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KONINKLIJKE AKADÉMIE VAN WETENSCHAPPEN' 
... TE Al\ISTERDAM. 

PROCEEDINGS OK THE MEETING, 

ofSaturday January 2'8, 1905. 

----·OC)C;-o ---'---

(Trunslated froIn: Verslag van de gewone vergadering der Wis, en Natuurkundige 
Afdeeling van Zute~dag 28 Januari 1905, DI. XIlI). 

) 

o 0 N 'I' :El N 'I' S. 

r. H. SCIIOUTE: "Thc ,formlllaç of GULDIN in polydimcnsional space", p. 487. 

W'. K~P:rEYN: "On a series of Bessel fllnctions", p. 494. . 
H. G. JONKER: "Contliblltions to tbe 'knowledge of tbe sedimentary bouldcrs.in thc Ncthcr­

lands. 1. The Hondsrug in thc ,provincc of Groningen. 2. Uppe\' Siluria~ bOllld~rs. ~ First 
coinmilllication: Boulders of tbe age (jf thc Eastcl'll Bitltic zone 'G". (Commllnicitted by Prof. 

K. MARTIN), p. 500. 
J. J. VAN LAAR: "On some phcnomeno, whieb ea.n occu\' in thecascofpartialmiscibiJityoftwo 

liquids, one of tbem being anomalous, spceially water". (Communieatcd by Piof. H. A. LORENfZ), 

p. 517. (Witb one plute). 
J. CARDlNAAL: "Tbc equations by ",bieb the locus of tbe pl'Ïncipal axes of "a pencil of ' 

quadratic surfaces is detcrmined", p. 532., 

The following paperS were read.: 

Mathematios,' - "The' forrnulae ,0J GULDIN zn ZJolydirnensional 
space." By :prof. P. H. SCHOUTE. 

(Communicated in the meeting of December 24, 1904)., 
" 

We suppose in space Sn with n di~ensions an axial space S?) 

and in a space' S,+1 thl'ough this S~a). a limited part with p + 1 

dimensions rotating \' l'ound S~). Then an al'bitral'y point P of this 
Jimited ,space, which may be èalled a polytope independent of the 
shape of its limitation ~nd may be l'epl'e~ented by the symbol (Po)p+t,. 
descl'ibes a sphel'ical space of n-p dimensions lying in the space 

Sn-I' 'throllgh P perpendiculm' t~ 8~ci)-having the projectionQ of P 
34 
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on S~a: as cent re, PQ as radius; so it can be represented by the symbol 
SPII_P ( Q, PQ). ~ 

The question with which we shall occupY onrselves is as fo11ows: 
"H 0 W d 0 wed e ter III i n e vol u m e a n cl s u l' fa c e 0 f 

t hef i g U l' e 0 f r e vol u t ion g e 11 era t e d b y (Po )P+l r o-

t a ti n g rou n cl S~a) if we as b 11 met ha t (PO)P+l a n d s~a) 
th 0 u g h 1 yin g in th esa mes p ace ~+l h a ven 0 po i n ts 
i nco mmo n?" 

This theorem is solved with the aid of a simple extension of' tlJe 
weIl lmown formulae of GUl,DIN, which ilel'Ve in our space to deter­
mine the volmne and the surface of a figul'e of revolution. To pl'ove 
these generalized fOl'lllUlae we have but to know that the surface of 
the above-mentioned spllerical space Spll-P (Q, PQ) is found by muW­
plying PQn-p-1 by a coefficient sn-p only dependent on n-p; for 
its application howevel' it IS desirabie to lenow not only this coelli­
dent of surf ace sn-JI but also the coefficient of volume vr/._p by which 
PQIl-P mUilt be multiplied to arrive at tlle volume of the same 
spherical space. To this end we mention beforehand - as is learned 
by direct integration - that between these coefficients the recurrent 
relations 

23r 
VII =- VIl-2 

n 

23J' 
Sn = --2 SIl-2 

n-
. . (1) 

exist, w hilst the weU known relation between volume and surface 
leads in a simpier way still to the equation 

1 
VII = - Sn· • • 

n 
. (2) 

In this way we find as far as and inclusive of n = 12 out of the 
weU known values of v" Va and 8" Sa 

~ 3 I 4 1
5

1 6 I 7 I 8 I 9 
10 11 12 

Vu 1t' 
4 1 ~ 8 J.1I"~ 16 , 1 32 4 1 6 64 .. 1 6 _"t2 105 7r~ 

_ "t4 
1039511"" 3 öt 2" 15 6 24 945 "t 120-11" 720 "t 

211"2 8 • "tI 
, 16 1 4 32 1 ó 64 1 6 4" 311"-

I 
_7r'1 

1f"t 
_"t4 

"1211" --- "tG 60" 15 105 945 
I 

1, De ter min [L ti 0 11 0 f vol U m e. If a, indlcateil the length 
of the radins PQ nnd tlle differelltial dv the iJ + 1-dimensiollal 
volume-element, lying immediately roulld P, of the l'otatUlg polytope 
(Po)p+" then the demanded volume is 
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V=SIl-pJVn-P-l dv, 

if the in teg ral is extended to all the elements of volume of (PO)p+l' lf 
now "V;+1 is tlle volume of (PO)p+h we can imagine a quantiL) x, 
satisfying the equaiion 

jiV11- P- 1 dv = ;n-p-ljdv =;n p-l Vp+1 

and we ean insert this q1.1antity in the above formula. By this ü passes into 

V = Vp+1 • sn-p ,/,41-p-l • 

If we eaU x the "radius ol inertia of order n-p-1" of lhe 
volume "V;+l of the rotating figure (PO)p+l with relation to the 

axial space s~a) lying in lts space Sp+l' we find this theorem: 
We find the volume of the figure of revolution 

gen era t e d b Y th e pol Y top e (PO)p+l rot a tin g rou n d 

a n a x i a I spa c e S~a) not cut tin g t h i spo I Y top e 0 fit s 
spa c e Sp+t, i f wem uIt i P I Y t h e v 0 I u m e Vp+1 0 f (Po )P+I 

b y t hes u r fa c e 0 f a s p her i c a I spa c e Spn-p, h a v i n g 
th era d i u ::; 0 fin er t i a 0 f 0 I' der n-p-1 0 f "V;+l 
wit h l' e 1 a t ion t 0 S~a) as l' a d i us." 

2. De ter min a t ion 0 f su r fa c e. If in the above we 
subótitute the p-dimensional element of surface fol' the p + 1-dimen­
sional element of volume and in accordance with tbis fol' the volume 
"V;+l and its radius of inertia the surface SUp+l and lts radius of 
inertia, we arri"e in similar way at the theo1'em: 

W e fin d t hes u r fa c e 0 f t hef i g U l' e 0 f l' e Y 0 I u t ion gen e 1'­

ated as above if we m ultiply the surface Sztp+l of (PO)p+l 
by t he surface of à sp h eri cal s pace Spn-p, h a vi n g fol' 
l' a d i u s th e l' a d i uso fin e r t i a 0 f 0 l' cl e l' n-p -1 0 f SUp+l 

with relation to S~a). 

3. Th e s egm en tof re v 0 I u ti 0 n. The op111lOns will differ 
greatly about the use of the n-dimensional extenslon of the GUI,DIN 

formulae proved above. Those regardillg only their generality and 
their short enunciation may rate them too high, though l'easonably 
they cannot go so fal' as to believe that these formulae allow the 
volume anel the surf ace of a figure of revolution to be found when 
1he common principles of the calculus leave us in the hU'ch, as 
the quad1'atUl'es can be indicated but not effecied 111 finite form. 

34* 
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Others, whose attention is dl'awn lo the fact that these fOl'mnlae 
displace the c1ifficulties of the quadratnres but appal'ently - in this 
case displace tbem from definition of volume and of burface to the 
defillitioll of radii of inel'tia - will on the other hand perllaps faU 
into another extreme alld win deny any practical use to the fOl'lllUlae 
in question. Here of course tbe truth lies in the mean. Thougb it 
l'emaillS true that thc GULDIN fOl'mulae help HS but appal'ently out 
of the difficulty in the case wh ere tbe direct integl'ation falls short, 
yet by the use of those fOl'mulae many all integl'ation is avoided 
because the radii of inertia appearing in those f61'1llUlae of volume 
and surütce of tbe {jgure of revolutioll are known from anothel' 
source, wbieh Jatter cireumstance appeal's in the fit'st place when 
p = n - 2, tllUS eacl! point P of the rotating figure describes the 
circumference of a cÎl'cle alld the radii of inel'tia relafe tIJerefol'e 
to the centre of gl'avity of volume and surface of that figul'e, whitst 
for p = n - 3 the lmówledge of the common radius of inertia of 
mechanics gives rise to simplification. 

As simplest example of the case ij = n - 2 we think that a 
segment SPII-l (1" Q) of a spbel'ical space Sp"_1 with l' ano Q as 
radii of spherical and base boundal'Y generates a segment of 1'e\'o-

lution Sp (1', Q, a)1l by l'otation 1'0und a diametl'al space S~c:J...2, situated 
in its space 3n-1. having 110 point in common with it alld forming 
an angle a with the space SI1-2 of tbe base boundary. For t11is we 
fiDd the f'ollowing theorems: 

"Vi e fi 11 d t he vol u m e 0 f th e s eg III ent 0 f I' evD 1 u ti 0 n 
Sp(?',Q,a)n by multiplying the volume of a spherical 
space Spn with Q for l'adi us by cos a." 

"We find the surface of the segment of revolution 
Sp (1', Q, a)n which is described by the spherical boundary 
of Spl1-I(1',Q) when rotating, by multiplying the circum­
fe ren c e 0 f a c ir c 1 e wit h l' f 0 I' I' a d i u s b y th e vol u m e 0 f 
the projection of the base boundary of SPil-I (r,Q) on the 

. 1 S(a) " axla space n-II' 

These the01'ems are simple polydimensional extensions of weil 
known theorems of stel'eometry. They can be found by direct inte­
gl'ation whel'e the case a = 0 is considerably simpIer than that of an 
arbitrary angle a. And now the formulae of GULDIN teach us exactly 
to avoid the integl'ation in the genel'<11 case, showing liS immediately 
that the theorems are true fol' the case of an arbitrary angle a, as 
soon as they are proved for a = O. If namely .vil and a!s are the 
distttnces fi'om the celltres of gl'avity of volume V;I-l and surface 
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Sltll_l of SPll-1 (1', Q) to fJ~aJ. 2, where SU,1-I now again indicates exclusive. 
ly the spherical bonndttl'Y, then Ihe formulae of GULDIN furnish us with 

V" = 2.11' /Cu cos a .' Vn-ll Su" = 2.n /Cs cos a • SUn-1l 

Vo = 2.11' /Cu Vn- l ! ' SUo = 2.11' lIJs SUn-1 I 
and from this ensues immediately 

Su" = SUo cos a 

and thel'efore what was assumf'd above, so that only fol' a = 0 the 
proofs have ;ret to be given. We commence with the volume. If tV 

is the distance from S~~2 to a parallel space S~xJ..2 cntting Spn-l (r, Q) 

in a spherical space SP~~2 with y = V-;,2 - x' for radius, then the 
demanded volume is 

V = 2.n vn_{yn-2 II1dm 

x=v r2_ p' 

and this passes, as x' + y' = 1,2 and xdx + ydy = 0, into 

~ ;, 231' 
V = 211' Vn-~ yn-l dy = -; Vn-2 (lil = Vn (ln, 

o 

with which the special case of the theorem fol' the volume has 
been proved. 

In the special case of the theorem for the surface we regal'd the 
superficial element generated by the rotation of the surf ace SUII_l (1" (l) 

situated between the p~l'allel spaces S~~2 and S~~dx). If ds is the 
apothema of this fl'ustum the demanded surface is 

x=r 

Sn = 231" 8n_{yll-3 <,cds. 

x= Vr'-p2 

With the help of the relations yds = rdx nnd xdm + ydy = 0 this 
passes into 

p 

:f' 211' 
Su = 2.1l'1' 8n-2 y'I-8 dy = -- 'I' "11-2 (lil- 2:::: 2.1l'1' , Vn-2 ~n-2, 

n-2 
o 

i. e. the desil'ed l'esl1lt. 
Of course we mil rept'esent 10 oursel\'es the more general segment 

of revolution Sp()', Q, a)Il,k of order k generated by the l'otation of a 
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spherical segment Sp,l-k(r,f/) round a diametral space S~/l2k-l of its 
space Sn-ki of the various possible cases 

k = 1, 2, ......... , n-2 

the first ib the one treated above extensively. As any point generates 
at the rotation the surface of a spherical space SPk+l, we find -
if along the indicated way by meaDS of the formulae of GULDIN tbe 
general case of an arbitrary angle a is reduced to the special 
case a = 0 - for volume Vn,k and the surf ace SUn,1c of Sp (1', Q, a)",k 
the formulae " 

x=r 

Vn,k = Vn-k-l Sk+l cosk 11J7I - k- 1 lIJk do; 

x= Vr~-p2 

x=r 

SUn,k = ?'Sn-lc-l Sk+l coslc1yn-k-s ,'IJk d,'IJ 

'/,=V,2_p2 

iLnd from this ensues the genera! relation 

SUn,Tc = 23l' T cos 2 a Vn- 2,k I 

by which iLIl cases of determination of surf ace except SUil, n-2 and 
SUIl ,1I 3 are deduced to simpIer cases of the determination of vol urne. 

When determining the volume the integral gives a rational re sult, 
an irmtional one or a transcendental one according to k being odd, 
12 odd and keven, 01' neven and l., even. And this is evidently 
hkewise the case for the determination of surface. 

4. T het 0 rus g rou p. By rotation of a spherical space Spn-lw (1') 

arollnd a space S~!~k-l of Hs space Sn-7. at a distance a> r from 
the centl'e a ring is generu.ted in SII' the ring or "torus" T(r,a)n,k. 
For volume V(1', a)n,k and sllrface Sll(I', a)l1,k of this figure of 1'evo­
lution of order ft, we find 

-a 
. • (3), 

-a 

from which ensues again the fo1'mula of 1'eduction 
SUn,k = 2 3l' 'J' V;1-2,k. • •• •• (4) 

For the case k = 1 and k = 2 the results are calculated more 
easily by means of the fOl'mulae of GVLDIN, if one mnkes use of 
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tho conl1'e of gl'avlty and of the Obcillation centl'e of the l'otating 
spherical space. 

Oas e k = 1. The centl'e of gravity of volnme and s\ll'face of 
the spherlCal space S}Jn-l (1') lying in the centl'P-, we tind 

V = 2 x a 'V n-1 1'/1-1 I 816 = 2 na, 8/1_1.,n-2. 

Oas e k = 2, The ra.dll of inel'tm of volume and 6ul'face of a 

V n-2 
sphel'ical space Spn-2 (1') wHh respect to the centl'e are r --;;-

and T, those with respect to a dlametl'al space 5;1-3 are thus l' ~ 
and l' V 1 . So we tind 

n-2 

V 4.1l' Ca' + ~ 1,2) Vn-2 r n- 2 , Su = 4.1l' (a2 + _1_ r 2
) • 811-2 rn- 3• 

n n-2 
If instead of a whole sphericaI space Spll-1., (1') we allow only 

half of it to l'otate al'ound a space S,~c:2k-l in its space SII-k parallel 
to lts base at a distance a, then the hmits (-1',1') of the two 
integl'als (1) change into (0,1') Ol' (-1',0) according to the half 
spherical space Spn-k (1') tUl'lling lts base or its spherical boundal'Y 

to the axial space 8~~k-l. We shaH occupy ourselves anothel' moment 
w!th the former of these cases, namely for k = 1 and k = 2. 

Oas e (0,1'), k = 1. We find immediately 

V = 31' a+- --1' • VJl-l .,.n-I , Su =.1l' a+-- -- r . 8/1-1 ~,71-2. ( 
2 VII 2 ) ( 2 '11-2) 
n Vn-l n-28n_l 

Cas e (0,1'), k = 2. We determine the moments of inertia of 

volume and surface first w!th respect to the base S~~3 and then 

successively with respect to the parallel space 5~zJ...3 thl'ough the centre 

of gravity and with respect to the axial space S~c:2.3. Thus we 
finally find the fOllnulàe 

V = 231' I ~ _ ( ~ '11
11
-2 'I')~ + ( ~ VIl-2 '1' + a)~ I . Vn-2 rn-2, 

l n n Vn-l n '1111_1 ~ 

Sn = 231' -- - ---- 'I' + --I -- l' + Ct • 811_21'/1-3, l rl (2 8/1-2)~ (2 8n-2 )~ t 
n-2 n-2 8,1-1 n-~ 8,1_1 

Ol' 

V=2n- a~ + - --ar+ - '111/_2'1'11-2, ( 
4 '/In-2 r

2 
) 

n '1111-1 n 

Su = 231' a2 + ---- a1' + -- 81/-2 ~,1I-3, ( 
4 8J1-2 1,2 ) 

n-28/1_1 n-2 
which pass rOl' a = 0 appl'opl'iately mto volume and surface of the 
spherical space Spil (1'). 

. Qh4" 


