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here to tra,ee Jww a.nd Oll lvha.t grounds thi::; na.me ca.me to be 
general. lintend 10 explain this a.ftel'wa.l'c1s a.t some length. 

Finally one l'emm·k more. The nucleus of t11e Hondsl'ug in Sonth 
Drente is rightly saiel 10 be of a. fluviatile nature. Yet it m~1ty be a.skecl 
whether the boulder-sancl, to keep to this, immediately rests on it 
a.ne! whetltel' nothing Ct1t11 be obsel'ved there of tormations lcnown as 
stl'aUfieel mixed anel stratified glacial dilnvium. This would indeed be -
very striking anel in fact this is not always the case, though I must 
aclmowledge that I have founel in the discussed p~1tl't of the Hondsrug 
only with great elifficulty some pl'ofiles in whieh somewhat acute 
bonneling lines may be observed. I must howevel' put off this dis~ 

cussion. I have mentioneel here only so much of my own observa,­
tions as was strictly necessary; in a complete tl'eat.ise of it 1 hope 
to have an opportunity to enter into the question of tlle origin of 
tlle Honelsrug more in particulars. 

Groningen, Min.-Geol. lnstitnte, June 6, 1905. 

Astronomy. - "Appl'o,vimate fOJ'1nulae of a ldglt d(~,ql'ee of accu­
mcy f01' the mtiv of the t1'iangles in the dete'i'mination of 
an elliptic Ol'bit from tlwee obse'i'vations Il." By J. WEEDElL 

(Communicated by Prof. H. G. VAN DE SANDE BAKHUYZEN). 

In connection with my paper on the same subject reael on 
22 April 1905 I now intend to del'ive simpJe approximate fOl'mulae 
fol' the mtio of thc triangIes, which contain the 3 times of 
obscl'vation and the heliocelltric dislances belonging to them, anel 
inclucie the terms of the 5th order with re:;pect to the intel'vals 
of time, it being easy to adel; if necessary, those of the sixth order. 
The same problem has been treated by P. HARZER, and in the 
developments at which he arrived he attained a much higher degl'ee 
of precision 1). Nevertheless it appeal's to me that his publication 
does not render mine supel'fluous becal1se of the different methods 
of the tl'eatment and the conciseness of my l'esnlts . 

.&fter the method, followed by GIBBS, to del'ive his funda.mentaI 
equation, we find with satisfactol'Y approximalion a genel'n.l l'elation 
between the values of a function F (T) at the thl'ee instants, its 

second del'ivatives wit~ l'egard to the time FCr) at the same inslants 

1) P. HARZ~R, Ueber die Bestimmung ulld Verbesserung der Balmen van 
Himmelskörpern nach drei Beobachtungen. Met eillem Anhange unter MithiJfe 
van F. RISTENPAR'l' und W. EBERT bet'eclmetel' Tafeln. Leipzig 1901. Publication 
der Stel'l1warte Kiel XI. 
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and the two intel'vals of time 'I's and Tl' The value namely, of the 
following expl'ession 

(p +F T 1
2
-T2T a) _ (]i' +p 'l'2

2
+'l'lTs) +'l:' (p +F Ta 2_'l:'1'l:'2) 

Tl 1 1 12 'l:'2 2 2 12 s 8 a 12 

whel'e 'l:'2 = Tl + Ta' is of the 6 th order with respect to the intervals. 
I u&e the letters Cl' C2 anel Ca to designate the multipliers of the 
second derivatives in this expl'ession and put 

a + a a 
C 

- T 1T 2'l:'a-T l C _ 1'l1'2'l:'3 1'2 _ T l 'l:'2'l:'B-'l:'3 

1 - 12 '2 - 12 ' Cs - 12 ' 

Neglecting the terms of the 6th order we then have for all al'bi­
tral'y function of the time, the l'elation 

'l:'lPI - CJ!\ - t:2F2 - CJ?2 + T~F3 - cai~ = 0, , (IV) 

provided this function and its fil'st fonr derivatives be continuolls 
alld finite within the interval 'l:'2' 

Applying this formula to the heliocentric elistance l' anel to r2
, I 

obtain approximate expl'essions JOl' the semi-parameter IJ, anel the semi­
axis major a of the elliptic ol'bit. By eliminating p, fl'Olll the two weIl-

lmown el ifferential eql1ations;: 1,a + l' = panel 1,2 = ~ - L - .2:., 1 
'J' 'J'2 a 

find a differential equation which may be easily l'educeel to 

~ (1,2) = 2 (~ - ~), According io these relations jj = p-'J' 
dr: 2 'J' a 'J'S 

.. (1 1) belongs to F = 1', anel F = 2 -; - -; to F = 1,2, 

If as before I put 2 for 1/13 , the substitution of F = l' in formula 
IV yielels the following equation to eletermine p, 

T 11't - T 21'2 + 'l:'a'J'a - CIZ1 (p - 'J'l) - C2Z2 (p - 1'2) - Caz a (p - 1'a) = 0 

whence: 

wl)ence 

1 

a 
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1 
TlJe tel'm& negleeted in these expressiol1s fol' pand - are of tIJe 

Ct 

3d order with rebpect to the intel'vals of time. 
I &ha11 now proceed to show how we can n,vail ourselves of these 

1 
vallles for pand - tor the calculation of the rutios of the triangles. 

Ct 

In my previol1s paper I hn,ve demonstrated thn,t the n,rea of 
the Ll'in,ngle PZPI consic1erecl as n, functioll of 't' = /.; (t-tl ) satisfies 

the differentin,l equation Ï! + z Jj' = O. The same c1iffel'entin,I equn,tion 
is satisfiecl by the area of the tl'Ïangle P 2ZP, consiclerecl n,s a 
fUl1ciion of 't' = l~ (t2-t). The two n,l'eas mn,y, n,ccorc1ing to l\1Ac 
LA1:IUN be expl'essec1 in series of the ascenc1ing powel's of 't'~ lf 
the val'Ïn,ble 't' tn,kes the value /.; (iJ-tl) = Ta, the two tl'mugle'3 béCOme 
eqll[\,1 to P2ZPI; therefore it wiU be possible to obtmn n, new expan'3ion 
in series for double the n,l'en, 1::,. P2ZPp by puttmg ill the sum of the 
two formel' series 1: = 't'a' From this new series we éml easily 
remove the terms wIth the even powel's of 't'. 

Accol'dillg to this plan 1 give here fil'st &ome higher clel'ivn,tives 
of the function lil, explessecl in P, j;~ z n,nd del'lvatives of z with 
respect to the sn,mc variabie. 

FlJI == - !: P - zF 

pIV = (zJ - z) P - 23' F 

]?Y ==(4zZ-zlII)F+(z2-3z)F 

fi'Vl == (- za + 4.P + 7zz - ZlV) F + 2 (3û - 2zl1l) i 
FVJI ::::: ( ••••••••••••• ) F + (13zz + 103 2 

- 5zn - z') P'. 
triallO'le PZP 

Fol' T:::::O, the vaille of the function °v 1 F [k (t--tl)]= FCr) 
p 

anel th at of it& fil'st derivative is 1mown, viz. Fo = 0 anel Fo = + 1. 
The above mel1tioneel expansion in series fol' b..PZPI is thel'efol'e : 

1::,.PZP 1 't' 1 '1: 3 '1: 4 1 't'G 't'6 

Vp -2 == 2' T - 2' ZI 3/ - 3'1 4! + 2' (zI2-3z1 1 5f .~- (3zl 1 - 2Z/II) 6/+ 

.,. 

1 ~ J0 + -(13zz +10z2-5zIV_Z3)_+ -PVllI('l'-u)dtt. 2 1 1 1 1 1 7/ 71 
o 

b..P2ZP 
The function = G [Ic (t2 - t)] = G (r) anel lts eleri vati ve a180 

Vp 
take fol' t = t2 Ol' 't' = 0 the "alues Go = 0 anel Go = + i, and so 
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for this function, becaufle it saLisfies the diffel'ential eql1ntioll G+z G=O, 
the same expansion holels as for P\r:) , but while in the series for 
b.PZP1 the elerivatives are taken with regard to incl'easing time, 
those in th at fol' I::.P2ZP must be cOl1sidered with regm'd to decreas­
ing time. Ir we mnke use of the symbols z, z, zIII etc. to denote del'i­
va~ives of z with regal'd to incl'ea"ling time, the signE> of tlle veld 
derivatives of z in the expansion for ë.P~ZP must be reversecl. 
Hence we obtain for I::.P2ZP: 

1 ~ J~ + - (1Bz:; + IO.i' 2 - 5z IV - Z 3) - + - Gvm (T - u) du 2 2-~ 2 2 2 7/ 7/ 
o 

anel by summation of the two series, for T = r II 
. I::. P2:&Pl Ta Zl+Z~Tll3 • • TB· 

2 Vp = 1--2- 3/ + (3'2 -Z'l) 41 + 
_L L~(z 2_3); ) + ~(z 2-3.ï ) / T3

6 
-1(3z Z -2z III)-(3z z -2z lil) /T/ -+-

I ~ 2 2 2 2 1 1 ~ 5/ l 2 2 2 1 1 1 \ 61 

J
'I'~7 

+ 71 WVIll (T-lt) + Gvm (T-lt)} dzt. 

o 

It a,ppears that iJl this form111a the te1'l11S with even powel's of 
'1:'3 can be transformed il1to series of tel'ms with t1le higher odd powers 
of Ta' In order to do th is I derive an expansion Hl series by which 
this aim is l'eachec1 in a general illal111el' fol' the diffel'ence J (y) - J (x), J 
being an al'bill'tll'y functlOn ·wIndl between {IJ alld y does not show 

singnlal'ities. Let here T be put for y - x, <tud In fo1' y ~ (IJ then 

+T/2 
f(y) -- f(,11) Jt(rn + tt) dlG allel a,ftel' integl'.:t.tion by pal'ts: 

_T/~ + TI .. 
f(y) - .f(x) = ; [I' (y) + l (x)] - Jul" (m + ~t) dn. 

_'1:/
2 

Pl'Oceedmgs Royal Acad. Amsterdam. Vol. VIII. 
8 
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+~ u 

As fltl" (m) dtt = 0 nnd f" (m + u) - lil (m) = JlIII (m + v) dv, 

--:/2 +'"'/2 0 

we may wl'ite instead of f u lil (m + n) dtt, the elonble integral 

+7/2 ft -'"'/2 
Ju du J fIII (m + v) do which by rcversing the order of illtegra(ion 

--:/2 0 +'"'/2 +'"'/2 
is tl'ansformed (nto J fIlI (m + v) dv f 1t du. 

-'"'/2 11 
I now pl'oceed to integrate with respect LO u, anel so vve obiain 

the following relation: 

+'"'/2 
f'(y) - f(x) = ; [f' (y) + f' (.-v)] - ~ f fIII (m + v) (1:2 

- 4: v') do. 

-'"'/2 
The operations may be repeated and by cloing so we sha11 find: 

T T 3 

l(y) - f(w) = 2 [j'(y) + f'(a;)] - 24: [fIII (y) + fIII (.-v)] + 

The expansion may he easily continueel in the indicated mannel', 
but fol' the end I have in view that deduccd above goes fal' enough. 
If accordillg to this formula we replace 2'2 - ZOl hy 
T T 3 
~ (Z2 + Zl)- ~4: (z/" + z/V), terms of the fifth order nl'e neglected, 
2 2 
~tnd if we rephtce (3 Z2 2: 2 - 2 z2IIl ) - (3 Zl 2'1 - 2 Z'lIlI) by 

T ' 
2 (3Z 2

2 + 3Z2Z2 - 2Z2
IY + 3Z 1

2 + 3Z 1Z1 - 2z/Y), 
2 / 

we neglect a, quantity of the third order. I pl'opose to terminate 
l::.P2ZP1 

the expansion of 2 J/p with the term in ,t}, then the above 

mel1tiol1ed substitutiol1s will not alLel' ihe order of approximatiol1. 
So we ohtnill t11e fol1owillg appl'oximatc forll1ula: 
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21::.P2
ZP

l T a _ ZI + Zz T 3
3 + 11 ~ 2 -1-'; -1_ 1 \ 2 +,.lTs" 

Vp 1 2 31 I :l ~2 ~2 ~ ZI ZI \ 5! 

j (4 N z" + 5 1';' 2 + 4',z IV + 1 N a) + (4~ z" + 5 1'; 2 + 4 l ." IV + 1 ~ a)! T 8
7 

- I W z 2 2 w
2 4 2 "2 w2 wl 1 "2""'1 4"'1 "2w l 17! 

The development is symmetl'ical with respect to ZI and Z2 and 
their c1erivatives, anel l'esolves itself into two parts, which have the 
same form, and which elepend besic1es on Ta, onIy on the value of 
z anel those of the derivatives of z at one point, 

If tbe following series 

Ta T 6 T7 
T - ZI, + (Z12 + 2z1) -5' - (8Z 1Z1 + 113'1

2 + 8iz/v + Zln) ," 3.. 7. 

whel'e only the oelel powers of the variabIe T occur, be elenoteel by U1(T) 
and thc cOl'l'esponding series for Z2 anel its del'ivatives by UzCT), we get: 

<) 1::.P2ZPl • 

... Vp = t!U1(t'a) + U 2tt'g)l 

anel the ratios of the triangles may be expresseel in the following 
way in these functions U: 

1::.PZZPl Ul(T,) + UZ(t'3) -----' = na = . . . . (VIla) 
1::.PaZPl U1(rZ) + Ua(t'z) 

anel 
1::.P3ZPZ UZ(T 1 ) + Ua(T1) -----" = n1 = -----'---:.... 
1::.P3ZP1 U 1(T2) + Ult(2) 

. . . (Vllb) 

In the sel'Ïes U(T) only snch differential quotients OCCUI' as can be 
1 

l'uûonally expresseel in p auel ,By means of tlle kllOWl1 differential 
a 

equa,tions of the 1 bt nnd of the 2nd order fol' l' 

1;2 = ~ - ~ _.f. anel 1: = ~ - 2:.. 
l' a 1,2 1'a 1'2 

1 
we obtain by differentiating z = -

1'3 

jZ = 9za (2 _ ~ _ !:.) 
a l' 

Z = 3z2 (9 - 4; - 5 ~ ) 
." 40 ';'3 

while fl'om the differential eqllation ZIII = 5 ~ - - =-- - zj by diffe-
z 9 Z2 

l'en/iaLion with rospect 10 'l' and uy elimination of ~IlI thc tollowing 
expression is fOlUlel fol' ZIV. 
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( 
2 .. ..~ 20 ... ~ 40 . 4) IV Z Z.,Z Z Z J 

Z = - Za 6- + - - 0- - - -- + - -za Z2 Z4 3 Z2 Z3 3 za 

p aud the 3 heliocentric distances 7' are known, 

a,nd zIV can be computed for each of the 3 points PI' P2 and Pa. 
For a circular Ol'bit all the deri vatives of z are equal to zero 

sin T Vz 
and the function U becomes Vz' According to the preceding 

elevelopment we obtain for an elliptic Ol'bit the following approxi­
mate formula fol' U, which still contains the 6th power of the 
interval: 

U sin't V Z T
5 

( 7' 5 P) = + - Z2 9 - 4 - - -. 
Vz 20 a 7' 

(VIII) 

By means of the values which take U1 , U2 and Ua for the 
values Tl' T2 and Ta of the argument T, we obtain fol' 17,1 and 
na values containing the terms of the 5th order with respect to the 
intervals ; while the approximation may be extended to the 6Lh order, 
if we add to the above mentioned expression t'or U: 

" TI 
- 5040 Z3 (- ï.. - 120fL + 170).2 + 340l[.t - 1020fl2). 

where ï.. anel [.t elenote: 

J.:=~(9 -- 4':' - 5~) 
2 a 7' 

fl:=3(2-: ~} 

Astronomy. - "Supplement to t/te account of tlw detel'mination 
of the longitude of St. Denis (L~lancl 0)' BéHnion), e,vecuted 
in 1874, containing also a gene7'Ctl aCCO't6nt of the obsel'vation 
of the trans~t of Venus". By Prof. J. A. O. OUDEl\IANS. 

When I set about to cOl'1'ecL the llnperfections left in my fil'st 
communication, I began by caiculating fol' the times of observation 
of the occultations tbe rOl'rection of NmVCOl\IB'S parallactie correction, 
mentioned on p. 603 of my pl'evious paper; as said there this 
correction amounts Lo 

+ 0"67 sin D + 0"05 ,~in (D - g) - 0"09 sin (D + 9'), 

where D stands t'or the mean elongation of' the moon f'rom the sun, 
9 for the moon's mean anomaly, and g' fol' that of the sun. 


