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to a far greater depth and when they had been taken out of it, they
did not so easily regain their former support.

Duranp (1845) gave the explanation which a large, old seedling
on mercury suggested to him. It had stayed so long on it, that
gn adhesive layer had been formed on the mercury of sufficient
thickness to fasten the plant to some extent. That therefore all
seedlings whose roots penetrate into mercury, should stick to it by
such a layer is not true. The penetration takes places after a short
time when the mercury is still bright.

Durrocrer (1845) accepted DuranD’s explanation and made expe-
riments on the formation of the sticky layer. But he did not put to
himself the question whether in all the observed ecases such a
“plaster” had been present.

Wieanp (1854) has undoubtedly obtained Piwor’s results. In his
discussion however he confused and complicated the question as
Murper had done. For this reason later investigators did not bestow
much attention 1o the paradox which he had so clearly pronounced.
Where he speaks of penetration into dry mercury, this must cer-
fainly not be taken literally; the soaked seeds retain a layer of water.

Hormuister (1860) studied the penetration of roots in relation with
his theory of the plastic apex. He di? not obtain the result of Pivor
and Wieanp and accepted DuranD’s explanation which also DuTrocrET
had accepted.

Later investigators all followed HormEISTER’S opinion.

Mathematics. — “The harmonic curves belonging to a given plane
cubic curve.” By Prof. Jan pE Vrizs.

1. The “harmonic” curve of a given point P with respect to a
given plane cubic curve %°* is the locus of the point H separated
harmonically from P by two of the points of intersection A,,4,, 4,
of 2 and PH'). We shall determine the equation of the harmonic
curve 4° when -4* is indicated by the cquation

@’ =0 =(a, ©, + a, &, + a; 2,)H =0,

and P by the coordinates (y,, ¥, ¥)-

1) This curve appears in StemEer's treatise: “Ueber solche algebraische Curven,
welche einen Mittelpunkt haben, . .... " (J. of Crelle, XLVII), and is there more
generally specified as a curve of oider n. Stereometrically it has been deterniined
by Dr. H. pe Vries in his dissertation: “Over de restdoorsnede van twee volgens
eene vlakke kromme perspaclivische kegels, en over satellietkrommen, Amsterdam
1901, p. 6 and $8.
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To the poits of intersection of 4* and 2 belong the points of
contact of the six tangents-from [to Z*. If 4, is one of the remaining
three points of intersection, then A, and 4, are harmonieally separated
by A, and P, that is [’ lies on the polar conic of 4,; from this
follows however that A, lies on the polar line of . . So the curve
h® passes through the points of intersection of A* with both the polar
conic p* and the polar line p' of P. Its equation is therefore of
the form pa’y+a,a’b%b,=0. If point X belongs to the harmonic
curve of point Y, it is evident that Y lies on the harmonic curve
of X; so our equation must be symmetric with regard to the
variables @, and y.; that is, it has the form

@ubly 4+ 2a%ay b by =0 . . . . . . ()

To determine 2 we suppose P to be lying on 2,=—0 and we then
consider the points of A* which are lying on &,=0. If we represent
the linear factors of the binary form a’;=6%=(e, ,+}a,,)® by
Da> Qe @nd 7y, then the points H,, H,, H, are indicated Dby the
equation

Re=(pzqy + Py 32) Pery + pyra) (@ery + gy ) =0,
or by
7L"xE%‘p2xqm gy'r’y ~+~ 2}’0&}71/%9}/7’&:7"1/: 0. . ... (®
We now have
3 a«”z“yEPerT_p/ "|‘px9y7'.r +py qx Ty
Bb: by =peqyry + Py ey + Pyt
and as we moreover have
Py gy 1y =%,
we find out of (2)
]Laa‘- E 9 aza ay bx bzy -_ aam bn]/ == 0 - . . - . (3)

This equation also represents the harmonic curve, if we but again

regard @', as the symbol for (¢, 2,4 a2, a,2,)3).

2. The polar conic of P with regard to the curve Z* repre-
sented by (1) has as equation
3%y ay by + 2 (2 ay a®y by By - &y ay %)) = 0,
or, if we pul
a’y ay = I and a0’y = L,
wo find
B+, K+22L0=0 . . . . . . (4
It is evideni fromn this that the polar conics of P with respect {0
the curves of the pencil determined by £° and A* touch each other
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in their points of intersection with the polar line p*, therefore the
polar line of P with respect to all the curves £°) of this pencil.
For the curve 4%, passing through P ensues from this that it
must have a node in P.
Evidently the equation of this curve is
@’y by — a’pay by 1y =0, . . N )
whilst its polar conie is indicated by
@’z ay b’y — aza’y by by =0,
or by '
b, K — L =0,
from which is evident that it is composed of the tangents through
P to the polar conic I with respect to 4°.
For 2=—3 we find a £* with the polar conic L? =0. So it
possesses three inflectional tangents meeting in P.

3. The satellite conic of 2 with respect to £° (that is the conic
through the points where 4’ is intersected by the tangents drawn
out of P) has for equation?) :

da’yayd®y —8aza’y b 0% =0, . . . . . (6)

or
AP, K—8L=0. . . . . .. . (T

To determine the satellite conic for the curve 4% we put
P, =a" 0 y-l—la,;cc_,/bxby.
Then we find
312, 1y = (h + 3) a%way Uy + 2 2ag ay by b7y
64,15 =2 (2 + 3) ara®y Uy + 22 (a% B % + a; 0%, 1),
or
LPy=@2+ 1) aya’y by;
Py=(4-41)a* b
So according to (6) the equation of the satellite of £% is
4[(2+4-8) a’yayb*y - 270507 bib?y] (A4-1) ¢*yd®y — 9 (24 1)? @aa® b* e, 6*yd?y = 0,
or as a, b, ¢ and d are equivalent symbols,
A+ 12) a%ay by — (2 + 9) @z a?y by by = 0,
or
G2A+12)8, E—Q+ 91 =0.. . . . . (8
From this ensues that the satellite conics and the polar conies of
P with respect to the curves A, belong to the same pencil. If we
represent this by the equation

) The deduction of this equation is found in Saimon “nghel plane curves™-
A stercomelrical treatment of the salellite curves is found in the above-mentioned
dissertation of Dr, H. pr Vms, p. 18, 19 etc.

\
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PyK+plt=0. . . . . . . . (9
then - )
gt = 2 2: (. - 8) furnishes the polar conic,
p=— @+ 9): (444 12) the satellite conic of 1°).
Between the parameters g and g exists the bilinear relation
p—4u =3. -
So for p=—1 and y= o we find two curves £*) for which
polar conic and satellite coincide.
In the first case we have 2=—-—1; so we have the curve 1%
possessing in P a node. }
In the second case we find 2= —3, so a curve for which the
polar conie is a double right line.
For 2= — 9 the satellile is indicated by K=0. We then have

the harmonic curve for which the satellile coincides with the polar
conic of £°; this well-known property indeed, ensues immediately
from the definition of A° -

4. Let us now consider the sysiem of the satellife conics of a

given point I’ with respect to the cubic curves of any pencil
A4+ 2B=0.

By means of-a selfevident notation the jusl mentioned system is

represented by the equation
4 (4, + 2 B) (Ko + 2 K3) — 8 (La + 2 Ly)* = 0.

So through each point of the plane pass two satellites; the index
@ is here fiwo.

The satellite consists of two right lines when P is situaied on
the Hussian. Now the Hussians of the pencil evidently form a sysiem
with index three; the number of pairs of lines d is_therefore three.

A double line is found only when £ lies on the cubic curve;
consequently for our system % is equal to 1.

Between the characteristic numbers of a system, of conics exist
the wellknown relations

2u=7v-+q and 2v=u 4 d.

We find from the first » =3, i being equal to 2 and % to 1.
The second then gives d ==4. From this ensues that the just men-
tioned sateliite formed of two coinciding right lines must at the
same time be regarded as a pair of lines, thus as a figure in which
the centres of the two pencils of tangenis have coincided.

From the equation

9 (Ka+2 Ks) (La+2 Ly)— (4,42 B,) (4 +-2 B)=0
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it is evident that the harmonic curves of P with respect to the
curves of the cubic pencil also form a system with index #wo.

For /* passing through P the curve 2* breaks up into the system
of the polar conic and the polar line of P with respect to that
curve which touch each other in 2.

As %* and /® have in common the tangents out of P, being thus
of the same class, the harmonic curve has only then a node when
this is the case with the original curve.

5. If with respect to a given [* we determine on each right
line through P the points B,, B,, B, in such a way that B, is
harmonically separated by A4; from AJ and A;, we get as locus ot
the points B a‘curve of order siz, A°, with a threefold point in P.
For, if B, coincides with P, then 4, is one of the points of inter-
section of £* with the polar line of P and the reverse (see § 1).

As the points 5 correspond one by one to the points 4, the curve
A" is of the same genus as A°, so it has still 6 double points or
cusps. This last is excluded because in that case not a single tangent
could be drawn from P to A°, whilst it is clear that the tangents
out of P to &* also touch 2'.

From the definition of A° follows immediately that this curve can
meet the curve L° only in the points of contact E of the above
mentioned six tangents: so in each point R they have three points
in common. The right line PR having in B two points in common
with %%, but three points with A*, B must be one of the six nodes
of k¢ and PR one of the tangents in that node. \

Chemistry. — “Preparation of cyclohexanol” By Prof. A. F.
HoLLEMAN.

The preparation of ketohexamethylene in somewhat large quantities
is one of the most lengthy operations, whatever known process
may be used.

Since, by means of the addition of hydrogen to benzene, by the
process of SasaTieR and SuNDERENS, hexa-hydrobenzeme has become
a readily accessible substance, it was thought advisable to use this
a a starting point for the preparation of the said kelone by first
tonverting it into monochlorohexamethylene, converting this in the
usual manner into the corresponding alcohol and then oxidising this
to ketone by the process indicated by Bamyer. Mr. van per Laan
has tried, in my laboratory to realise this,



