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p. 660) indicates, thal Ty, would have to lie siill pretty much
higher, and therefore T pretty much lower (probably <C abount 4™)7).
Of this result we availed ourselves in the treatment of the estimation

of the eritical temperature of He in Comm. N°. 965.
(To be continued).

Physics. — “Contributions to the knowledge of the w-surface of van
prr Waats. XIV. Graphical deduction of the results of
KueNeN's experiments on mivtures of ethane and nitrous ovide.”
Supplement 14 fo the Communications from the Physical
Laboratory of Leiden. By Prof. H. Kamerumen Oxxes and
Miss T. C. JorLgs. :

(Communicated in the meeting of Januari 26, 1907).

§ 1. Introduction. In what follows we have endeavonred to
derive quantitatively by first approximation the behaviour of the
mixtures of N,0 and C,H, (mixtures of the II type*), which has
become known through KuENmx’s experiments *), by the aid of vax pEr
Wasls’ free-energy surface. The y-surfaces constroed for this purpose
(see plate 1) arve the counterparts of those eonstrued in Comm. N*. 59
(These Proc. Sept. 1900} and Comm. N°. 64°) for the derivation
of the results of Kuewen's and Hanrtman's experiments on miztures
of CO, and CH,Cl (mixtures of the I type). In the graphical treat-
ment *) of our problem we have chiefly followed the method given
in Comm. N° 59, where the critical temperature and pressure of
some mixtures were borrowed from Kuesex's determinations, and
then the results of another group of experiments — those referving
to the conditions of coexistence of two phases at a certain tempera-
ture — were deduced by the-aid of vany pER Waars' theory.

Kurnen's results for N,O and C,H, are principally laid down in

1) If bmfp, is taken larger than 1)y (Cf. oolnote 3 p. 660) this supposition too
makes the upmost limit for T - on the said supposition smaller. This is seen

when we compare with table I thal we oblain T ./ Th=ﬂ.ﬁ'?9 for bwls, =1/,
with T,/ =0.15,

®) Hartman, Leiden Gomm, Suppl. no. 3, p. 11

%) Kuenew, Leiden Comm. no. 16, Phil. Mag 40, p. 178, 1895, cf. also Kauzr-
Lvan Onxes and Zaxnzowskr, Leiden Comm. Suppl. no. 8. (These Proe. Sepl. 1904).

It is remarkable thal the possibility of this case was loveseen by van per Waars,
Contin. II, p. 49 [added in the Englsh translalion].

4) Arch. Néerl, Serie II, Tome V, p. G36.

8 Only graphical solutions for delinite cases aie here possible. (Cf. Suppl. 8,
These Proc. Sept, 1904, § 1)
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four figures'); one of them gives the eritical guantities from which
we shall start in our deduction, and the border eurves for mixtures
of different concentration; the three others, which represent the av-
projection of the connode with the connodal or tangent chords at
the temperatures 20°C, 25:{3, 26° C, show the contraction of the
transverse plait with rise of temperaiure, and finally its splitting up
into two plaits. ‘

We have thought that we could obtain a better comparison of
observation and calenlation, when represeniling the observations by
the zv-figures for 5°C., 20°C. and 26°C., and the pT-figure, instead
of by the wxv-figures at the before mentioned temperatores and the
pT-figure.

§ 2. Basis of the calculation. Law of the corresponding stntes
and reduced equation of state. We start (cf. Suppl. N°. 8, These
Proc. Sept. 1904 § 1) from the supposition that the law of the
corresponding states — at least within the region of the observations
— holds as well for C,H, and N,O as for their mixtures. As reduced
equation of state we chose equation V.s 1 of Comm. N°. 74%) p. 12
For a vegion of reduced lemperature and pressure which incloses
the reginn which corresponds to that of the observations under in-
vestigation, this equation is as closely as possible adjusted to COQ,,
which in thermical properties has mueh in common with N,O, and
there is no reason to suppose that this will not be the case with C,H,.

In the application we are, however, confronted by this difficulty,
that V. s. 1 deviates most strongly from the observations on CO,
exactly in the neighbourhood of the critical state. (Cf. Comm. N°. 74
and later Keesom, Comm. N°. 88). If from V. s. 12 the point is
derived, for which

we find =1.010595, v =1.0407.10=%, p = 1,06566. Krmsom's
observations, Comm. N°. 88, give for the critical volume, when it
is sought by the application of the law of the rectilinear diameter,

for CO,

v, = 0.00418 and for 1=*‘35’Tﬂ‘ —1.0027.10-%, . . (1)

k

1) Where it was necessary, Kveses's figures have heen rectified in accordance
with the resulis of observation given by him.

2) Arch Néerl. Vol. Jubil. Bosscha. Serie II, tome 6, 1901.

% In the caleulations T is put 373°,04 for the freezing point of waler, because
V. s. 1 was caleulated with this value.

+5%
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We find then:
rp = 1.010595 instead of 1, =1
P = 1.0379 l 43 » Wp = i
pr=1.06566 , Pr=1. -

The isotherms from which V. s. 1 has been derived by the com-
putation of the virial coefficients B, € ete. (See comm. N*. 71, These
Proc. June 1901), indicate therefore, by means of interpolation
according to this mode of calenlation, a critical state, which, drawn
in the pv-diagram, has shifted with respect to that which was found
by immediate observation; the critical temperature according to V.
5. 1 is namely t; T3 when T} is the observed critical temperatare.

So are also the values found for Pue, vu; and vy, at t by the
application of Maxweri’s criterion, different from those which we
should find when dividing pas. by pr vy, and v, by v The
deviations are of the same order as the devialions of the substances
inter se, when they are compared by the law of the corresponding
states. At t=0,9 they are about zero, but they increase as we
approach the critical state, so that the deviations agree with a gradual
transformation of the net of isotherms. The following table gives a
survey of the deviations in the corresponding values.

Columan A vefers to V.s.1 and implicitly to pp, T% of CO,

s B, , fthe observations » G0,
L] f’F 13 EH] 11 1 ¥ Hgﬂ'
-
) ’| » ]’ c
f B ‘ ¥ i § b
1.0106 | 1.086
1. 1. 1. 1.

o5 | 0826 | 097 | 0.8 | 097 | 0.8
0.9:0 | 0.805 | 0950 | 0708 | 0.950 | 0.720
0.025 | 052 | 0.2 .{ 0.500
0.900 | 0.400 || 0.900 | 0.494 | 0.900 | 0.486

In the neighbourhood of the critical femperature the phenomena
are governed by the difference of the temperature of observation and
the critical temperature, T — Ty.; for this reason we have chosen
for the detailed model of 26° such a temperature 7" for the com-
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parison of the observations at that temperature T with the result of
computalion that
Ti—T=4uT—T.

T
At the general survey for 26° we have applied to t = 7 @ cor-
2

rection = At, so that A t=0.01064, when #=10(t—0,9) for
081, whereas &t =0 for all other values of &. The correction
Attot was accompanied by a correction Av to » and Ay to v, so
that Ap=00657¢ and LAv=0.0379 4, which together represent a
regnlar increase of the corrections from t=—0,9 to the critical state.
For the detailed model of the w-surface for 26°, on which only the
part from &#=0,35 to ¥=0,65 was represented, we used everywhere
the same ecorrection viz. A f=0.0106, Ap = 0,0657, Av=0,0379.

§ 3. Oritical quantities for the mivtures. KurNen has determined
the plaitpoints 7%z, Ptz , Uuts, for some mixtures with the molecular
concentration @ T, P, e, the critical pointe of contact, and
Tix, P, Vi the crilical states of the mixtures talken as homogeneous
differ so little *) from these valoes, that this difference may be dis-
regarded for our purpose, and so they are also known for the
mixtures investigated by Kuzwew.

x o 2

—_! = +r L

—_—- -
E - agm

1) Thie has been fully trenled by vay per Waaus, Conl. II, § 11,
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The critical quantities for the othev mixtures were found by gra-
phical interpolation. Fig. 1 gives py., fig. 2 7%, as function of z;in
fig. 3 v has been caleulated from py, and T, by the aid of A (see
formula (1)); the v, observed by Kumsew have been indicated there.

By carrying out the construction for the connode by the aid of the
P, gig and P — a g—: — v g curves (see Comm. N° 59a")), which the
models for those different temperatures yield, we may derive v — 1.2,
Pre — Putz I flrst approximation (see Comm. N°. 59a). Applying
these corrections we should then have to repeat the calenlation from
the beginning, to-obtain more accurate values for v, prz. We have
confined ourselves to a first approximation in all our constructions,
as also a further correction of the equation of state V.s. 1., which
can cancel the deviations mentioned in § 2, has not been applied
and we were the more justified in this, as these lalter deviations
are larger than those we have now in view.

§ 4. Construction of the w-surfaces.

From the equation of slate V.s. 1 we find immediately the reduced
W, corves, from which are then deduced the ordinary yp-curves accor-
ding to Suppl. N°. 8,§ 4; or the ordinary virial coefficients, whic hare
then used for the caleulation of ¢ according to Comm. N°. 59

For the consiruction (ef. Comm. 53) use was made of:

at &° v, =w4 01024 259

. 207 P, =¢p 01024 3650

o 36° ¥, =w-+ 0,24z 4 5730,
while a suitable constant was subtracted from every . Here v is
expressed in the theoretical normal volume, just as in the diagrams.
From the W,y curves (ef. fig. 1, pl. II) the w,r curves (see fig. 2,
pl. 1I) and the pr curves were graphically derived. The models for
P were consiroed on a scale 5 times larger than the diagrams on
pl. II, pl. III and pl. IV.

$ 5. Determination of the coexisting phases.
Applied was both the construction by rolling a glass plate on the

1) In giving the figore 3 1 Comm, N 59a for this constroclion it was staled
that this figure was very imperfect. It appears now that the loop ought to conlain
two cusps. We found out the ervor by lhe ard of the general propertes of the
substilotion-curves trealed by vaw por Waals (Comp. Proceedings of this meeting).
This ervor shows the more how nceessary it 15 hat graphieal selulions are
controlled by sueh genmeral properlics as van por Waars is mow publishing,

lAdded in the English (ranslation].

'
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model, which yields the connode and the tangent chords, and the
simplified construction in the plane given in Suppl. N°. 8, § 7, to
which a small correction was applied. After viz., a provisional
connode, that of the mixtures taken as homogeneous, has been found
by fracing curves of double contact to the yupcurves, and by
delermining conjugate points & on the gas branch at some points a

on the liquid branch of that connode, so that every time 1—"[’ is the
il

same for the two conjugate points, the lines which join every two
of these points @ and J, are produced outside the provisional connode, °
till they cut the isobars which pass through @, in points e,
which together represent the required gasbranch of the connode; ¢
and a are then considered as cunjugate points. In the y-surface at
5°C. the two constructions yielded fairly well corvesponding results,
both with regard to the chords and 1o the connode itself, as appears
from pl. II fiz. 4, where — — — — denotes the connode and the
connodal tangent-chords found by rolling a glass-plate on the model,
those found by means of the just mentioned construction.
That the simplified construction, which was more particularly plotted
for equilibria far below the critical temperature (see Suppl. N*. 8,§ 7)
still leads to our end, is probably due to the fact, that we have
here to deal with a mixture of the II type.

With the w-surface for 20° the slight depth of the plait rendered
it necessary, to considerably diminish the longitudinal seale for the
g-coordinate of the model. This compression (cf. pl. I, fig. 2) rendered
the plait sufficiently clear to determine the connode and the place
of the connodal tangent chords by rolling a glass plate. By means
of the simplified construction the connode was shill to be obtained,
but the determination of the tangent-chords became nncertsin.

With the y-surface of 26° the depth of the plait (here split into
two) becomes so exceedingly slight, that it does not appear but with
a computation with 7 decimals, and even then it manifests itself
almost quite in the {wo last decimals. Hence it is not possible to
model a ¥'-surface (we mean a surface derived from the w-surface,
on which the coexisting phases are still to be found by rvolling a
plane), on which this plait 1s visible, nor is it of any avail to confine
ourselves 10 a small part of the surface, because the curvature of the ,7-
curves is very strong exaetly there where something important might be
shown. The determination of the connode and the connodal tangent
chords by consiruction according to §8 of Comm. N°. 59a, which
ean always be carried oul provided enough decimals are worked
wilh, remained still uncerlain up lo 7 decimals, so that we have

— —— e e —_—
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not pursued it any further. Thus the represented part of the y-surface
for 26° from z=0.35 to x=0,65 and from »=0.0038 to »=0.0070,
has been given by us chiefly io demonstrate how exceedingly small
the influences must be on which a plait depends, and how much
care is required to determine s plait experimentally which is not at
all to be seen on the surface. The curves drawn on the smface,
which relate to the plait, were found by indirect ways, partly by
construction, parily by calewlation. To facilitate a comparison of the -
models inter se the vegion of z and », on which the model for 20°
and that for 26° extends, has been indicated on the model for 5°,
on the model for 20° that for 26° -

§ 6. Further remarls on the different models and drawings obtained
by construction.

a. The ¢-surface for 5°. The model, pl. I, fig. 1, and the drawings
pl. II, figs. 1, 2 and 3 show curves of equal concentration, v, o,
equal volnme and equal pressure, the connode and the connodal

tangent chords. E.E—z—lp‘::p—ﬂﬁ, s0Ine pressures are represented
o

by negative slopes on the stable part of the y'-surface, in consequence
of which the character of this y'-surface does not in this respect imme-
diately express that of the y-surface, where all the slopes are positive.
A connodal tangent-chord, near the concentralion with maximnm
pressure, almosl touches the if,-line. With the concentration of
maximum pressure this wounld be just the case. Just as the connodal
tangent chords the isobars are traced in the projection on the & v-plane
(Pl. 11, fig. 3) mn full lines, the connode is denoted by —.__.__.
For the isobars') we may nole several peculiarities, io which
vaN DER WaALs has drawn atiention in his theory of ternary
gystems *). The isobar which touches the connode on the liquid and
vapour side, belongs fo the pressnre p = 96,6, which is found for
ihe mixtare which when behaving as a simple substance should
have a maximum coexistence pressure. The pressure curve =
determines the {ramsition between the continuous isobars (laking
the region oufside the drawing into consideration) and those
gplit up into two branches. The paris of the continuous isobars
which point to P, have each a point of inflection on either

: oy a%p
gide of the top. The shape of the corves 3o = 0 and—ﬁ-ﬁzﬂ

1) Cf. the sketeh by Harrwmaw, Leiden Comm., Suppl % 3, pl. II, fig. 5. .

- %) These Proe. March 1902, p. 540.
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is as has been indicated by van prr Waars'). The points of intersec-
tion of these two curves are the centre € of the isobars and the
double point of the pressure curve =, P.

b. The w'-surface jfor 20°. Fig. 1, pl. 1II denotes the w.p-curves
and the connode. Fig 2, pl. III the wp,y-curves and the connode.
Fig. 3 gives the projection on the axv-plane of the connode, of
the tangent chords and of some isobars. The connode is denoted by
S Pl. I fig. 2 gives a representation of the model.
¢ The W-surface for 26° Fig. 1 pl. IV gives the ¢, p-curves, fig. 2
pl. IV gives the critical states, X, and K, the isobars and the con-
nodes for the mixtures which are taken as homogeneous, and whose
gas branch as well as whose liquid branch is almost a straight line.
Though in the caleulations (see § 2) the plaitpoint 27, and the crili-
cal point of the homogeneous mixture a7y, have been considered
as coinciding, a distance has now been given between these points
which has been fixed by estimation®). The dotted parabola has been
taken from VErsomarrnLT's caleulation, Soppl. N°. 7, p. 7, though
properly speaking it holds only for the case that the maximum
pressure falls in P, or F,; the produced connode denotes the probable
course of this part by approximation. Pl. I, fig. 3 gives a repre-
sentation of the model. All this refers to a small region of x and v;
fig. 3 pl. IV, however, indicates by . . the connode according
to the construction for the mixiures taken as homogeneous all over
the width of the ¢-surface. The square drawn denoles the extension
of the just treated part of the y'-surface.

d. The contraction and the subsequent splifting up of the plait
appears from fig. 4 Pl III, where the aw-projections of the connode
and some connodal {angent chords of the three models have been
deawn on the same scale after the aw-fipures for 5° 20° and 26°
mentioned under a b c.

Ty Prof. vaw per Waars was so Kind as to draw our attenlion lo o property _
which might slso have been represented iu the figure, when also the corve for
3
a{;—m=ﬂ had been drawn, viz. that the minimum volume in the vapour bramch,

2

and the maximum volume in the liquid branch lie on the corve &u_:;fa =0 which

has a course similar lo that of the corve Eﬁﬂi:ﬂ' more particularly it has the
same osymptotes, ond it deviates from it only i this, that with greater demsity
the curve passes over larger volumes.

%) Here the representation of the plait must come inlo conflit with the theory
or wilh the simplification introduced at the basis of the calcolation. With a view

te the illusivation of Lhe theory by [ligures the lalter has been chosen,
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§7 Comparison of the construction with the observation. On the
whole this is very satisfactory, taking the degree of approxzimation
into consideration.

a. In pl. II fig. 4 the diagram for the plait at 5° indicating
Kuewen's observations, has been drawn in full lines.” The figure
contains at the same time that obtained by construetion. The single
observations have been denoted by [-] (see § 6a). Besides the con-
struction with the model indicated by — — — — and by \:/, also
the simphfied constructions in the plane indicated by —.—.— and
by @, the outermost of which refers to the less simplified con-
struection, represent the character and also the numerical values satis-
factorily.

b. In pl. I0I, fig. 3 the figure representing Kumwew's observations
for the plait of 20°, has been indicated by — — — —. The figure
contains at the same time the —. .. , Obtained by construction on
the model (see § 64). The correspondence at 2 =10.3 is the worst,
which is no doubt in connection with this, that here we have already
got very near the critical temperature, and that strictly speaking,
different values should be assigned to 7" (see §2) for all x, and
corresponding Av and Ap shoonld have been taken into consideration.

e. In pl. IV fig. 3 the figure representing KuEnEx's observations,
have been indicated by full hnes, the figure conlains also the figure
derived in §6¢ denoled by — .. curves.

d. Plate IV fig. 4 and 5 may serve for a comparison of Kunnex's
pd-fignre (fig. 4) with that derived by construction (fig. 5). In
accordance with the remavk on 7V in § 2, we have proceeded for
26° as follows :

For 5° and 207 the values of p and I have simply been taken
from the constroction wilh the model, mentioned under o« and b.
Then we marked «) the p'sand 1”s, obtained by multiplying Kuexnex's
pp and 7% by pg and f (see § 2), g) for the different values ofa the
values of IV and of # for ihe lemperature of 26° have been calenlated,
and then & ¢ and 4 p determined by the aid of this & according to
§2; the values of p and 7' corrected in this way have been denoted
by 4+ 4 -+ and joined by —.—.—.— curves wiih the points men-
tioned nnder «). The full and the dotted curves give the corrected
values. bBetween the parls where we slarted from the critical
temperaiure, and the p7-lnes derived fromihe models of 5° and
20" a space has been left open.
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