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Mathematics. - "On a series of Bessel functions." By Prof. W. 
KAPTEYN. 

(Communicated in the meeting of December 24, 1904). 

In the following we shall try to determine the sum of the series 
~ 00 

Il (a) Il (x) + 3 Ia (a) Ia (x) + Q Is (a) Is (x) + ... = .2 n In (a) In (lIJ). 
1.3 

To this end we begin to determine the sum of !h~ simpIer series 
co 

S = .2 In (x) cos mp. 
13 

lf we introduce, n being an odd number, for the Bessel function 
the form 

then 

; (t-+) 
S = - p e (t cos fjJ + t3 cos 3p + ... ), 

0 0 t 

and 
t (l-t~) cos P 

t cos fJl + t3 
C08 3p + ... = (mod t < 1), 

1-2 t~ cos 2p+t4 

hellce 

5- (t- +) (1-t 2) C08 p 
S = - 60--1-2-t-2-CO-S-2-p-+-t4-

If we put 

R = cos fjJ , 

1-2 t~ cos 2p+t~ 
thell 

or 

.:: (t- 2..) 
co P 2 t 

.2 In C08 nep = - vo e (1 - t2
) R. 

13 

Differentiating this equatioll, we get 

~ . f' i ( t - +) ~ d n 
.:i nI,,(:/J)sm nrp= (./ e (1 - t)-. 
1.3 0 dp 
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( -195 ) 

If now we multiply this equation by 2:... sin (a sin tp) dtp and if 
$ 

we integrate between the limits 0 and $ we find 

:c( 1) n 
<t) 1 '- - t-- JdR 
2 n In (,'l1) 111 (a) = - [0 e 2 ! (1 - t') -d sin (a sin tp) dtp 
13:r tp o 

Putting foL' the furthel' red uction 

we arrive at 

and because 

we find 

'Ir 

U = JR cos (a sin tp) cos tp dg; 

o 

'" 
= dp f cos' ffJ cos (a sin tp) 

1-2 t2 co~ 2p + t 4 

o 

." 

_ = _ sm p dlf, du J cos2 g; sin (a sin ft) . 

da 1-2 t~ cos 2tp + t 4 

o 
'I< 

_ = _ stn' Cf! drp d'u J cos' ffJ cos (a sin tp) . 

du.' 1-2 t' cos 2cp + t 4 

o 

. 1-2 t' cos 2p + t4 (1 - t'J)' 
sm' ffJ = - ---4 t J 4 t2 

' 

." 

_ = m' u - - cos' cp cos (a sin lil) dll1, 
d'1t ,I} 
da' 4 t2 or ,. 

o 
1-t' 

where m=Tt' 
1 + cos 2tp 

lf we l'eplace cos' tp by 2 ' we CaD easily l'educe this 

diffel'ential equation to 
d'u 3'( 
-d - m' u = - -8 (10 (a) + I. (a» 

a' t' 
_ :re 1

1 
(a) 

- - 4t J -a-' 

.. Qa. ? et., ~ ,"t 
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Let us now determine the integral of this equation satisfying the 
conditions that for a = 0 

and 

'Ir 

f cos' (jJ d p :Ir 

u = 1-2t' eos' (jJ + t4 = 2 (l-t')' 
o 

du 
-=0. 
da 

We then find 

" 
3'( [ m'" + -m"] :re fII ((t) d~ [ mC"-~) -mC"-f3)] 1" = e e - -- -- t' e -e 

4 (l-t') 8 t 2 m (t 
o 

and by this 

<xl a ~ [X;"'(t_+) Xt"(t-+)] 
~ n In (a) In (tIJ) = - "4 0 0 e + e + 
aJ-rI! (!3) 1 [X-:+~(t_+) X+;-f3(t_+)] 

+ 4" T df1 607 e - e . 
o 

Remembering now that 

~(t-~) v 

e 2 t = 10 (z) + t II (z) + t' I, (z) + ... 
1 1 ~ 

- tIl (z) + f I, (z) - ... 

we see that the residues are easily determined. We have 
<IJ a 
:2 n 111 (a) In (tIJ) = - [11 (.'lJ - a) + Il (.'lJ + a)] + 
l~ 4 

" 
+ :JIl~{t) d{t[Io (.'lJ -a+{t) - Io (.'lJ+a-{t)]. (1) 

o 

From this l'esult another important l'e]aiion may be deduced. To 
show this, we shall again develop 

Il (.'IJ - a) + Il (lIJ + a) 
into a series. 

From 

and 

11: 

It (,'lJ - a) = ~ f sin cp ,yin (lIJ sin (jJ - a sin lJl) dlJl 

o 



- 5 -

t 497 ) 

" 
1

1 
(m + a) = ~J~in p sin (,'IJ sin p + a sin p) dp 

o 
follows 

" 
1

1 
(m - a) + 11 (a: + a) = ! fSin p sin (,'IJ sin p) cos (a sin p) dp. 

o 

If we write 
sin (a: sin p) = 2 11 sin p + 2 Ia sin Sp + ... 

we obtain 
" 

1
1 

(m - a) + 1 1 (.'IJ + a) = ~ 1 1 (m) Jsin2p cos (a sin p) dp 
o 

" 
+ ~ Is (ilJ)Jsinpsin3PCOs{asinp)dg:J 

o 

" 
+ ~ Ie (,'IJ) J sin p sin 5p cos (a sin (p) drp 

o 

or as 

" 
2 f sin p sin (2n + 1) rp cos (a sin cr) dep = 
o 

" -J [cos 2nrp - cos (2n + 2) 'I] cos (a sin rt) d'r 

o 

1= 3'( [1211 (a) - 1211+2 (a)] 

I = 2n d I211+1 (a) 
da 

we get 

[
dIl d1 3 d16 ] 

I 1 (a: - a) + 1 1 (,'lI + a) = 4 11 (lU) da + Is (,'IJ) da + 16 (.'IJ) da . .• . 

Substituting here 

we arrive finaUy at 
4 00 00 

1 1 (lIJ - a) + Il (tU + a) = -:2 n 111 (a) 111 (IV) - 4::S 111+1 (a) In (m). 
n 1.3 1.8 



- 6 -

( 498 ) 

With this equa,tion the result (1) may be wl'itten 
". 

~ In+ du) In (,~) = ~JII «(j) d{J [Io (.'1: - a+ (j) - Io (a: + a - mJ (2) 
18 4 (j 

o 

lf here we develop 

Io (a:-a+(j) = Io (a:) Io (a-(j)+2Il (a:) Il (a-(j)+2I, (a:) I, (a-fJ)+ .. . 

[0 (x+a-{J) = Io (a:) Io (a-fJ)-2Il (a:) Il (a-(j)+2I, (.'1:) I, (a-fJ)- .. . 

we find 
0: 

~ In+ I (a) In (iV) = ::s In (iV) In (a - (J) -- d{J W ~ J ~~ 
1.3 I 8 fJ 

o 

and consequently by comparing the coefficients of I'! (a:) 

a 

J Il(m 
In+ da) = In (a - {J) -fJ- d{J.. . . . . (3) 

o 

By means of this formula we can give equation (1) another form. 
For, according to (3), 

x-o: 

o:-x 

J I1 ({J) 
= - Io (a: - a + {J)-{J-d{J 

o 
x+o: 

I1 (a: + a) = J Io (.'1: + a - {l) I1;{J) d{J 

o 

hence the second membel' of (1) takes the form 
a-x :1.1-« 

i [-J Io (x - a + {J) I1{J({J) diJ + J Io (.v + a - (J) I1i{l) d{J ] 

o 0 

Ol' 
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If we now put in the fiu,t llltegral ~ = a - y and in the se
cond one ~ = a + y this becomes 

x x 

i- [JIo (a: - y) Il ~~~ y) dy + JIo (a: - y) Il ~~~ y) dY]. 

o 0 

with which equation (1) assumes the final form 
x 

f n In (a) In (a:) = ~4JIo (a: - y) [I1 (a-r) + I 1 (~+Y)J dr, , , (4) 
13 a-y a-rr 

o 
A closer investIgation of formula (3) teaches us, th<1t it holds 

good for even values of n too, also that many analogous l'elations 
exist, So we find inter aha, R, being any integer, 

" 

JIn (a-~) ik (m d~ = In+k(a), 
a-~ n 

o 

" J Io (a- ~) Io (~) d~ = sin a, 

o 
We shall not dweIl upon tbis at present; we only remark, that 

when a very great positive value is assigned in (1) to tU, so that 

In (a:) = V 2 cos (.'1) _ 2n+l n), 
3'(,'1) 4 

we find 

I 1 (a: - a) + I 1 (a: - a) = 2 V 2 cos (a: - 33'() cos a, 
3'(a: 4 

V 2 ,( n), Io(,'U-a+~)-Io(a:+a-m=2 -s~n a:-- 8tn(a-~), 
mIJ 4 

1his changes (1) into 

'" 
00 ,n3'( a a f11 (fJ) , 
:2 n In (a) s~n - = - cos a + - -- s~n (a - ~) d~ 
1.3 2 2 2 ~ 

Q 
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( ~oo ) 
or, noticing that 

m nx a 
2 n In (a) sin- =-Io (a), 
1.3 2 2 

we have 

" 

f Il (~) . 
Io (ct) = cos ct + -~- 8tn (ct - ~) d# 

o 
If we differentiate this equation, we find 

" . fIl (P) 0 

Il (a) = sm a -- -~- C08 (a-m ap 
o 

from which we conclude th at 

" J Il;~) sin p dp = 1 - cos a Ia (ct) - sin a Il (a), 

o 

Geology. - "Cont1'ibutions to the l.,nowledge of the sedimental'y 
bo~ulder8 in tTte Netherlands. 1. Tlte Hondsrug in the pl'ovince 
of Groningen. 2. Upper Silurian boulders. - Fi1'st cornrnu
nicfltion: Bottlders of the age of the Eastem Baltic zone G." 
By Dl'. H. G. JONKER. (Communicated by Prof. K. MARTIN). 

This commllnication intl'oduces the description of the U pper Silllrian 
boulders of Groningen and Hs surroundings, in which my contribution 
that treats of the Cambrian and Lower Silurian erratics and appeared 
in 1904, is continued (36). The circumstance that in the summer 
of last year I hu,d an Oppol'tunity of getting more intimately acquainted 
with the Scandinavian-Baltic strata by investigations of my own 
has aided me considerably in the study of these younger rocks. 
Owing to nearly a month's stay in Gothland I managed to collect 
a great number of different species of rocks together with fossils 
characteristic to them in order to compare them wUh erratics th at 
are found here. Much I owe to the ldndness and a.ssistance of 
Drs. O. W. WENNERSTEN, who accompanied me on some excursions 
and wh om I had very of ten l'eason to admire for his extensive 
knowledge of his native country, the cla5sical ground for the study 
of the U pper Silul'ian fOl'mation. But I hft,ve as yet not been able 


