+b+c+d—6)
fold point of L as m, and my, are (@ — 1)- and (b 4 ¢ -+ d — 5)-
fold edges of the tangential cone and the only lines of intersection
of that cone with the plane through m, and mg,.

1f finally Af.‘;zu is a point of a common part B,y of the four base-
curves, then the point P’ of the pair of points PP’ coincides with

A,(;',)u when the surfaces F,, F,, I, and I, have in A(r“s),u the same
tangential plane Vs, and all pass through a same point P. Let us
now assume an arbitrary plane V., passing through the tangent

Mypsry 1N ASt}u to B,sw. The surfaces F,, Fy and F} touching this plane in
Ag?u cut one another in d—1 points P, through which we bring

surfaces F,, of which we call the tangential planes in Aﬁﬁu V.
Thus we obtain a correspondence, where to V,, correspond d—1
planes T, and reversely to V7, correspond a -4 b -+ ¢-—1 planes
V,s; for when T, is given there is between Vs and 7 a
(¢, @ + D) correspondence, of which V7, is plane of coincidence, but
not a plane V.4 So there are a -~ b -4 ¢ -+ d — 2 planes of coin-
cidence V,4V,, of which however five are not planes V,.. These
are namely the fangential planes of the surfaces 7, I and F, of

which one more point of intersection coincides with AS“’,, which

1) [t is also casy to see from the lines of intersection with the plane V.
through the tangents s and iy (o By and By that the tangential cone in

A(rlsgu is of order @+ b+ ¢+ d — 6. The line s counts for b — 1 lines of inter-
section, the lme muu for ¢ - d — 3. Further, the surfaces Fs, F, and Fu touching
Vsu cut one another in @ — 2 pomts not lying on the base-curves; through those

points we bring surfaces Fr, whose tangential planes in A cut the plane Viu
along to lines which lie on the tangential cone.

‘

~

-11 -



( 565 )

" occurs five times!). So there remain ¢ -6 4 ¢ -+ d— 7 planes V.

which are the tangential planes of L in the point A:‘:,)u, so that
B is a (@ +b-4c4+d—7) fold curve of L.

10. So we find:

Of the locus proper L of- the pairs of points P and P’ the
base-curve B, of the pencil (F,) s (a — 1)-fold curve, the common
part B,s of the base-curves B, and Bs is (a -+ b— 3)-fold curve,
the common part B,g of the base-curves B,, Bs and By is (w40 -+ c—5)
Jold curve and the common part Bys, of the four base-curves is
(@+b+c+d—"Txfold curve. The points of intersection of the
base-curves are conic points of L, numely a point of intersection of
B, and Bs is (@ + b— 2)-fold point, a point of intersection of
By, Bs and B, or of B, and By 15 (a0 -+ c—4)-fold point
and a point of intersection of By, B, By and B, or of B, Bs and
By or of B,s and By or of B, and By, is (@4 b + ¢+ d—6)-
Jold point. *)

11. The base-curves of the pencils ave not the only singular
curves of the surface L. There are namely oo' triplets of points
lying on a surface of each of the pencils. These triplets of points
form a double curve of L. If P, P', P" is such a triplet and if P1
and P2 are the sheets through P of the surface, then the sheeis
P'1 and P"2 correspond to them. Through P’ passes another sheet
FP’3 and through P" a sheet P"3 which sheets correspond mutually.
The pair of points not lying on the base-curves is movable along the
sheets P1, P’'l, along the sheets P2, P"2 and along the sheeis
P'3, P"3, on the basc-curve a third point then joins the pair.

Further there is still a fimte number of guadruples of points,

1) The number five is found in the following way. The tangents of the movable

. . . . {

intersections of surfaces Fs and Iy touching each other in A%, form a cubic cone
having the langent 9.5 o By, as double line. Such an inlerseclion shows to
the suvface I a contact of order two when it touches the movable intersection

of £ and F;, so if its tangent in Al Ties on the cubic cone belonging to the
pencds (L) and (Fy). As this last cone has also #2.4. as double edge, both cones
have 9 — 4 =05 lines of intersection differing from 94 which connecled with
s furnish the five planes under consideration.

9 If the total locus is not indefinite, i. 0. w. if there is no point common to
the four base-curves then B, is a (stu — 1) fold curve and B, a (stu 47l — 2)
fold curve of the tolal locus whilst a point of intersection of B, and Bs is a
(st - rtu — 2)-fold point and a point of intersection of B,, By and B: or of
B, and By a (st rtw~+ rsu — 3)-fold point of it.
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through which passes a surface out of each of the pencils. Through
the points P, ’, P" and” P" of such a quadruple pass three sheeis
of the surface L and three branches of the double curve. The 12
branches of the double curve through those four points we can call
PlL, P2, P3, P'1, P2, P'4, P'1, P"3, P"4, P2, P"3, P4, in such
a way that the triplet of points is movable along the branches
P1, P14, P"1, along P2, P2, P"2, along P3, P"3, P"3 and along
P4, P'4, P4, If the sheet of L passing through P1 and P2 is
called P12, then the corresponding sheets (i. e. sheets along which
the pair of points not lying on the double curve is movable) arc
P12 and P12, P13 and P"13, ete.

Geophysics. — “Current-measurements at various depths in the
North Sea.” (First communication). By Prof. C. H. Wi,
Ltt. A. F. H. DarnuiseNy and Dr. W. E. RiNckr.

In the year 1904 accurate measurements of the currents in the
North Sea) were started by the naval lieutenant A. M. vax Roosen-
DAAL, at the time detached to the “Rijksinstituut voor het Onderzoek
der Zee”, having been proposed and guided by the Dutch delegates
to the International Council for the Study of the Sea.

By him four apparatus were put to the test, viz. 2 specimens of
the current-meter of PrrTrrssoN ), one of thal of Nawsen®) and one
of that of Exman*), all destined to determine the direction and the
velocity of the current at every depth.

The experiments were partly made on the light-ship “Haaks”,
where Dr. J. P. vax per Stok, (he Marine Superintendent of the
Kon. Nederl. Meteorologisch Instituut, also took part in them. Other
experiments were made in the harbour of Nieuwediep and further,
from the research-steamer “Wodan”, in the open North Sea at a
station (H2) of the Dutch seasonal cruises ‘), situated at Lat. 53°44’ N.

and Long. 4°28' E.

) Cons. Perm. Intern. p. lexpl. de la mer, Publications de circonstance No. 26 :
A. M. van Rooscypasn und C. H. Wmp, Priifung von Strommessern und Strom-
messungsversuche in der Nordsee. Copenhague, 1905, e

2) Publ. de circ. No, 25,

3) ” noon No. 34.

4) " nooon No. 24.

5) Quarterly cruises of the countries taking part in the international study of
the sea, along fixed routes, observations heing nade at definite points or “stations”.

i
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