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VARIATIONS OF a, 0 AND log Q FOR THE ALTERED 'rIME OF PASSAGP. 

THROUGH THE PERIHELION. 

T=-4 days _! 1'=+4 ddyS 
1906 

b." I ûa I b.logp I b." I b.a I b.log p 

m s , 11 I m s I I I 

May 5 + 3 13.48 + 38 55.2 + 231 - 3 13.42 - 39 27.7 - 233 

» 21 + 3 22.15 + 36 23.2 + 294 - 322.12 - 37 3 8 - 297 

June 6 + 3 33.07 + 33 10.6 + 355 - 3 33.23 - 33 58.3 - 359 

» 22 +346.12 + 29 19.9 + 413 - 3 46.62 - 30 13.4 - 418 

July 8 +4 1.25 + 24 55.8 + 469 -4 2.30 - 25 53.4 - 476 

» 24 + 418.58 + 20 4.1 + 521 - 4 20.42 - 21 4.4 - 529 

Aug. 9 + 4 38.61 + 14M.2 + 567 - 4 41.55 - 15 55.9 - 576 

» 25 +5 2 49 + 9 39.3 + 606 -5 6.87 - 10 41.7 - 616 

Sept. 10 + 5 31.97 + 441.9 + 632 - 5 38.29 - 5 45.9 - 642 

» 26 -h6 9.74 + 39 2 + 640 - 6 18.02 - 1 49.1 - 649 

Oct, 12 + 6 55.91 - t" 27.1 + 621 -7 5.99 + 41 - 627 

» 28 + 7 44.03 - 23.3 + 566 - 7 54.54 - 1 20.9 - 569 

Nov. 13 +815.71 + 4 15.2 + 475 - 8 23.95 - 6 19.7 - 474 

» 29 + 8 10.71 + 10.42.4 + 361 - 8 14.80 - 12 50.9 - 350 

Dec. 15 +- 7 29.94 +- 15 lJ4. 7 
I 

+ 247 - 7 30.69 - 1737.3 - 241 

~ -"'~.. "' ..... .. 

L.eyden, Jannary t906. 

Physics. -=- "On the motion of a metal wi1'e tlwough a lump of ice". 

l?y L. S. QRNSTEIN. (Conllnunicated by Prof. H. A. LORENTZ) . 

. In a weU lmown experiment on the' regelation of ice a metal 
wire chal'ged with weights is placed on a lump of ice. It moves 
slowly tlll'Qugh the ice, while on the upper side new ice is fOl'med; 
aftel' a short time the motion takes place with uniform velocity. This 
phenomenon is explained by the fact, that if we incl'ease the pl'essure 
the meltingpoini is lowered. 

In order to calculaie the velociLy of the wil'e I shall considel' all 
infinite circl1lal' cy lind~r which is ll10ved through an infinite lmnp 
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, of ice by a force perpendiculal' to its axis. The phenomenon is 
the same in each norrnal section, I suppose round the wire a 
Jayer of water whose thiclmess is smal! in comparison with the 
diameter of the wire. At the bounding surface of water and iee 
there is a pressure, which decreases from the lower to the upper 
side of the boundary. This pressure depends on the force by which 
the -wîl'e is acted on pro unit of length. As the motion is very 
slow the tempel'ature in each point may be supposed to be the 
meltingpoint corresponding to the pressure existing in the point. 
The flow of heat, determined by the distribution of temperature 
is the same as if the wire were at rest. At the upperside of the 
bounding surface of ice and water heat flows away and water is 
frozen, at the lower side the iee is melted by the heat that is carried 
towal'ds the surface. If we can detel'mine the quantity that is melted 
we shall be able to determine the velocity acquired by the wil'e. 

Let M be the centre of the circular section of the wire and R 
the radius, the boundary between ice and water being a cil'cle of 
radius R + d. 

c' The pressure at the 
circle AI B C in any point 
EI may be represented by 
the formula 

p = Po + b cos tp , 

tp being the angle between 
the radius MEI and the [ine 

xll---=-!------li~---;;;+-ïï_lB' .2l.1 A which has been taken 
for axis of ordinates. The 
cOl'l'esponding temperature ' 
is 

(dt) -t = to + b - cos tp , 
dp 0 

A. ( ~~ ) 0 bein~ the change of 

the meltingpoint per unit increase of pressure neal' 0° O. 
Let kl , be the coefficient of conductivity within the cirele ABC, 

k 2 thnt of the Jaye)' of water, and k8 that of the ice without AIBO. 
The differential equation for the temperature is in every one of 

these fields 
02t o2t 
-'+-=0. ox2 oy2 

The conditions at the Jimits of the fields are: 
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1. at ABC 

2. at A'B'C' 

3. at inflnite distance t s = to . 

The normal at ABC coinciding with the radius. 
The fOl'mulae: 

in the wire, 

C~ 
t

2 
= to + B~ l' cos lfJ + - cos lfJ in the layer of water, 

r 

Cs + - cos lfJ in the sUl'l'ounding ice 
r 

satisfy the equations l' being the distallce from the point M. For 
the coefflcients I flnd the relations 

B C, 
1 =B2 + R~' 

kl Bt = k, ( B~ - ~:) 
C2 _ Ca _ b (dt) 1 

B, + (R+d)2 - (R+d)2 - dp 0 R+a' 

Neglecti.ng powers of diR I find 

C, b(~}(kl-k,) 
RS 2(R+d)!k,+d/R(k l -k,)1' 

b(~t ) (kl +k,) 
B _ P 0 

~ - 2(R+ d)!k2+dIR(kl -k2)}' 

For an element E' F' of A' B' C' the flow of heat into the ice 

towal'ds lhe snrfaces amounts to: 
Ca 

- ks R+d' cos lfJ dlfJ , 

if we write dlfJ for the angle E' ]Y[F'. Hence the total quantity of 
heat conducted through the ice towards the surface A' B' per unit 

of time: 
'Ir/2 

- ks b (:; }J cos lfJ dlfJ = - ks b (:}. 
o 

In the layer of water the flow of heat per unit of time is fol' E' F' 
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- (R + d) dljJ cos ljJ k2 ( B 2 - (R;d)2) 

oud for A' B' totally 

_ k (_ C2 ) __ ~ b (dt) k1-(k1-k2 )d/R • 
2 (R + d) B 2 (R+d)2 - 2 dp 0 k2+(k

1
-k

2
)d/R 

Of course as rnuch heat is lost at the surface B' C' as is conducted 
towards A' B'; and the rnelted and frozen quantities of ice and water 
will therefore be equal. TV being the quantity ~f heat that is required 
for the melting of a gramme of ice, the melted quantity is 

2 [k k1-
d
jR(k1-k2) + k ] b (dt) 

2 k2+djb.(k1-k2) 8 dp 0 

W. 

If Sy is the specifîc gravity of ice, the volume of this quantity is : 

2[k k1 -
d
/R(k1-k2) + k ](dt)b 

2 k2+d/R(k1-k2) 3 dp 0 

WSy 

On the other hand, if the cylinder moves with a uniform velocity 
v a volume 

2Rv. 

is melted. 80 Wf' flnd for the value of v 

[k kl-d/R(kl-k2) + k ](dt)b 
2 k2+d/R(k1 -k,) 3 dp 0 

v = - -=-:"'-"":"-R"';'W--=--S-y--=---=--':"":' • 

To express b in the force P acting pel' unit of length of the 
cylinder we haye on1y to notice th at an element EF = RdljJ is 
acted on by a force per unit of surface p cos p = (Po + b cos ljJ) cos ljJ. 
Hence: 

1t 

p = :j(po cos ljJ + b COs2 g;) RdljJ = nbR 

o 
The velocity C in case P = 1 is found to be 

. . . . (I). 

We can find qnother expression for dj R, if we pay attention to the 
ll10tion of t.hc water. If we concei\'e the wil'e to be at rest but 
the ice moving a10ng it, we shall see at the limit A'B' water con­
tinl1ally 5tl'eaming into the channel AB A'B' while it stl'eams out of 



- 6 -

( 657 ) 

it and fl'eezes at the part B'e' of the surface. The velocity of the 
ice being v we fine! fol' the quantity of water enterinA through E'F' 

(Tl + cl) v cos cp clcp. 
r This is also the diiference between the quantities flowing across 

FF' and EE' upwards. 
This quantity can also be determined by means of the hydro­

dynamical equations. Take for axis of ~ a circle with radius Tl + ~d 
and for axis of 'tj a radius of the cu'cie. The forces acting on an 
element KLOP are in equihbrium. Wl'iting 'lt~ for the velocit.y 
parallel to the axis of §, (J, fol' the coeftirient of Vi6cosity, neglecting 
the velocity 'lt~ and taking the intel'section of the ~ circle, with 
EE' for origin of coordinate6 we have: 

à2 
'lt{ b sin tp 

(J, 0 1)2 = -- --r;:- . 
At the eü'cIe AB, Uç = 0, at A'B', Uç = v sin cp, therefol'e: 

b sin (jJ 'tj2 v sin cp sin cp ( b d2
) 

(J, ttg = - 2R - -d- 'tj + -2- v + 4R 

and the quantity streaming across EE' is ' 
+d12 

J ui dn = ~ 1 ::~ + v: ~ sin cp, 
-d/h 

the diifel'ence between the quantities of water flowing acl'OSS FF' 
and EE' will therefore be 

~ I ~ d3 + vd ~ l'OS cp d cp 
(J.l12 R 2 \ 

and we have, negIecting powers of dIR: 

v= . . . . . (IIa) 

In the experiments the wil'es become cUl'vecl. I suppose the wil'e 
to be perfectly flexible and the stress to have the same valne S Ül 

all its parts i the force per unit of lengtll pel'pendLCulal' to the wil'e 
is given in each point by 

Sdw, 
ds 

dw being the angle between two consecutive tangents to the curve. 
The curvatUl'e being not large we can UBe the coefficient given by 
(I) to find the nOl'mal velocity arising ti'om this force. This velocity is 

CS
dw

, 
ds 
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In a time dt the element ds of the wire describes a surface 
dw 

CS-dsdt. 
ds 

If the wire at the ends is yertical the whole wÎl'e will therefore 
describe an area 

1< 

dtfC Sdw ds = Tl CS dt. 
ds 

o 
Now if the velocity of the wire is v, and t11e distance between 

the vertical ends dl, the same area will be vdl so th at we have 
-;rCS 

. . tIII) V=-- ... 
dl 

or if the angle between the ends is 2a, and P the weight at each end, 
2aCP 

V=---. 
dl sin a 

. . . . . . (lIIa) 

We shall next consider the form taken by the wire if it descends 
as a whole with uniform velocity. It is determined by the condition ,. 

or 

dw dm 
CS-

d 
=V-, 

s ds 

dw 1'& dm 

a:; = a:; ds 

As Q dw=ds, Q being the radius of cUl'vature, this equation becomes 

d2
.'1/ 

dm 2 

1 + (dy)2 
dle 

Taking the axis of x horizontal at the highest point of the Hne, 
the axis of y vertical downwards we have for x = 0, 

therefore 

dy 
y::::::O-=O 

dm 

dy 1'& 
~=tg-{e, 
d.v dl 

1< 
1'& --y 

C08-m=e dl 
dl 

The normal pressUl'e at the highest point is 

Sn = S3'C 
dl 
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In order to find the fOl'lllUla (lia) for curved wires we can put, 
approximately, for bits value at the point tv = 0 y = O. 

So that we may put for 
Sn S 

b=-=-. 
1fR Rdl 

By this the formula (Ira) gives 

v= 12!d
l 
(~y • • • (IIb) 

S being equal to the weight hanging at each end. 
If the angle between the tangents at the ends is 2a, we have 

other formulae. The equation of the curve becomes 
20( 

2a -dY 
COS-iV=e 1, 

dl 

and the velo city , if P ls again the weight at each end 

2aCP 
v=-- . ..... . 

dlsina 

By the hydrodynamical method the same velo city is found to be 

2aP (d)3 
v = 12nfldlsina R • • • • • • • (IIC) 

Dr. J. H. MEERBURG has made a series of experiments, of which 
he "vill communirate the results at a later opportunity. The agree­
ment with the theory is not very satisfactory. It must be noticed 
however that cl is very smalI. The roughness of the surface of the 
wire will thel'efore greatly increase the resistance to the motion of 
the water, so that the result of the hydrodynamical method can no 
longer be cOllsidered as correct. 

Zoology. - "On the Polyand1'Y of Scalpellum Stea1'nsi" by P. P. 
O. HOEK. 

Oue of the largest forms of the genus Scalpellum which is so 
l'ich in species is ScalpelZ,u1n Stearnsi, PILSBHY from shallow water 
near the coast of Japan. 

This species is l'epl'esented hy' two varieties or sub-species in the 
collection of Oirripedes made by the Siboga Expedition in the waters 
of the Dutch East Indies and handed over to me for description. Both 
forms agree in the main with PILSBRY'S species - they differ, however, 


