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Mathematics. - "On comple:/Jes 4 mys tn )'elat/on to ct mtiol1al 
sl.:ew curve." By Prof. J. ml VRIES. 

(Communicated in the meeting of April 24, 1903). 

i. Supposing the tallgents of a I'I1ti all al skew curve Ril of'degree 
n io be al'1'I1ng'ed iJl gL'OllpS of an involution 11' of degl'ec jJ, let us 
COJlbidcl' Lhc complcx of 1'I1ys fOl'med by the COJllIllOn tl'allSVÛl'sal& or 
caf'h pair of tallgen!!; hclongillg to a gL'ou}J, So thil; compJex eOll(aillS 
cach lineal' l'Ongl'\1C11Ce thc dit'cctrices of ",hielt belong to a gl'OUp of -
[IJ. If these dil'cell'ieet> eoincide to iL double' ra)' a of IP the COll
gl'llence evidentl.r degenel'l1tes info t\Yo systems of l'I1ys, \'iz. thc &heaf 
of l'a,rs ",Hh the point of contact A of ct a& vel'tex filHI thc field of 
l'ays in tbc l'ol'rcsponding o&cull1.tillg plano a. 

Ta Jinu t11e degree of the complex lot 11S ('onsider tho involntiou 
11J of' the intel'&ectiolls of the taugents witl! all 111'uitl'al'y plalle (p. 
'fho smface of the tangent::; intersects q; accol'dillg to a CUl've Gm of 
degl'eo lil = 2 (n-i) and the complex ClU've of fjJ envelopes tho lines 
connecting the pairs PP' of jp. This involution having (m-1) (p-i) 
pairs iu ('amman wUh the involntion fOl'ming Ihe intel'section with 
an al'bitl'l1l'y peneil of l'ays, t/te complex i.~ of de,iJ1'ee (2 n-3) (p-i). 

2. We th en eOllsidel' tbe cOl'l'esjJondeut'e between two points 
Q, Q' of Cm &ituated on a l'ight line P P'. As Q He& on the lines 
conJ1octing any of (m-2) (zJ-1) pairs, thoro are (m-2) (p-1) (m-3) 
})oülts Q'. Tlte eOl'l'espondence (Q, Q') has (m-2) (m-3) (p_i)2 pairs 
in common witll IP, ::;0 tbe comple.1Jcw've has 

~ (m-2) (m-3) (p_i)l = (n-2) (2 n-5) (p-l)2 

double tllnyents, the comple.t'co71t3 as many double c(Z(/es. 
Eviuently theE-e double mys fOl'm n con!/I'uence compl'ised hl the 

complex, of ",hiel! onlm' mul cla:1S rt1·eequalto(n-2)(2n-5)(p-i)2. 
The comploxcUl've abo Po&sosse& a numbol' of thl'eefold tang on tb, 

oach containing tlu'ee points of I" belonging to ono anu tho same 
gl'oup. '1'0 finu thi::; nnmbel' we mako each point of intel'Soctioll Sof 
()n wHl! the l'ight lino PP' to cOl'ret:>pond to eaeh point P" of the 
gl'OUp indicated by P. Ta eaeh point pil belong ~ (p-i) (p-2) pairs 
P, P', 80 t (p-i) (2)-2) (m-2) points Sj each point S lies ou 
(m-2) (p-i) l'Olllleciing !ines PP', and ihel'efol'e it is COJljngate to 
(m-2) (p-i) (p-2) points P". Ever)' time pil coinciuet:> ",ith S, three 
points P lie in 11 l'ight line anel each of thoso points is a eoineidonce 
of the eOJ'l'o::;pondence (P", S); sa we iind t (m-2) (p-i) (p-:2) 

.tlL7'eefold tangents. From this appeal's at the same time that the 

---~----
.. 
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right lines of which each cuts three tangents of Rn belonging to a 
same gronp of Ip, form a COn!/I'llence of wlticlt ordei' anel class ai'e 
eqllal to (n-2) (p-1) (p-2). 

3. Let us consider more closel.y the gl'onp whel'e a is a double 
element and a' one of the otller elementi:l. To the jnst-mentioneel 
congl'nence evi~lent1y belongs thc peneil of mys in the plane (A,a' ) al> 
with vertex A anel the peneil of mys in the osculating plane a 

with vertcx (a, al) _ Al' So the congruence contains at the least 
4 (p-1) (p-2) pencils of mySj eaeh of the 2 (:])-1) Si17.lJulll1' points 
A is the \'ertex of (p-2) pencils placeel in differ~nt planesj each of 
the 2 (Z)-1) .~ingulaJ' plrnws a bears (p-2~ pencils with different 
vcrtiees; on the othel' hand the 2 (p-1) (p-2) sin,qnlm' points .Al 
and the 2 (p-1) (]J-2) slngailli' plane.~ al eaelt bear a pencil. 

The complex eurve is as appen,l's ft'om the above of genns 
i [(2n-3) (p-1)-1J [(2n-3) (p-1)-2J-(n-2) (2n-5) (1)_1)2_ 
3(n-2) (p-:l) (p-2). For p = 3 this becOlnes equal to zero ,,,hich 
coulel be foreseen j for, to each point P of the ClU've Cm the con nect
ing line P' pil ean be made to cOl'l'espond, hy which the tang'ents 
of the eomplexclll've coincide one by one wHIt the points of a 
rational curve. 

In <), plane cp thl'ough a tangent a' the complexcurve degenerates, a 
pencil of mys the vertex of which lies on the tang'ent a separating 
itself fi'om tbe whole. 

In a plane a evidently (p-2) pencils of ra.rs separate themselves. 

4. -We shall consider more closely the simplcst case, w here the 
complex is determined by aquadratic involntion of the talJgents of 
a skew cubic; n=3, p=2. 

If' A and Bare the points of contact of the tangents a and b 
fOl'ming the double rays of the invoilltion, and if a and {J arc the 
cOl'l'esponding oscnlating planes, we assnme as plalles of cool'dinates 
,/\ = 0, x2 = 0, :1:3 = 0, x 4 = 0 snccessively the oRcnlating planc a, 
tbe tangent plane (a, B), the tangent plane (b, ..:'1), the osculn.ting plane 
{J. The curve R,3 is then repl'esented b~T 

,Xl : ,v~ : x 3 : X 4 = t3 
: t' : t : 1, 

and 'fol' its taugents wc have tbe relation 

PlO :P13 :P14: P31 :P12 :Pn = t4: 2t3
: 3t2: 1: -2t: t~. 

The points A and B being indicn.ted by tlle parameters t=O mul 
t = 00, the parameters tand t' of, the points of contact of two 
conjugate tangents satis(y the relation t + t' = O. 
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The cool'dinates of a common tmnsvel'sal of the tangents (t) and 
(-t) evidently &atis(y the conditiolls 

1'12-2tPI3 + t'P14 + 3t'P23 + t4Pa4 + 2t3pu = a,! 
P12+2tP13 + t'P14 + 3t'P'3 + t4Pa4 - 2tap4. = 0, \ 

lhe1'e1'o1'o 11,lso 
PB + t' (1'14 +- 3p.3) + t4Pl1 = 0 alld t'P4. = Pl3' 

By elilllinating t we find tlle eqnation of the iudicatod complex: 

PldJ '12 + PI~ P42 (PIl + 31'23) + )134 f1\~ = o. 
To this cubic co mple, I! belongs tho linem' congrnonce Pla = 0, 

!ll. = O. lts dil'cçtrices I anel In are t'ep1'esented hy ,I!I = 0, .I'a = ° 
nlHl .1'4 = 0, .1:, = 0; the former COJlnects 11 wUh the poillt (/l, "), 
the latter I1nites B mul ({J, fT). 

Eaeh ray of the congmenec I'ests on \ two pnirs of tangellts, tlw 
f'orresponiling parameters at'e dotet'mined hy the e(!uatiolt 

Pa4t4 + (PIl + 3Pl.,) t' + 1'12 = O. 
So the complexconc has a double eelge, the complexcllrve a 

double tangent. 

5. This is also evident in tllC following war. WitIt given valnos 
of ,l/l>!/" y,\l]/4 the equalÎon IJ 4. = ;'Pl1 Ol' Y. '?:4-!l4 ,co =;. (?h,vI-YI x a) 

represonts a plane intet'socting the complexcone twice accol'dillg to 
7)42=0, ]J13=Ü, and moreovel' accol'ding' to a right line of thc plano 

).. (Y.,'lJ 1-7/ti1J.) +-). [(Y4,'lJ I -YI'C4) -+- 3 (Ya,Ii.-Y.,Va)] + (Y4,Va-Y3''lJ4) = O. 

So !Ju = 0, ])4. = ° is a double eilge. 
If the plane !/"V4-!/4X. =). (!fa,'lfI-!l1.1Ja) is to tOllel! the corrtl'lex

cone along the don bie eelge, tltc Hn'ce ritmes 

Ya ,VI - ,lIl ,IJa = 0 Y4 !IJ, - ,1/. !IJ 4 = 0, 
().'y.+I.Y4).I!1 + (3).,lfn-;·~.lfI)·V~ + (,1f4- 3 ).1/.).I:3 - ()..IfI+.1f3),IJ4 = 0 

muM pa&s through one l'ight line, &0 

;.'Y.+ )Y4=Q,1/3 

.1f4 - 3i.y, = - Q,1/1 , 

mnst he satisfied. 
By eliminating Q or (J we fiud 

3ll/~ - ;.' ,111 = (jY4' 
l,lfl + .lf3 = (j,1/., 

).~ ,lil iJ. + ). (lil Y4 - 3,1/.1/3) + Ya ,1/4 = o. 
The rootR of this quadl'atie cqllu,tion detel'minc tltc tangellt planes 

of the complexeone along the double edge, which bocomes a cnspidal 
eeige when 

that is wh en 
Ol' 
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80 these quadratic sIrew surfaces of which the nrst evident!y 
passes throngh Ra contain the vel'ticc5 of thc comple,ccones luwing 
ft clls]Jidal ecZqe. 

6. For tho points P of tho ]l3 this COlJe of course degenerates 
into the plane connecting P with the tangent 1/ in the eonjllgate 
point P' and n quadratic co ne lOllching that plane. 

Fol' points on the l'ight line:; l anel m the complexcone must COll-

5ist of a plano counted double and i1Îè single plnnc .1:1=0 Ol' .v4=0. 
Fol', each ra)' in a anel ~ belongs to the complex, whilst nU l'ight 
lincs l'esting on I nnd mare douhle l'ays of tJIe complex. Indeod the 
substitntion ?h = 0, !/a = 0 in the equation of tho complex g'ives 
the re]ation Xl (,112 .V4-Y4 .'V,)2 = 0 .. 

Fol' points on anc of the titngents a anel b the complexcone hl'e..'tks 
lip into the plane a Ol' ~ and into a quaclmtic cone touching it. 

For a point of the intersection of a anel ~ we find a degeneration 
into th ree planes. 

Por the complexcUl'ves analogou5 consielerations holcl gooel; e. g. the 
complexcurve degenel'ates into tlu'ee pencils of rays when the plane 
passes through AB. 

7. 'fhe complexcone degenel'l:1,tes into n plnne and aquadratic 
cone if the vertex lies in (( Ol' i.n (j Ol' on the sUl'face of thc tangents 
of R}. In t11e former case a Ol' ~ belong to it; in the lattel' the plane 
thl'ough the vertex Panel the eonjngate htngent )1'. 

Ta investigate whethel' there are mOl'e points for which snch a 
degenel'atioll takes p}ace, we suppose that the equation of the inter" 
section of the complexcone with 'V4 = 0, th11S that 

-YIY4.lJ,' + .'h2.'V~3-Yay/1J12.lJ2 + Y3 2
./J1

2
./Ja + (Y2Y4-3Ya').'lJ,2,'lJ1 + 

+ 3Yl!Ja.'IJ2','V a-2YIYa.'IJ,'·I\-3YIY2,vS',1J2 + (YIY4 + 3Y'Y3)m1.'IJ2,'lJa = 0, 

i& deducible to the form 

(b1111\ 2+bn .t:. 2+baa,/J/+2b12·/J I·'lJ. +2b13'~\''V3 +2b,a./J2,l!a) (C 1,V1 +c,,'V, +ca.va) = 0, 

Then the followi~lg conditiolls are to be Fintisfied: 

bll (\ = 0, b'2C,= -YIY4' basca = Y1 2
, 

bI1C.+2b1,CI= -YaY4' bllca+2blaCI = Y3 2
, b2 ,c1+2bu c'=Y'Y4-3 Ya \ 

b"ca+2b. 3c,=3Y1YSI bn cl+2b13 ca = -2YIY3' baaC2+2b2aCa= -3YIY2' 

2(b12Ca + bUGl + bi sc,) = Y tY 4 + 3Y.Ya' 

Let uS in the th'bt place put hll = ° nnd Cl = Ys' t11en 2bu is 
eqnn,l to -!/4 nnd 201' equal 10 1/3' Fnl'thel' we lind b33 = -YI alld 
Cs = -th' Aftel' su me deductioll we get as only cOlldition 
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or 
(lh~4-.'1~'!f3)~ = 4(Vi!h-.'1:) (,1/2.'14-.'13'), 

that is tlw veJ'lerc of tlw cOJnZJ!e,1:coIW belollgs ta t!te SllJ:titce of tangents. 
If we pilt Cl = 0, wc then al'rive aftcl' exclnding' ,1/1 = ° allel 

?/4 = 0 (fol' whiclJ the indicntcd degenel'ation ft[wa,YB lakes p]ace) 
a/ tlte dali bIc ('anc/Won 

Y.V4 = !In' alld !/tV4 = ,IJ.!!., 
that iR at tbc poinls of R,a. 

8, Let IlB BuppoRe tlmt the tn,ngents of Ra al'e a1'L'anged in the 
triplcts of a ./3. Ta determine tllC degl'ec of tltc complex of the comman 
trttllsvcl'sals of the pait·s of tangcnts we can a[so set about as fol-
10ws. In an a1'bitml'r peneil wc considel' the COl'l'CspoJH]cnce of two 
J'a)'R H a.IICI, s', wbieb a)'c cut hy two tallgcnts belonging la ./3. 
Ta lhc eoincidcnces of this cOl'respolldeure (8, 8) belang thc fonr 
my& l'esting' all the double mys a, h, c, cl of .13

; the OtJlCl'S are llnitecl 
in pairs to six mys, each l'esting on two tnllgents of a tl'iplet, ,~a tlw 
cO/JIIJleil: is of degne 6, 

Ta fincl tIJe degTee of the eongruence of the l'ight lines, eac11 l'esting 
on tlte thl'ee tu.ngents of a group, let us considcl' the l'üys they havc 
in common with the nllalogous C'ongl'nence bel on ging to aseCOllCl .13

• 

lf l't, 1'2 is alle of tbe folll' cam man pairs of t11e two invoilltions, 
and 1'. alld 'I'.' sueeessively the tangent fOl'ming ",itlt 1\ anel I'. a 
gl'OUp, thc eOl11mon tmnsvel'sals of "1' I'~, 1'3 anti 1'/ belong to the two 
congl'uenccs 1). Evidcntl.r they ean have na othel' rays in commoll 
tltall those eight, which are illdieated b,Y these; consequently the eon
gl'uenee is of order two. 

The complexcone of an al'bitml'y point P has as appeal's frolll 
the above, two tltl'eefold e(Zi/es; 'as it has to be mtional, it haR 
mOl'eovel' fom' dauble eelt/es, 

It' P lieR on tIJe surü.l,ec of tangcnts of ](:1, tbis cone dcgencmtcR 
into the system of planes "",hieh conneet f> ",ith the two tallgcntR 
conjngate fo p a1Hl a biqlladl'atie eone with threefold edge. 

9. The (lUaclmtic serolls tletel'mined by tbe triplcts of tnngents, 
cviclently fOl'm n, sJstem of surthces two of whic11 pass througll nn," 
point and two of which touch any plane. This s,vstem is thns 
l'epl'cRented in poillt- Ol' tangen1ial cool'dinates by an cq uation of the 
farm 

2) This consideration leads io no result if we consider a raliol1al skew curve 
of higher order. 
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P + 2 l Q + l' R = O. 
Prom- this ensues that all tbe surfaces ot this system have the eight , 

comroon points (tangential planes) of P 0, Q=O, B=O in common. 
- The degenerations of this system are four figures consistü1g' each 

of two plan es as locus of points anel of two points as locus of 
Langential planes. Olfe of those figures is formeel by the planes 
a anel al _ (A a') and the points A anel Al - (a a'). 

Tbe eight common points A2' B" C" D" Aa, Ba, C3 , Da anel the 
eight commón tangential planes a., {J.,'y., 0" aa, {Ja' "Ia' 03 of the serolls 
are singulal' fol' the congl'uence (2,2). The remaining singular points 
anel planes are evidently A,B, C,D, Al>Bl' Cp Dl anel a, {J, "I, o,ajl (3!,Yl' 01' 
These 16 points anel 16 planes form the weIl known confignration 
of Kmmmm. I 

We Cal} choose the notation in slIch a way, that A 2 bears the 
plan es {J, r, 0, al anel A3 the plan es {Ju "11 , d'l' a, etc. Let uS bear in 
mind that three osculating planes of B3 intel'sect each other in a 
point of the plane of their points of contact anel lei us furiher mark 
1he symmetl'y of the figure, we eau 1hen ensily clcelllce from tIle 
preceeling, that 

in a 

/I al 
/I a. 
/I aa 

are situated, whilst 

the points A, 
/I /I A, 
/I /I Al, 
/I /I A, 

Al' Aa, B" C" D2' 
Al> A2' B3' Ca, Da, 
Ao, Aa, B, C, D, 
A., Aa, Bl> Cu Dl> 

A bears the planes (I, al> aa, {J2 , "1 2 , 02' 

Al 11 /I fI a, all lt., (33' "Is, d's, 

.ti." " " al> ((., ((s' (3, r, d', 

Aa 11 11 " a, fl2, cea, {Ju r l' 0l' 

Jt is clear that fol' eael! of these 16 points the cOlllplexcone is 
c~ll1posed of a plane cOllllted double anel a eone of degl'ee four. 

Mathematics. - "Tlte singulal'ities vf t!te fverd curve of a cUl've 
in space." By Dl'. W. A. VEHSLUYS. (Comll1unieateel by Prof. 
P. H. SCIIOUTE.) 

In paper N°. 5 of' the "IC A. v. W." at Amsteedam, Vol. XIII, 
I have deduced same fOl'lUulae expressing the singnlal'ities of the 
focal elevelopable anel of the foeat curve in f'llnction of the singulari
ties of a plane cnrve. 

In like manner it is pqssibJe to 'deduce the followÎng' fOl'mulae 
""hiel! expl'ess the singulal'ities of the foeal developable anel of the 

2 
Pl'oeeedings Hoyal Aead. Amsterdam. Vol. VI. 


