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tlJat the deviations fol' a part considerably exceecl the liplits of' accu
rateness of' the statements. 

It should be observed that the chal'ts refer to CUl'rents near the 
surface, whel'eas the "alues of the table derived from OUl' observations 
refel' to a depth of 5 1\'1. 

Finally we may men/ion that tl1e observations at station H2 up 
till now have been continued in the same way, that is to say, they 
are still made every quartel' of a year, at; far as possible, during 
24 halll's. MOl'eovel', owing to rhe kind co-operation of Ris 
Excellency tlle lVImisier of l\Iarine, a CUl'l'ent-metel' of PJ~TTERSSON has 
been placeel on tbe lightship "Noord-Hinder", wUh wlJich sinre 
November 1906 dady, in sa fÎ:l.l' as the state of the wea/hol' pel'mits~ 
wlth intervals of three hoUl's, measurements at "arious e1epths are 
made by the ol'dinary staff of the lightship. The lists of observation 
are fOl'\vanled to the "Rijksinstituut" anel promise to yield important 
material, especially fol' the inqniry into the way in which the tidal 
anel 'residllal eurrents diffpl' in layers of different dept11. 

Mathematics. - "Tlw lvens of tlte pairs of commvn points of 
n + 1 lJencils of (n-1)-dimensional val'ieties in a space of 
n dimensions." By Dl'. F. SCHUIl. 

(Communicatec1 hy Prof. P. H. SC.HOUl'I;). 

1. I.Jet (r;;) (i = 1, 2, ... ,n + 1) be 17, + 1 peneils of (n -1)
cl i lllellsionaJ vaL'Ïeties in tbe space of openl,tion Sp'l of n dimen&iOl1s and 
let 1'/ be the order of the val'Îeüee 1;; of tho pencil ( V~). Let moreover 
a, be the munber of poÏJlls of' iniel'seetion of the n Yarieties 
Vi' V2 , ••• , T~ - 1, T,r; + 1, T;; + 2, ••• , V;I+ I not of necessity lying in 
the base-val'ieiies. 

'Vhen eonsidel'ing the locus of pairs of points P, P' thl'ouglJ which 
a variety of each of tbe pencils passes we have e:h.clusively sneh 
pairs in view of which neiiher of tJle tv.'o points lies of neeessity 
on a base·variety of one of the poncils anel we eaU the locus thl1s 
al'riyed at the locus p1'ope1' L. 

We cletermine the order of L out of its paillts ofintersection with 
an arbiirary right line l. To tbis end we take on I au arbitl'al'y point 
Q12 .. 11 and we bring though it varieties Vi' V 2 , Va' .. ,17;" having 
0 11 +1 -1 points of intersection not lying on Q12. 11 and the base
vtl,l'ieiies. Through each of those points we bring tL 17;1+ 1 anel arrive 
in this way at all + I -1 vnrieties T;;I+ 1 intersecting together line 1 
in (lln+I-1) ]'11+1 points QII+l' 80 ia QIL .n eOl'l'espond (([11+1-1)1'11+1 

points QlI+l' 
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To find ,reversely how many points QI2 ... n cOl'l'esponcl to Qn+ 1 ! 
we take arbill'arily on 1 thepoints Qi+b Qi+2, Qi+3,.'" Qn+l anel 
we bring through those points respectively a Vi+ 1, Vi+2, Vi+3, ... , 
17;1+1' We now put the question how many points QI23 ... i lie on 
l in such a way that the val'ieties mentionecl Vi+\, Vi+2"" T7;I+l 
anel the val'ietics Vl> V2 , • 0 , Vi passing through QI 23 ... i have a com
mon point not lying on tbe base-varieties. FOl' i < n the n.nswer is : 
rt11't + a2 1'2 + ... + Cli 1'i· ' 

To prove this we begin by noticing that the correctness is imme
diaiely evident for i = l. If we now a,ssnme the COl'l'ectness fol' i = j, 
we 1111\'e only to show that the fOl'll1ula also holds fol' i =j + 1. 
Giveu tlle points Qj+2, QJ+3, ... , Qll+lo To deiermine tbe nllluber 
of poin ts Q 123 .. ,j+ \ we take on 1 an arbitl'lll'y poin t QI2 3 ... .1, we 
bl'll1g tln'ough it vllJ'ieties Vl' 172 , • 0 • , l':J' and th en thl'ough ellch of 
the ClJ+ 1 points of intel'section (not lying on the base-vllL'Îeties) orthese 
VI' V 2 ,·· 0, V.J and the vlll'ieties Y J+ 2, Yj+3"'" T7;+1 resp. pllssing 
through Q,+2,QJ+3,." ,Qll+1 we bl'ÎJ1g Il vllriety VJ+ I ; these rtj+l 
val'ieties V;+\ cut· 1 in CtJ+I )'.1+1 poi.nts Q)+I. SO to QI23 .... 7 COl'l'e
BpOllCl aJ + 1 1'J+ 1 poiIlts Q) + 1 anel (accOl'eling to tbe supPoE>itioll that tlte 
fOl'B1ula holds fol' i=j) revel'sely to Q)+1 corl'espond (/11\+a2'}'2+ 

+ ... +a.71'.1 points QI23 ... .7. So there are alJ't + Cl21'2 + ' .. + 
+ Cl.l1'J+ a.7+\'i'J+l coincidences QI23' .. J QJ+l; these n.re the points 
Q;2...J )+1 belonging to the given points QJ+2, QJ+3,"" QI!+I; 

in this wn.y the corl'ectness of the formnla has been inclicn.teel fol' 
i=j + 1. 

When asking aftel' the nllmbel' of points QI2 .. 11 cOl'l'espollCling to 
Qll+ 1 we have i = n, so that the formllla fUl'nisltes a11't + a21'2 + 
+ .... + alll'u fol' it; This munber must howevel' still be diminished 
by 7'u+ I, as endlof the points of iutel'section of 1 with ihe T7;I+ 1 

passing thl'ough Qn1-1 is a point of coincidence QI23 .... 1I-1 Qn but 
not one of the illclicn.ted poi.nts Q12 .. 1/' 

So on 1 ihere exists between the points Q12 .. I! anel Qu+ 1 Iln 
(Ill!+ 1 1'71 + 1 - 1'n + 1, (tl)'t + a21'2 + .... , + all1'n -1'11+ I) cOl'l'espondonce. 
The Cl 11\ + (t21'2 + ... + (til + 11'11+ 1 - 21'11+ I coinciclences are the 
points of inLel'section of l with the locus L io be found n.nd the 
poin ts of inLersection of 1 with the (11, - :l )-dimensionlll val'iety of 
contact B V12 ... 1l of the penciJs (VI)' (V2), ••• , (V;,); we unclel'stand 
by th at vrtl'iet!/ of cont,1ct ihe locns of the points, where thc vn.rieties 
fTI , 172"", T7;1 passing thl'ough them have a common tangent, 80 

where the (n -1)-dimensional tangential spaces of those vn.l'Ïeties 
cut each oLhe1' n.ccol'c1ing to n. Jine. 
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2. To determille the order of B VI2 ... 11 we must observe thnt R VI2 ... 11 

is the locus of the poü1ts of contnct of the vnl'ieties T,r;, ,vith the 
CUl'ves of intel'section 012 .. 11-1 of the vnl'ieties Vl, V2 , .... , 11;1-1. 
80 the question bns been reducecl to that of the orde)' of th>e vnl'iety 
of contnct of n system of 00 1 (10 -1)-dimensional vnriaties anel n 
system of 0011 - 1 cmves. That order can be c1elel'lllinec1 out of·the 
points of intel'l:lection with all nl'bitrary line l. 

In n point of intel'section of 1 with a val'iet,)~ of the system we 
bring the (12 - 1)-dimensionnl tangential space Sp'l-I anel in a point 
of intersection of 1 with n CUl've of the systern tbe 0011 -

2 tangential 
spaces Spll- I. If '1\Te net iu' the same way with all varietjes anel 
curves of both systems, tben tlH~ tangential spaces of the varieties 
fUl'nish all 1-clime12sional envelope El (i. e. a cnrve) of' class (.t + v (as 
is evident, out of its osculating spaces Sp'I-1 tbrough an al'bitrary 
point of 1) with v osculatin.lJ spaces Spn-I passing th1'Oll.lJh l; here 
[t is the l1umber of vnrieties of the systelll passing throngh an 
ul'bitl'ary point, anel v th at of the varieties tonching an al'bitrar,)" right 
line. The tangential spaces or the CUl'ves in the points of intel'section 
with 1 havc an (17, -1)-climensional envelope EJ of clWj,<j p -t 11' with 
1 qs tl,-folct line, where p is the nnmbel' of curves of the system 
passing through an arbitraI'.)' point and tI' that of the curves touching 
all arbitrary space S1)'1- 1 in a point of a given l'ight line of that 
space; for, if we bring t!u'ollgh a point Q of 1 an al'biLml'y SplI -2, 
then ench of the p Cl1l'ves of the system pnssing through Q fUl'nishes 
n tnngentinl space Spil-I pnssing thl'ough this 5p'I-2 whilst the space 
Spil-I determined by land Sp'I-2 (jnst as eve!'.)' othel' Sp'/-I passing 
thl'ongh l) is 'I' times tangentinl spn,ce of the envelope. 

Both envelopes have thus (r.L + v) ((p +- tI') COllU110n tangentinl spaces 
151)11-1. Each of the l' osculnting spaces Sl)II-1 ofElpassingthl'ough 
l is a ll,-folel tangentin.l space of E~) so it COLll1ts fol' ll' C011l1l10n 

tang'ential spaces ; so 'thnt [.Lp + [nI' + l'<jJ COll1mon tnngentinl spaces 
not pnssing through 1 a,re left; these indicate by theil' points of 
intcl'seetion with l the points of inte!'section of l with thc vnrietyof 
contact, so we finel: 

Tlte (n-l)-climensi01ud var/et,1j ti contact oJ an 001 system of 
(n-1)-dimensional val'ieties 0/ whic/t [.L ZJass t/wouglt a given point 
mul l' touch a !Jiven 1'ly7~t line, and an 00 11

-
1 system of Cll/'Ve8 of 

which p pass t/u'ouph a yiven point and tI' touch ((, yiven space 
Sp,,-l in a point of a yiven 1'~qltt line of t!uû space, is oJ onle/' 

(.tll' + V<jJ + (t<jJ. 

3. With the aid of this reslllt it is ensy to detel'mine the order 
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of' the variety of contact (locus of the points with commOll tangent) 
of n simple infinÏle systems «(tl' Vl ), «1,2' V 2 ), •• •• ,({Lil' vu) of (n-1)- -
elimensional val'ieties. I 

This order is 

(

V l V2 v,; ) 
(1,1 (12 ••• [1n - + - + ... + - + n - 1 , 

[J 1 (t2 (111 

as can be sbown by complete inc1nction. The formula holc1s fol' n = 2. 
We assnme the COlTectness of the formuIa for n = i anel out of 
this we must find the COl'rectness for n = i + l. 

The variety of contact for i + 1 sy&tems Ül SpI + 1 is the val'iety 
of contact of the system of varietie& ({tl' 1\) anel ihe systern of cnrves 
formeel by the intersections of the i l'emaining systems of vaneties. 
80 we have: 

(J, = [tl , V = 1'1 , (j> = !l2 (13' .• (h+l' 
The points of contact of the curves of the system with a glven 

spare SpI form the (i-l)-dimensional variety of contact of the sections 
of Sp' with the systems ([J.2' v2), ([J.a' v3), '.' • , , {[tl + }, V 1+ 1); these sections 
are hkewise systems {('2' v2) • • , • , , ([J.,+ h 1'1+ I), but of (i-l )-elimen
sionaI val'Ïetles, The variety of contact mentioned is accorcling io 
supposition of order 

(1,2 [J.3 • , , (1,,+ 1 (V 2 + V 8 + . , , + V 1+ 1 + i-I) . 
[J.2 [J.3 [.L,+ 1 

The points of iniel'&echon of that variety of contact with a right ' 
11ne I of Sp' bell1g the pomts of Z in wbich Sp! is toucheel by 
curves of the system, we have: 

(
1'2 Vg V'+l') l~ = (l2 (La' •• (1'+1 - + - + . , . + -- + ~ - 1 . 
[J.2 IU3 (1,1+ 1 

Thus accOl'ding to the formula (11/' + VlfJ + (lij) the orde.l' of the 
i-climensional variety of contact of the i + 1 systems of varieiies 
becomes 

(
V l V2 V Z+l') 

(11 [J.2 • , , (t,+ 1 - + - + ' .. + -- + ~ , 
(11 {.1 2 [J.i+ 1 

by w hich the COl'l'ectness of the same fOl'mula fol' n = i + 1 bas 
been demonstrated, 80 we finel: 

Fo?' n 001 systems ([J.l' vJ, ([J.2' 1'2)' ' ,. ,«1,n, Vu) of (n-1)-dimell
sionaZ va1'ieties the locus of the points wlwl'e tlw va1,ietie8 of the 
systems passing th1'ough it have a common tangent is àn (n-1)-dimen
sional val,iety (val'Ïety of contact) of 01'de1' 

(ll (12 • '((1/ (V l + ~ + .. ,+ V n + n - 1) . 
(tl {t 2 (til 



- 6 -

( 577 ) 

If the bystems are pencils, then 

(1-z=l , Vz=2(Tz-l); 

thns the 01'(lel' of the val'iety of contact Tl V I2 • 11 ~S: 

2 (Tl + 1'2 + ... + Til) - n - 1. 

4. Retl1l'ning to the COrl'eSIJondence between the points QI2 ... 11 anel 
Qn+1 we find for the munber of Coillcidences which are points of 
intersection of 1 with thc dernanded locns L, i. e. for the order of L: 

al 1\ + Ct2 1'2 + ... + an + 1 1'n + 1 - 2 h + 1'2 + ... + Til + t) + 
z=II+1 + n + 1 = :s I(az - 2) Tz + Il. 

z=l 
It is easy to see that a base-variety Bz of the pencil (~) 

is an (ft l - 1 )-fold varieLy of L. The tangential spaces S11'I-1 of L 
in a point P of Bz are the tangential spaces in P of the varieties 
Vz, wbich arc laid successively thl'ough one of the az--:1 points of 
intersection (not lying on Pand the base-val'ieties) of the varieties 
VI' V2 ,···, ~-I, ~+r, ... , V;1+l pabsing thl'ough P. 

80 we find: 
Given n+1 pencils (F1 )(i=1,2, ... ,n+1) of (n-1)-climen

sional va1,ietz'es in IJte space of ope1'Otion Sp". Let rz be the 01'([e7' 
of the va1,ieties of tlte ZJencil (VI) ancl al the nurnbm' oj the points 
of intersection (not lying on tlw base-varieties) of a1'bitm7'Y va1'ieties 
of the pencils (VI)' (V2 ), •• ·, (~-J), (Vi + 1),"" U;;l+l)' The locus 
p1'oper of the pai1's of points lying on va1'ieties of each of the pencils 
lS an (71, - 1 )-clirnensional va1'iety of 01'dm' 

i=l+l • 
:s I (ai - 2) Ti + 1l, 

1=1 

havin,q tlte (n - 2)-di1nensional base-va1'iety oJ pencil (T;;) as (az-1)
folel vCt1'iety. 

If n > 3, th!3n also in tbe general case the base-varieiÏes of the 
different pcncils wIl] mtel'sect each other. In like rnanner as we 
have dealt with pencils of surfaces 1) we can alsu deiel'rnine the 
rnultiplicity of common points, cnrves etc. of base-varieties. 

Sneek, Jan. 1907. 

1) See page 555. 
39 
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