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Physics. - Dl'. r E. VBRSCHAl!'l!'IUJT: 11 Contl'ibutions to tlte lnowledge 
of VAN DER WAALS' tl'-szwface VII. Tlte equations of state anc! 
t/IIJ ll'-s1IJ:!({ce in fhe intmediate neigMoudLOod of tlte Cl'itical 
state fol' bina1'JI mixtw'es wit1l a smal! lJ?'op0l'tion of one of 
t/w compon(J/lts." (jJlll't 3) 1). rSnpplement N°. () (0 lhe Cam
ll11lJlicatioll fJ'Olll the Physical Labomior.r aL Leiden b.r Prof. 
K<\"'\mRLINGH O:\l\"BS). 

(<':ommunicaled in the meeting 'of Febr. 28, 1903.) 

15. TM ll'-~1I1iaci3 in the immediate ne~qTtboudlOod oftlte plaitpoÏ11t. 

B,r the applicatioll, aftel' IÜm&Olll '), of KORTBwlm's projective trans
fOl'll1ation 3) to ihe etl11at!olls of the lr,-Slll'Ütce, I have expressed tbc 
coefficienls of my eqlmtioll (20) in ter1111::, of those nsecl hy KORTlm']~G 
io stnd,)' the plmt in the paper melltioned. 

The following new coorclinaies must be intl'ocluced 

(
0 tI') (a tI') 1/,'1 = (tlJ-1I'T"I) - (V-VT/JI) ~ - (.V-tUT,,!) ~ , 
vv Tpl ViV 1),1 

.v" = (tv-.vT"d - m (v-VT/,d, 

v" = V-VT,'!, 

whcre 111 is detel'minec1 by the eqnation 

m (aOtl') + (~) - 0 . 
àtv' Ti'l à.v av Tpl ' 

to the fil'sl appl'oxima(ion anel b,)' the nse of equatioll (20) this redl1ces io 

mOl 
m = RTk 'VT, / 4). 

Sinec lhe equation of the ll,-sl1l'face con(ains a tcrm with 10[/ .1', 

1) PlOC. Amsterdam. 28 June :md 27 Sept. Hl02. 
~) Proc. Amsterdam. 27 Sept. 1902, p. 1:141. 
3) Wien. Ber., 98, 1159, 188D. 
~) In agreement with KEESOM'S expression (l.c. p. 342). 

also fulfil the two oUter equations: 

( a2tl' ) (a2~,) . 
m -- + - =0 

am av Tl'l av2 T,,/ 
allCl 

The value of m must 

(a
31/,) ( a31/! ) ( à

3

lp ) (a31/!) m3 
- +3m' -- +3m -- + - =0; 
a,v3 Tpl à.v2 av T"l aa: av2 Tpl àv 3 Tpl 

this is really the case when the above values of X'fpl and V'fpl are substituted. 
Conversel,v we can use these equations to determine X1'p1 and VTpl, as KORTEWEG 

has done. (Proc. Amsterdam. 31 Jan. 1903, p. 526). 
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it can onIy be identified with KORTmVEG'S equation (2), when log tiJ 

can be expanded in a series. 'rhis ('a,Il only happen when tho diffe
l'ence between tI: and XT,A is so small that tI:-,'CTl'l is vanisl}ingly 
small with regm-d to ,'CT,," We remain th us in the immediate neigh
bourllOOd of the plaitpoint I). In th is ('ase we find thai the eqnation 
of the tr,-bUl'faee eau be brought into the forJll 

I 

tp" = Cl lIJ"~ + dl IU"3 + d~ IU"2 v" + d3 tV 1 V
l12 + e) lIJ 14 + ' ... 

",hore, 10 the first approximation 

1 BTk 1 Rl'k 
Cl = --- dl = -, --;---

2 ''/!Tpl ti .v21ill 

1 
cl3 = - 2Rl'k (m201+RTl.mll) 

1 BTk 
el =---

121u
3
Tpl 

1 
e. = -::- Trnao .. , 

1 RTkmao 
Tho expl'ession 4 cl e.-et3 ~ = -- ' is always posith'e hen('e 

2 [UT/Il 

11130 is alwa,)'s negative; it follows that the plai1point on the t"· RlU'

face iE> always of the first kind 3). 
Since d3 = 0 when 1n\1 + RT"mll = 0, the secOlld special case 

of border curve and connodal line treated by me 4) agl'ees with tbe 

1) The following expansion can thus he used to determine the coordinates of the 
critical point of contact, (cf. KEES OM l.c. p. 342). 

2) The expressions for dJ and el> agree with those found hy KEESOM (1. c. p. 341). 

3) See KORTEWEG, Wien. Ber., p. 1158. 

4) Proc. Amsterdam 27 Sept. 1902 p. 329. The rcference to this special case 
allows me to correct some mis takes in the formulae whirh are connecled with 
this and the preceding special cases. In Proc. of 28 June 1902 p. 267 line 2, 
read: 

( 
1 mllm21 1 m\lm4') ~ 

PI - PTk= m02 - -3 + -5 2 ;:/, 

mao m 30 

and in Proc. 27 Sept. p. 328, line 12: 

Further in the last Proceeding p. 329 lille 9 for the coefficient of mR1~o, 

5 
read 4 instead of "2 
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first donble-plaitpoint case of KORTEW1~G I). The second case fol' a 
double-Illaitpoint, i. e. 4 cl e5-ds

2 = 0, does not occur on the lp-surface. 

16. Application to a pa1,ticulal' equation. 

In a communication published in the Proccedings of the Academy 
fol' 31 Jan. 1903, KORT1~WEG has determined the plaitpoint ~nd critical 
point of contact for mixtures with a small proportion of one component, 
but on the assmnption that these mixtures &atisfy VAN DER WAALS' 

equation of staJte 

where 

anel 

ET a.cl 
p=----, 

v-bx v~ 

O:J. = Ol (l-,v)' + 2012 I/] (l-m) + O. IV'. 

The formulae fonnel by KORTEWEG can be inuneeliatcly deduced 
from In," formulae, \Vhen we introduce t11e special forms whieh my 
eocfficients will then a&smne. 

Fil'st we may note that, jn this case, t11e cl'itic'al C'ons!ants fol' the 
homogeneous mixture are 

, 8 ax 1 (tol. 

1 ÛC = 27 bxR ' p.ck = 27 b'x and Vxk = 3 b.c , 

1) 1. c. p. 1166. In using the same method with KORTCWEG'S equation (2), as I 
have used to determine the critical constants, I have found the following expression: 

and 

4cl e4e5 + d2 ae4-4d,dae5 -41JI da/ o 
,IJ. + VI = 4 (d2 -4, ) (.?J. + ,VI) , 

e5 3 IJle. 

ds 
(V, - VI)' = - - (,v, + tV1), e5 

4d.e' 5-2dae4e5+d' sfo 
IU. - ,'IJl = 2 ([2 -4 ) (IV. + ,UI) (V. - V I) , 

e5 (a Cl e5 

where Xl> X2' 'lh and Y2 are the coordinates of lhe ends of the tangent·chord. 
In the special case when ds = 0 we get 

1 e4 1 d. 
Y~ + YI = - -4 - (,v2 + ·'lJ1 ) , 'V 2 - il\ = - -- (,v 2 + ,VI) (Ys - YI) 

~ 2s 
and 

1 (d 2 
3 eO ) 

(V'-YI)' = -2 ~ - e3 + -8 ~ (,'IJ. + .V I )2. 
el; IJl e. 

By the introduction of the above valuec;; fol' the coefficients, my expressions 
fol' <1>, lP and E are again found. The {irst appl'oximation fol' d2, Cl and es will 
then be cel'tainly insuflicient in the last expression, 
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so Lhat KAlI1EULINGll ONNES' coefiicÎcJlts (I, ~ anel "I bec0111C 

(
,tu b12) ct=2 ---
al bI 

I~ = 2 (1 +_'t12 
- 2~) 

al bI 

FurLher we fincl, b,v eomparing 111,)' eqnation (18) wiLh the _abovc 
eq lHttion of state: 

(a
p ) 2 al ( a l2 bu) mol = - =--" 1-3-+2-a,u TIc 27 bI- al bI 

1 (a3p ) 1 al 

tn
30 = 6" ov3 Tic - 486 b

l
5 • 

If thesc special values are substiLuted in 111,)' g'enentl f01'111Ulae, 
KORTImEG'S special fOl'mu lae are obtainecl, and in addition some 
whieh he has not given. These arc not given here as the.r [l.rc not 
sufficientl,)' simple and the,)' can also be easily l'epl'oducecl. 

KORTI~WI':G has alreaely given the results obtaineclli'om these fOl'mnlac. 
1 will here on 1,)' 1'e111ar1l: thaL 1he speciat cases '1, 2, 8 aud 4_ of 
KORTEWEG'S fig. 1 agree wiLh my fig. 15 and the cases 5, 6, 7 and 
8 with 14. As fig. 15 is obtained for the case that tn2 

Ol +.RTk 1nll>O 
auel fig. 14 when m\1 + .RTk 1nll < 0, the bonndal''y helween t!le 
two cases is detel'mined by tn'ol -+- RTk rfl ll = 0, which in cOI1J1ection 
with the special equatiol1 of state eau be written 

(
1 _ 3 au + 2 bI2)'+ 8 ('tI2 _ bI,) = O. 

al bI al bI 

This is the equation of the parabolic border curve given by KOH'l'EWEG. 

(June 24, 1903). 


