
- 1 -

Huygens Institute - Royal Netherlands Academy of Arts and Sciences (KNAW)
 
 
 
Citation:
 
Johannes Diderik van der Waals, The liquid state and the equation of condition, in:
KNAW, Proceedings, 6, 1903-1904, Amsterdam, 1904, pp. 123-151 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This PDF was made on 24 September 2010, from the 'Digital Library' of the Dutch History of Science Web Center (www.dwc.knaw.nl)

> 'Digital Library > Proceedings of the Royal Netherlands Academy of Arts and Sciences (KNAW), http://www.digitallibrary.nl'



- 2 -

( 123 ) 

Physics. - "Tlw liqttid state and tlw equCttion of condition." By 

Prof. J. D. VAN DER WAALS. 

(Communicated in the meeting of May 30th and June 27th 1!)03). 

It lIas been repeatedIy pointed out that If we keep the values of 
thc quantities a and b of the equation of state constant, this equation 
indicales the course of the phenomena only qualitatively, bnt in 

I 

many cases does not yield nmnerically accurate l'esnlts. In pal'-
ticntal' DANIEJ, BERTHELOT testing the cquation of state at the expe
rimental investigations of AlIfAGAT, has sbown that there occnl' some 
curves in the net of isothel'mals, e. g. those indicating thc points for 
which tlle vahre of the product pv is a minimum, anel othel' curves 
of the sa,me kinel, whose general comse is cOl'rectly predicted by the 
equation of state, bnt whose actllal shape anel position as eletel'mined 
by the experiments of A1II1\GAT, shows C'onsiderablc deviations from 
the course of those curves as it may be deriveel fl'om the eqllation 
of state. 

In consequence of this cil'cumstance the quantities Ct anel b have 
been consIc1erec1 as functions of the temperature anel volume. All'eady 
CJ,AUSIUS pl'oposeel such a llloelification for the qnantity Ct; for car
bonic aciel he does not put a = constant, but he lllnltiplies it with 
273 

Such a moelification 8eems to be requireel principally with a 

view io the course of the satumted vapoUl' tension. 
Fl'Olll the beginning I lllyself hm'e cleady pointed out that, though 

Ct may pl'obably be constant, th is cannot be the case with the quantity 
b. One of the circumslances which I was conyinced that I had shown 
wlth the highest degree of certainty as weIl in the theoretlC wayas 
by means of the compal'ison of the experiments of ANDRMYS, was 
that the quantity b must elecrease when the volume decreases. So 
for carbonic acid I calculateel for b in the gaseous etale at 13°1 the 
value 0,00242 anel in the liqnid state a value elecl'easing to 0,001565. 
But the law of the variability of b not being known, I have been 
often obliged to pl'oceeel as if b were constant. In the following 
pages I will keep to the suppositions assnmecl by me from the uegin
llmg, namely that a is constant anel that b varies with the volume; 
allel I will show th at if we do so, the considerable deviations elis
appettl' fol' t11e gl'eatel' pl1rt anel that it is pos8ible to as8ume a.lready now 
a lnw for thc vnl'iability of b with the volume, fl'oll1 which we may 
ealculatc in many cases numerically acc11l'ale data even fol' the liquid 
state at low temperatures. 



- 3 -

( 124: ) 

To that pmpoRe we shall begin wilh Iho c1i&cns&ioll of tlle ten sion 
of /he saLlll'atod vapolll' o"ol'_liquids at low Lemperatme. FrOlll the 
('onditiol1s fol' ('oeÀisting phases of a simplc subs/anee, tlmt namely 
IJ, T anel tho thermoclynmnic potential are the same in both plmses, 
follows: 

or 

( PV _!.. - BT r~) = (PV - :.: - BT r ~). 
v J ~-b 1 v J ~-b 2 

If we put b = constant i. e. IJ inclE'penclenL of the volume, tlten the 
latter equation assnmes the ·well known form: 

[pv-: -R1'lOg(V-b)I=[PV-: -B1'lo.g(V-b)1 

Pl'operly speakillg this equation is not suitable for the direct ('alclllatlOn 
of (he coexistenee pressll1'e; it must be eonsiclerecl to give a relatIon 
between the speeific volLlmes anel so also between the clensitICs of the 
eoexisting phases. At lower tempemtures, 11oweve1', for whieh the 
vapour phase, which we have mdieated 11y 111ean& of the index 2, is rare 
anel may be estimatcd not to deviate notIceably from tlle gas-laws, 
tbe equatlOn beeomcs sui/able for the calculation of thc pressl1l'e of 
the satumted vapour. In tlllS case it aSSUll1es the following farm: 

PVI _:.: - BT ZO!) (v 1 -b) - Rl' = Rl' log ]1:J" 
VI " 

We find aHer succcssive deductions wInch are too sim plo LO l'eqmre 
special chscussion: 

a a(v1-b) (a) " p(v1 -b) 
PV1 -- + - P + -2 (VI -b) = R1Zo.q B" 

b ~VI VI 1 

a VI (v l -2b) 
-p 

b 'b V -6 ________ + _I_ 

RT b 

= R'l'lO[J -----",P
a 

P+-
V 1

2 

= B'l' log --.E_ 
a 

P +..2:.-v 2 
1 

P 
=log-~-

a 
P+-V 2 

I 
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a 
Undonbteelly p may be neglected hy the side of - . Even if p 

V1
2 

amounts to one Atmosphere, its value is certainly still smaller than 
a v~-20 

O.0001th part of -. In the same way p --b- may undoubteelly 
V1

2 

be neglectcd hy t110 side of ~ Ol' pV l (v l -2b) by t11e side of a -

- a 
anel this for the same reason, for -( 'b':::-) is a quantity of tbc same 

VI - VI 

a 
order as -. 

VI' 

So the eqnation may be simplified to: 
a 

p b vl-b 
log -; = - R'l' + -b-

VI' 

• • . . • (1) 

Fol' the limiting case, when VI may be equated to b, we get: 
a 

P b 
log -; = - RT' 

b2 

If we introduce the critica} data, namely: 
1 a 8 a 

pv = 27 lfi and RTk=27 h' 
then we get the following eqlIatiOll for the calclliatiou of p. 

p 27 Tk 
-log-=- - -log 27 

Pk 8 T 
or, as log 27 is equal to 3,3 aud may therefore be nearly equated 

27 
to 8 we get with a high degree of approximation: 

p Tk-T 
- log - = 3,375 --. 

Pk T 
This last equation is nearly equal to that derivecl hy prof. 

KAlImltLINGII ONNES by meanc; of a graphical mcthod fi'om the equation 
of state with a and ij cOIl&tant, 11aJnely: 

_ log P = 3,4 (Tk-T) 1) 
Pk '1' 

KAMERUNGH ONNl~S found this equation to hold in approxÎluatioll np 
to the critical temperature, here we could only derive it fol' low 

1) Arch. Neérl. Livre Jub. dédié à H. A. LOREN1'Z. p. 676. 
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tempel'u,fl1l'es" If in eqnation (1) we do not immediately intl'oc1l1ce 
VI = b, we may write it as follows: 

a 

or 
a 

P b v1-b VI 
log ~ = - 1l1' + -b--- 2 log b' 

b2 

Fol' vu,lues of VI only slightly gl'eater than b ·we ma,)' write 
v1-b VI 

b for 10,IJ b' So we get: 

p 27 'h vl-b 
- log - = - - +- -- - lal} 27, 

Pk 8 Tb' 

v1-b , 
The valne of -- vm'les witl! fhe tempel'u,tlll'e and stnrls \vith 

b 
the value zero fol' 1'=0°, It lUny be cnlculatecl fi.'om: 

.::... (ol-b) = RT. 
V 1

2 

This last eqnatioll ma)' be written a6 follows: 

8 T (-t- 1
) 

27 Tic - (~1 Y . 
'1' ] 5 V -b 1 l' 

With 1'k = 32 we ,find fol' T Lhe Y~due 5 allel witJt Tic = 0,54 

l l' 1 b 
1 1 W'l I f'v l

- 02125 t Ie va ne 4' ü 1 Tic = 2 t 10 \'aluc 0 -b- is equal io , . , 

v -b 27 '1' 
The quantif v _1_ vu,l'ving wHl! the teml)cl'aLl1l'e, the term 

J b J ~ 8 J~ 
does not l'epresent the total vilriation of {:l wUh the tcmpel'alure, 

, l' elp 
but tIte diffel'ence is smal!. We might cl1lcnIatc tIle value of --, 

p cll 
ft'om the above eql1ation, but it is simplel' to calcnlate this qnantity 
fl'om tIle following equation : 

'J' (:~,)~- p = G:)T 
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For coexisting phases this equation becOInes: 

dp E2-E1 1\--p=--
dT V 2-V1 

or 
a a 

. . • (2) 

For low temperatm'es this yields: 
a a a(v1-b) 

!.. dp _ I = ~ = ..!.-. _ v1b 
P dT Rl' Rl' Rl' 

or 
a 

l' dp b VI 
---1=---
P dl' Rl' b 

Ol' 

T dp _ 27 Tk _ v1-b 
pdl'-S T b 

For 'T = 'Tic equation (2) yields: 

(!.. dP) _ 4 
P dl' k - • 

For the highest temperature, therefore, at which the pressure curve 
l' 

occnrs, the coefticient wUh which 1~ must be mnltiplied in order to yield 

the value of !.. aP
l
, , does not diffel' much from that for the lowest 

pd 
temperature at which the liquid may exist without solidification. 

Here we have one of the strikmg inbtances, how the equation of 
state with constant a and b may repl'esent the general course of a 
quantity jnst as it is founel in reality, though the numerical value 
cliffers considerably. Fol' the rea1 course of the vapour ten sion is at 
least in approximation repl'esented by the fOl'mnla: 

p Tk- T 
-log-=f , 

Pk . l' 

but the value of f is not 4 Ol' &omew1mt less - but for a gl'eat many 
su bstances a value is foul1d "\vhich does not differ much from 7. 

Bcf'ol'c dibcussing this point fUl'tbcl', we &ha11 calculate some other 
quaulitics whose values for the liquid state for 10w tempel'atures 
folIow fi'om the equation of state when we keep ({, allel b constant. 

9 
Pl'oceedings Royal Acad. Amsterdam. Vol. VI. 
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Let us take again p to be so small that we may wl'ite 
a - (v--b) = Rl'. 
v~ 

From this we may deduce: 

1 = (T ~) X j_V _ 21 . . : . . (3) 
, v dl' p=O v-b I _ 

l' v 
For -T = 0,585 (Ether at 0°) - is equal to 4,7 as appeal's ti'om : 

k v-b 

With this value ~b = 4,7 we find: 
'V-

: (:;\=0=2> 
So we find for the coefficient of dilatation under low pressure 

and at this tempel'ature which is so 10w that we may neglect t11e 
pressul'e, the value: 

~ (dV) _ 0,00367 _ 00 6 - - 0, 13. 
v dl' p=o 2,7 

Comparing this value with that which the experiment has yielded 
and which we may put at 0,001513, we see tllat it may be used 
at least as an approximated value. 

The above equation (3) yields for ~ (dd;) with v = 2b an 
v 1'=0. 

l' 27 I 

infinite value and 80 l'k = 32' This quite agrees with the cil'cumstance 

that the isothermal for ~c = :~ touches the V-axis anel it wal'l1S us 

that equation (3) cannot yield any but approximated vatnes for much 
10wel' values of ~T. 

For the coefficient of compressibility {j namely' - (~) in tlwJ 
vdp 7' 

same liquid state we find 

-v1 (ivJT (:~'~)2 - ~: = v:{v
t

V1 

b - 2) 
or 
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With the aid of the abovo data and putting 7Jk=37,5 atmospheres 
we find: 

~ = 0.0006 (nearly). 
The experiment has yielded no more than about 0,00016 for this 

value. So we have found it so many times too large, that for this 
quantity the eql1ation of state with constant a and b cannot be con· 
sidered to hold good even in approximation. 

From the wen known equation': 

(:;\(~~)J~:)T -1 
follows 

~(~) (_V~)-1,(ap) 
v al' p aVT - aT v 

and therefore 

~(élV) X ~=~ 1) 
v élT p ~ v 2 

With the values mentioned above and yielded by the experiment 
we should therefore have for ether at 0°: 

------ - 27 X 37,5 -
273 X 0,001513 _ (b)2 

0,00016 v 
Ol' 

According to this equation v should be smaller than b which would 
be absurd, if b does not vary with the volume. 

RL' 
. If we calculate the value of b ti'om __ k t1len we find for ether 

8pT.: 
b = 0,0057 circa; in reality the liquid volume appears to be smal· 
lel' than b. Dividing namely the molecular liquid volume by the nor
mal molecular gas volume we find ab out 0,0047 2

). From this appears 
convincilJly that the variability of b exists in reality and that tlIere
fore all equation of state in which this variability is not taken into 
account, camlOt possibly yield the data of the liquid state. 

Let us return to thè equation: 

PT.: l',.-T 
-log p =1 l' ' 

which holds goç>d at least approximately, as is confirmed by the 
expel'iments, if we take 1'01' l a value which is about twice as gl'eat 
as would follow ti'om the equation of state if we keep a and b con-

1) Continu;tät 2nd Edition, p. 171. 
2) Continuilät 2nd Edition, p. 172. 
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stant. What modification must the equation of state be subjected to 
in order to account fol' this twice gl'eater value? CLAUSIUS answered 
this question by supposing a to be a function of the tempm'ature 

273 
e. g. by substituting a T for it. 

When we consider the question superficially, the difficulty seems 
to be solved. But it is only seemingly so. At T= Tk this modifica
tion really causes f to assume the value 7 - but this supposition 
has consequences which for lower temperatm'es are contrary to the 
experiment. If we calculate the value of 

dp E2-E1 
T dl' - P = ---=---"

V 2-V1 

. a 273 
as on page 4 and lf we take into account that E = - 2 - -- we 

v T 
find 

a 273 
2--

Tdp V 1 T 
p-d-l' - 1 = ----:'R=,]::-' -

For lowel' temperatm'es we will put v1 = band we deducC:' 
approximately : 

Tdp a 273 
-=2-
pdT b Rl'2 

T dp = 2 27 (Tk)2. 
P dl' X 8 l' 

T 1 l'dp 
For l'k = 2" we find then for p dl' a value which is not twic~ 

as great as that which follows fl'om a constant value of a, but a 
value which is fom times as great. 

The equation: 

[PV -}dVI = [pv = JPdvl 

yields for this value of a : 

-log :k = 2 X 28
7 (~~y - log ( 27 ~~) + 1. 

In order to agree with f (~~ -1) the positive term of the right-

27 T 
hand member of this equation should have the form 2 X 8" 1~; and 

the negative term should not be lO,q 2 X 27, but log 27 2
, 

1) Continuitàt, p. 171. 
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The impel'fect agreement between Hw rea] course of the vapour 
tension and that derived from the equation of state with a and b con
stant, has induced us to assume that a is a function of the tem
perature. It appears however that this agreement is not satisfactorily 
established by the modification proposed by CLAUSIUS. It will there
fore be of no use to proceed further in this way - specially be
cause this modification in itself is certainly insufiicient to account for 
the fact that liquid volumes occur which are even smaller than b. 

lf we had not supposed a to increase so quickly with decreasing 
T 

Trc 1-, 
tempm'ature as agrees with a T; if we had chosen ae Tic for in-

stance, then the greater part of the above difficulties would have 
vanished. 

We should then have found: 
T 

T dp 1 ( T) a e
1
- Tk 

p d'l' - = 1 + Tir RTv
l

' 

The expression (,'+ ;~} I - :. is equal 10 2 at T = T, and at 

T = 0 it would have increased to e = 2,728 etc.; so the increase is 
relatively small. But the term which should be found equal to 
log 27~, would also have remained far below the required value. For 
this reason it seems desirabIe to me to inquire, in how far the 
variability of b alone can account for the course of the vapour 
tension. c 

As I dared not expert that the variability of b could explain the 
course of the vapoul' ten sion as it is found experimentally, and in any 
case not being able to caleulate this variability, I have of ten looked 
fo!' othe!' causes, which might increase the value of the factor f from 

27 . 1 1 Th . a . h - to ab out tWlce t lat va ue. e quantIty - representmg t e amount 
8 v 
with which the energy of the substance in rare gaseous condition 
sUl'passes that of the same substance in liquid condition, and this 

Tdp 
quantity seeming - from the value of - - to be only half of wbat 

pdT 

it should be, I have thought that the transformation of liquid into 
vapour ought perhaps to be regarded as to consist of two transforma
Hons. These two tl'ansformations would be: that of liquid into 
vapour and that of complex molecules into simple gasmolecules. 
If this really happened then the liquid st.'tte would eE>sentially differ 
fi'om the gaseous state even fOl' substances which we conE>idel' to be 
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normal. We should t11en have reason to speak of "molécnles liquidogènes" 
and "molécules gazogènes". It~ would then, ho wever, be required that 
the following equalities happened to be satisfied. In the first place 
the two transformations would require the same amount of enel'gy; 
and in the second place the number of "molécuJes liquidogènes" in the 
liquid state 1) at every temperature would have to be prop0l1ional with 

tI I f P(V2--V1) Tl f' 11' t' ld h h Id Ie va ue 0 T' le û owmg equa IOn wou t en 0 : 

a a ---+ (,V 2 -tlJ1)E -
Tdp V 1 V 2 a (,v 2 -,vJs 
-,-1= -+. 
pd1 P(V2-V1) V1V2P P(V2-V1) 

Not succeeding in deducing this course of the amount of the 
liquidogène molecules from the thermodynamic 1'ules and in acroun
ting for the above mentioned accidental equalities I have relinquished 
this idea, the more so as this supposition is unable to explain the 
fact that the liquid volume can decrease below b. 

If we ask what kind of modification is required in the equatioJl 
of state with con::;tant a and b in order to obtain '1 E,malleL' vapour 
tension, we may answer that question as follows. Every modification 
which Iowe1's the pression with au amount which is larger aecording 
as the volume is smaller, satisfies the l'equirement mentioned. In 
the following figure the traeed Curve represents the isothermal for 
constant a and b; the straight line AB, which has been constructed 
according to the weIl known rule indicates the coexisting phases, 
and the points C and D represent the phases with minimum pressure 
and maximum pressure. The dotted curve has been constructed in 
such a way that for very large volumes it coincides sensibly wüh 
the traeed curve, but for smaller volumes it lies lowel', and the 
distance is the greater according as the volume is smaller. Then 
the point D' has shifted towards the right and the point C' towards 
the left. For in the point exaetly below D as weIl as in the point 

exactly below C the value of ~~ fol' the dotted curve is positive; 

these points lie therefore on the unstable part of the modified iso
thermal and the limits of the unstable l'egion are tarthel' apart. 
But it is also evident - anel this IS of pl'llUary interest - thai 
if for the moelified isothel'mal we trace again the straight HIle of 
the coexisting phases accol'eling to the weU lmow 1'u1e, this linc 
will lie lower than the line AB, The area of the figure above AB 

1) Diminished with that number in the gaseous state. 
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D 

~ ________ ~~7-______________ ~B 

,/ -- B' 
-~~----------------~ ....... " A " --------

I 

c .......... 

has deCl'ea5ed, that of the figm'e below AB has increased in conse
quence of the modifieation. The line A'B' must therefore be tl'aced 
notieeahly 10wer in order to get again equal areas. B' will of course 
lie on the right of B, and we mayalso expect that A' will lie on 
the left of A. 

We have, however, put the question in toa general terms; fol' 
our purpose it should have been put as follows: wIlat modifieation 
in the quantities a and b makes the vapollr pressure at a temperature 
which is an equal fi'action of Tf,., decrease below the amount which 
we find for it, keeping a and b constant - and it would even be 
still more accurate not to speak of the absolute value of the pres-

sure, but of the fraction ..!..... The modifications in a and b should 
Pk 

t11en be such, - if we base our considerntions on the preceding 
figul'e - that in consequence of the modifications themselves the 
valnes of Tk nnd pA eithel' do not change at all or very slightly. 

If we mnke (f, a function of the temperatm'e we have to compare 
the following two equations: 

and 

Rl' a 
P=--

v-b v2 

RT aTk 
p= v-b - Tv2 

8 a 1 a 
Bath equations yield RTl. = 27 band Pk = 27 b2 i. e. the same 

values for Tk and Pk if a and b have the same values in both 
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equations. The valuc of lJ - the values of Tand v being the 
same for both Curves - for the modified isothel'mal is sImtlIer than 
th at fol' thc isothcrmal with constant a anel b, and tho eliifereucc is 
greatcr aceording as the volume is smaller. According to thc figlll'c 

p '1' 
discussed - - the value of - being the samc for both curves -

PIc Tk 
will therefore have a smaller va]ne for the modified isothe1'111a] than 
for the unmodified one. A val ne of a increasing with decreasing 
value of v wonld have the same effect. But I' have rÎüt eliscnsscd a 
modification of t11is kind, at least not elaborateIy, because I had con
cludeel already before (see "Livre Jub. dédié à LORBNT7," p. 407) that 
the valuc of the cocfficient of compressibility in liquid state cau onIy 

a 
be explained by assuming a 1110lecular preSbUl'e of the for111 -. The 

v' 

supposition of complex molecules in the Iiquid &tate would invo1ve 
Rl' 

a modification of the kinetic pres su re to -- r(vT), where cp (v, T) 
v-b 

must increase wit11 decreasing value of v. Also this supposition would leael 
'1' 

to a smaller valne of ~ fol' the same va]ue of -. This is namely 
Pk Tic 

certain]y true, if thc gl'eater complexity has elisappeared in the critical 
state, anel if therefore the values of Tk anel 1Jl. are unmoelifieel; pro
bably it \Vill also be the case if still same complex molecules OCCUl' 

even in the critical &tate. But whether thi8 is so or not can only be 
settled by a elirect closer investigation, anel for this case the property 
of the drawn figl1l'e alone is not elecisive. I have, however, ah'eady 
shown above, that we cannot regal'd this circu111stance ab the 
probable cause of the considerabIe elifference between t11e real value 
of the vapour pressUl'e anel that calculated from the equation 
of state wlth constant a anel b. So we have no choice but to 
return to my ol'iginal point of view of 30 years ago anel to suppose 
b to be variabie, so that the value of b clecreases with clecreasing 
volume. It is clear that a variability of this kind canses t11e kinetic 

R'1' 
pressure -- to be smaller than we should find it with constant b, 

v-b 

and the more so accoreling as b is smaller. Moreover it is possible 
in this way to account fo!' the fact, that liquiel volumes occur smal
ler than the value which b has fol' ve1'y large volumes anel which 
I shall hencefol'th clenote by bg, Or I may more accurately say that 
I elo not return to that point of view, fol' properly spealdng I have 
never left it. As Ihe law of the val'iability was not known, I could 
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not devclop the consequences of this decl'easing value of b - but 
it nppears al ready in my paper 011 "The eqnation of state and the 
thcol'y ot' cyclic motions" and in the pnper in the "Livre Jub. dédlé 
à J..JORNNTZ" quotetl above that I still regarded thc qnestion from thc 
same point of view. 

l\fy fil'&t supposition concerning the cause of the deerease of b 
with lhe volmne ,vns not thai. the smaller vfI,lue of b corresponded 
to &llmllel' vohlllle of the molecules. b'l being eqnal to four times 
the 11101 ec u In. l' volume, I supposed smaller values of b to be lower 
multiples of this volume. In th is wny of considering the question 
the decrease of b does not indicate a renl decrense of the volume 
of the molecules. Wc will therefore call it a qllasi-dccrease. 

1t can scarcely be doubted that such a quasi-decrease of the 
volume of the molecules exists. In hi& "Vorlebungen" BOLTZMANN 

started from t11e fUl1damental supposition that the state of equilibrium 
i.e. the state of maximum-entro!>y is at the same time the "most 
probable stnte"; in doing which he was obliged to take into account 
the chance that two distance spheres partially coincide. And comparing 
the exprebsion which he found in this way for the maximum-entropy , r dv 
with the expression BJ ~-b (i. e. the entropy in the state of equi-

lIbrium nccordil1g to the equation of state) it was possible 1'01' him 
to determinc the vnlues of &ome of the coefficients of the expression : 

'l'hi3 method is indirect. I myself had tried 1,0 find these coeffi
ciellt& by investigating directly the influence of the coincidence of 
the distance spheres on t11e value of the pressure. According to 
these two different methods different values for the coefficients were 
fOl,md. lVly son has aftenvards pointed out (see the&e Proceedings 
1902) thnt a1&0 according to the direct method a value of a equal 
to that calculated by BOLTZMANN is found, if we form anothe1' 
conception of the influence on the pressure than I had formed and 
since then 1 am -inclined to adop\t the cocfficients calculated accordmg to 
tbe methocL of BOLTZMANN as accUl'ale. 

But these values apply only to spherical molecules and on1y in 
the case of monatomic gas es we may suppose molecules with snch 
à shape. It is not impossible thn( for complex molecules these coef
ficients will be found to be much smaller. lVlol'eover for the determina-

tion of r dv lmowledge of all the cocfficients is l:equired - and 
Jv-b 
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we cannot expect that the ealculations required 1'01' this purpose will 
soon be pel'formed. Even the determination of [j l'equired an enormous 
amount of work - compare the calclllations of VAN LAAR. 

For complex molecules anothe.1' reason is possible for decrease of 
b with decreasing volume. The molecules might really become 
smaller under high kinetic pl'essure Le. in the case of high density. 
If the atoms move within the molecule - and "I'e can harelly eloubt 
that they do so - they require free space. Anel it is highly probable, 
we may even say it is certain, that ihis space will diminish when 
the pressure which they exercise on one another, is increased. The 
mechanism of the molecules however being totally unlmown it is 
impossible to deciele apriori whether this elecrease of the volume 
of the molecules will have a noticeable effect on the course of 

i 

t11e isothermal. In my application of the theory of cyclic motions 
on the equation of state I have tried to give the formula whieh 
would l'epresent such a real decrease of the volume of the molecules 
with diminishing volume. VAN IJAAR has testeel this formula to AlIIAGAT'S 
observations on hydrogen, - and though new difficulties have 
a!'isen, the agreement is such that we may use the given formula 
at any rate as an approximated formula for the dependency of IJ 
on v. I will appIy the formula, which may have a different form 
in different cases, in the following form: 

__ 0-1 ___ 0 b-b (b-b )2 
v-b - bg-bo ' 

. (4) 

The symbols bg and bo in thiH formula denote the Iimiting values 
for b, the first for infinitely large volumfl, the secOlld for the 
smallest volume in w hich the substance can be contained. For 
more particulars I refer to my paper on "The equation of state anel 
the theory of cyclic motions." VAN LAAR concluded from his inves
tigation that agreement is only to be obtained if bo elecl'eases with 1', 
aresult which I myself had all'eaely obtaineel applying the fol'mula 
for carbonic acid (Arch. Néerl. Serie Il, Tome IV, pag. 267). lfthis 
is l'eally the case and if it appears to be also true aftel' we have 
modified the fol'mula in some way or othel' compatible with the 
mannel' in which it is derived, t11en the followillg differellCf\ exists 
between the course of b with v when ascl'ibed to a quasi-diminishing 
and when ascribed to a reaf diminishing of the volume of the 
molecules: in the first case b is independent of T, in the secOJid 

case however it does depend on T. The fact that (dP) is not per-
dt v 

fectly constant seems to plead fol' the latter supposition. 
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For the present, however, I leave these questions and difficulties 
out of considel'ation, and I con fine myself to showing that a for
mnla of tho form (4) can l'eally make the considerable differencos 
disappeal' which we have met with till now. The more so as this 
formula appears to be adapted for the derivation of general conse
quences, which follow from the decl'ease of b with v. I 1eave the1'e
fore a possible depelldency of bo on T out of consideration. Moreover 
in applying the formula I will suppose b" = 2 bo• I choose one -
in some respect arbitrarily - fl'om all the forms which 1 have found 
to be pos si bIe (compare a1so my paper in. the Arch. Néerl. "Livre 
Jub. dédié à Bosscha). The numerous calculations required in order 
to investigate in how far modificatioJls are necessary and possib1e 
in order to make the agreement with the experiments more perfect, 
may perhaps be perfol'med later. 

A. T!le tension of the satumted vapou1'. 

Let us begin with the calculation of the pl'ebSUre of the saturated 
vapour at low temperaturos and let Ub to that purpose write the 
equation expressing that the thel'mo-dynarnic potential has the same 
value in coexisting phases, in the following' fOl'm: 

[
PV_':..._RT(d(v-b) -RT(dbJ' = [ 

v J . v-b J v-b 1 
. . . . . . . . . 1 

of 

[pv- ~ - Rl'log(v-b) - R1f:~b 1 = [ . . . 1 
In my paper "De kinetische beteekenis der thermodynamische 

potentiaal" I have already pointed out the signification of the teJ'm 

f; db 
Rl' --b; it represents namely the amount of work pertormed by 

~,-

the kinetic pres su re on the molecule when this passes in a reversible 
way from the condition of the first phase into that of the second 
phase and whe~ its volume is therefore enlarged €'ither fictitiously or 
as we now take it to be, l'cally. We may calculate th is term if we 
assume the chosen form for band this is one of the l'easons why 
I adhere to the idea of a real increase of the moleculal' volume. 
But though its value may depend upon the pal'ticular form which 
we have assumed fol' b, it wiH certainly have a positive value for 
every law of variability of b with v which we may cho08e. 

I' fdb b-bo 
Jet us for the calculation of v-b denote b -b by z, then we 

g 0 



- 17 -

( 138 ) 

have db = (bq-bo) dz a.nd according to the form- of formnla (4) 
ehosen for b: 

bq-bo l-z2 
--=--, 
v-b z 

in consequence of whieh r db
b 

passes into f l-z' dz = log z - ~Z2. 
J~- z 2 

Substituting into the expression for the thel'modynamic potential 
we get: 

pv - - - RTlog(v-b) - RTlog---O 
_ -RT __ 0 

a b-b 1 (b-b)' 
v bq-bo 2 bu-bo 

If we suppose the tempm'ature to be low, the second phase is a 
rare gas phase and we have: 

p b-bo pv = RT, log (v -b) = - log - and ---= L 
RT bg-bo 

In consequence of this we get: 

a bl-bo 1 (bl-bo)' p 1 pvI---RTlog(v1-bJ-RTlog----RT -- =R'1;+RTlog- --RT 
VI bg-bo 2 bg-bo RT 2 

Or 
a v -b 

b --+RT I 1 
P 1 b b 

P (V -b )' b -b 1 b -b P 
I I -R1'log-l_o+-Rl'-I-o=RTlog---. 
bi bg-bo 2 vI-bi a I 1 

p+-
v ' I 

As yet we have not applied any approximation for the liquid 
eOlldition. 

If in the first membel' we eollect the terms eontaining p, we may 
write them as fo11ows: 

VI ~-2blvl 
-p----. 

bi 
The value of VI in the Jiquid eondition being only slightly larger 

than 2b l , the value of this expression remains below pb l and it may 
eertainly be negleeted; if in the seeond mem bel' we neglect also 

a I 

P eompared with 2' then we may write the equation fol' the caleu-
~ -

latioll of the val)our pressUl'e at low temperatUl'es as follows: 
a 

p bi Vt-bl bl-bo bl-bo log-= - -" + ---log--+ ~ -- .. (5) 
a m ~ ~-~ ~-~ 

VI' 
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In' order to drawattention to the_, principle cil'cumstances, we 
shall assume for the present that the following equations also hold 
in tbe case that b is variabIe : 

8 a 
R'l'k= --

27 b,q 
and 

1 a 
Pk = 27 T;2 

g 

Equation (5) may then be written in this form: 
p 27 Tlcbg Vl ' bl 'l bl-bo bl - bo 

log (b)~ = - -8 -T -b' + --- og-- + t --. q 1 bl bg-bO vl-bl 27pk -
Vl 

A comparison of this equation with: 

_ log p =! (Tk -1)' 
Pk T 

shows that it is possible to satisfy the condition that the coefficient of 
T b 
'l~ approaches to 7 by equating b

q to 2, i.e, by assuming that the 
1 

molecules in volumes equal to the volume of liquids at low tempe-
ratm'es are only half as large as those in the gaseous condition, But 

the agreement in the value of the coefficient of ~~ does not suffice for 

establishing agreement between the calculated value and that of 
the formnla whicb at low temperatures is followed by the vapollr 
tension, though it be only in large features, For this purpose it is 
required that 

[
log 27 (bq)~ bq-bo] + t bl-bo + vl-bl 

Vl bl-bo vl-bl bl 
diffel's only slightly from 7, 

We must return to the equation of state in order to be able to 
determine the value of this expression, and we must investigate its 
consequences for the case that JJ may be neglected compared with 
ft 
- So we must return to: v2 ' 

lf we express bl and Vl in the quantity z, we get: 

and 
bl = bo + z (b'l-b o) 
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VI = bo +(~ + 1 Z zJ)(bg_bo) 

Sll bstitutll1g these value& and putting bg = n bo we get the equation: 

Z 

8 T 
n (n-1)-

l_z2 

If we put n = 2, then we get 
1 

z=4 
1 

z=T 
1 

z="'6 
1 

Z=-
7 

for 

" 

" 

" 

T 
Tk=0,8 

T 
-=0,7 
Tk 
T 
Tk=0,65 

T 
-=0,615. 
Tk 

For very small values of z we may neglect .z2 compared to unity 
and we may calculate the value of z from the approxlmated equation: 

8 T 2z 

271'k (1+2z)2' 

1 T 1 
which equation yields the vaille of .z ="9 for Tk = 2' Fol' snch 

bl-bo VI-bi Z VI 1+2z 
small values of z we have' --b = 1, -b-=-1- and -=-1--' 

V1 - 1 1 +z bi +z 
We wm assume that fol' all iemperatures below 0,6 'l'k the vapour 
phase may be considered to have a sufficient degree of rarefaction 
for following the gaslaws; therefore we may assume z to have a 

value below ~. If we choose .z = ~, ihen we find for (~~) 2 the 

value 4 (:~ y = 4 C ~ 2Z) or 4;5
16 = 2,56. With this value 

we bave: 

(
b )2 b -b 1 b -b V -b 1 

log 27 .J.. b
q
- 0+_ I_bo+~b 1=log27X20,5+~-t-O,11. 

VI 1 bo 2 VIII .... 

It is true that this value is smaller than lo,q 27', bnt it n.ppl'oaches 
suffLciently to that value. The fact that it is sffin.Uel' tlmll lo!) 27 2 is in 
perfect agreement with the cu'cumstance that for the quantity J in 

T T 
the formula -log ~ =/ lcr/,_ according to the experiments at low 

Pk .L. 

;; ë:7 ! 
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temperatures a higher value must be chosen in order to establish 
agreement. For a higher value of f yields the same result as a not 

higher valne of f in f;':, from whieh a smaller quantity is subtraeted. 

It might appeal' th at the dependeney of ZJ on T is stl'ongly inel'eased 
by the chffel'ence bet ween the values of z for different temperatures. 
The following l'elation however al ways holds good if b is indepen
dent of T: 

a 

l' dp 1- Vi 

pdT- - RT 

and therefore (see p. 127) 
a 

Ol' 

']' dp _ 27 Tkbq _ Vi-bi 

P dl' 8 l' bl bl 

In the sllpp05ItlOn made here, this IS equal to 

1'dp 271'k z Z 
-- -------
P dl' 4 l' l+z l+z 

wInch e:\.presslOll doet> not vary mnch with z, if z l'emams r:.mall. 
Tdp 

Yet we find the valne of ii dl' at low temperatlll'es for most sub-

stances to be somewhat higher than is indicated by th is fOl'mula. 
We should in fact have fOlU1d a hIgher vallle if we had assumed 
h'l>2bo• If therefore we had onIy to deal w!th the formula for the 
vapom ten sion, 1hen It would be ratlOnal to mvestigate the conse-

1 1 
quences of the snppositions: n = 2 4" Ol' n = 2 2' Other experi-

mental qllal1tJtles ho wever follow 1ess pel'fectly the formllla chosen 
for b, 11' we give n these values Thel'efore I wl11 COl1fine myself 
to the investIgation of the eOl1sequel1ces of the equation <.'hosen fol' 
b with n= 2. 

I think the following theoretical obsel'vation to be of some impol'
tanee, even if we di51'egal'd the q\lestion whelher we have established 
a perfect, llllmel'lCally aCClll'ü.tc agl'ccmcnt with the e:\.periments, by 
assuming the quantity b only to be varmbIe, and even tl11s vana
bIlliy to be independent of' 1'. The pressUl'es III two coexisting phases 
WhlCh lie at a great cllstanee fi'om the cl'ltical conditions satlsfy, if 
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we suppose the volume of the molecules to be il1variable, the follo
wing approximated equation~ 

P b 
log---M- RT' 

In this formula ~.f denotes the pressure of the liquid phase i. e. 
a 

the molecular pressure, and b the heat required fol' the transfor-

mation. 
The following approxlluatecl eqnaflOn holds for molecl1les of 

variabIe volume: 

P bi 
log lvIk = - B1' ' 

a 
whel'e again - denotes the heat required for the transformation, which 

bi 
is greater if the molecules in the liqUld phase are smaller, as weIl in the 
case that this diminishing of the volume is real, as in the case that lt 
is only fictitions. Again the moleculal' pressul'e is a1so higher. But 
the molecular pressure is now pl'oviclecl with the lartol'_ J(. If 
it is a real diminishing then the slgl1ification of this factor can be 
sharply clefil1ed. The factor is ll1 tIns Cc'tse at least appl'oximately 

bq-bo equal to b -b' its signification can be derived from the followmg 
I 0 

equatlOns, (comp. my paper: "The equation of &tate anel Uw Theory 
of cyclic Motions"): 

1.iII + (o;:;pó) I (bl-bo}=RT 
I ub b=b1 I I 

C:b)b=b (bq-ho) = BT 
9 

80 we find for it: 

111 + (OPb) 
bq-bO ob b=b1 --- - --:-::-~---''--~ 

bl-bo (0 Pb) 
oh ó=b 

fl 

Tbe quantity C~b) in this eguation represonts tllO atomie fOl'ceR, 

which keep tIle molecule intact Ol' at least rontl'ibute to tlte C<LllseS 
which keep the molecule intact. Makmg nse of tlllS valne of j( we 
find: 

__ = it; 
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P (;t\=bq 

log J.11 (àFb) 
111+ -

àb b=ÖI 

a 

=-~ 
Rl' 

. (6) 

The fil'&t membel' of this equation con1ains the logarithm of tlle 
product of two ratios, namely the ratio of the inwardly directed forces 
which keep the molecules - çonsidered as separate systems -
inside the vapour and the liquid phase, and the ratio of the inwardly 
directed forces which keep these systems in both phases intact. In 
the case that it is a quasi-decrease it is impossible to indicate the 

J db 
slgnification of !( iu snch a precise mannel' ; but the quantity 'l)- b 

chffering- also in this case from zero, the above eonsiderations show 
with certainty th at the quantity J( exists also in this case. The 
question whether it will be ,argel' Ol' smaller can only be decided 
by a comparison of the course of b wIth v in the supposition of a 
quasi decrease with that in the supposition of a real diminishing, 

1 b-b 
The term 2 v_ba has been neglected in equation (6). This equa· 

tIOn appJies only for low tempel'atul'es, and for those tempel'atm'es 
1 

t11e ter111 in question IS equal to 2 according to the formula given 

for b. Tt is remarkable that also many other suppositions concerning the 
natm'e of the fOl'ces which keep the molecules intact, different from 
those supp08itions which have led to the form chosen for b, yield 
the same equation (6), every time however only aftel' neglection of 
a relatively smHll quantity in whose kinetic interpretation I have 
not yet suceeeded. We obtain equatiol1 (6) w hen we assume, 1st that 
t110 molecule may be regarded to be a binal',Y system consistillg- of 
two atoms Ol' of two closely cOl1nected gl'onps of atoms, whieh we sha11 
eaU radicals, 2nd that these parts move relatively to each other, and 
3ld that the amplitudes of these lllotions are of the same order 
as the dimensions of t11e at0111s. If the parts are radicals, other 
ll10tions take place insicle those raclieals, uut the am plitlldes of these 
1l10tions are &0 8ma11 that they have no noticeable effect on the 
volllme of the mdieals. We have represented the forces vvhich the 
atOll1S Ol' l'achcals exercise on one a11othe1' by a (b-b o), so in the 
gaseOll& state by a (by-be). So, as ,ve have derlVecl the equatlOn: 

a (bg -bo)2 = Bl' 

aud as b,,-bo IS constant, a must be pl'opol'tional with the tempemtll1'e, 
- anel I must acknowleclge that it is clImculi to image a mechanism 

10 
Proceedings Royal Acad. Amsterdam. Vol. VI. 
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for the molecule in whiclt the forces between the two parts of whiéh 
it is thought to consist, satisfy· the conditions, that the)' are prop or
tional with the distance, 11lld at the same time increase proportionally 
with T. Perhaps we get a more comprehensive conception of a molecule, 
if we ascribe the forces which keep the atoms together in th_e molecule 
not to a mutual attraction of the atoms, but to the action of the 
general medium by which the atoms are snrrouneled. The molecules of 
a gas are free to move insiele the space in which t~ey are includeel 
anel they are kept ins iele that space only by the action of the wans; 
in the same way it might be that the atoms of a molecule were 
free to move inside a certain space - the volume of the molecule -
and that they are onIy prevented from separa,ting by a,n encIo,sul'e 
of ether. StIll assummg tha,t b,,-bo lms for a,11 temperatures the 
same value, we shoulcl be aga,in obliged to conclucle tha,t the forces 
which keep the molecule intact me proportiona,l with the temperature, 
but this conclnsion wonlcl now bet much less incomprehensible. 
According to these suppositions it is also rational to aSSl1me that the 
force requil'eel to split up the molecule into two atoms is the smne 
for all tempel'atures. So we shonld obtain the fOl'mula' 

b-b b-b __ 0=1 ___ 0 
v-b bq-bo 

With this eql1atiol1 we have: 
bq bIJ 

J~ fdb\_1 ___ 1_I=109bq-~_b-bo. 
v-b I h-bo b ,- bo \ b-bo v-b 

b b 

bq-b 
The term which must be subtractecl from log --~ has now twice 

b-bo 
the value it had before, but the chief term lms remained unchanged. 
In my fmther investigation, llOwever, I wIll continue with the chs
cllssion of equatiol1 (4), because my chief a,im is only to investiga,te 
the principle consequences of the near]y cerlainly existing eliminution 
of b, independent of the question whether this climmution is realol' 
only fictitious; anel in doing so I wIlI confine myself to a, cel'Lain 
conception of the molecule - that wInch leads to eqn<ttlOll (4) -
a,s all instance. 

B. The coefjicient of dilatation and tlte coej'jicient of cOll1jJl'es
sibility of liquicls. 

Let us again assume the temperatnre to be so low tlmt p 111[1,)' be 
. a 

neglected compared wIth - anel that we thel'efore lmve: 
v~ 
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a '1' -(v-b)=R . 
V2 

The valne fol' ~ (:;)p which we may calculate from this equa

tion applies only to the pressure p = 0, and is thel'efore not the 
same as would be found for another constant pressure ; neither 
is it that which corresponds to the points of the border curve. 
Fol' very low temperatures the' difference will probably be small. 
Fol' higher temperatm'es the differences might be considerable; and 
fol' the tempel'ature which is so high that the isotherm al in its lowest 

point touches the v-axis, in which case ~ (:; )p = 00 ,it would even 

be absurd to suppose the two values to be mutually equal. 

An accurate calculation of the value of ~ (:;) p=O yields accor

ding to the relatiollR chosen above: 

YV-e will put n = 1 and the following approximated relation: 

1'(dV) 2z 
-:;; dl' 1'=0 = 1-2z ~ 

1 
W lth z = 7" (sec p. 140) this yields 0,4 for the value of Tal, or 

0,4 
((0 = -0 (fot ether) = 0,00146. Our assumptions therefore appeal' to 

27u \ 
lead 10 a value fol' the coefficient of dilatation which does not deviate 
much from the experimel1tal value. 

T 
1--

If we had taken the form rt e TT. for a, then the corresponding 
I - \ 1 

valne of z would have been -- and we should have had: 
13,5 

~'(dV) =(1+ '1.')~, 
v dl' p TIc 1-2z 

which is only abOl1L 3'4 of the true value. From this we conclud~ 
that the assumption Umt our relations are satisfieel anel that at the 

T I-_ 

Same time a has the form rt IJ 1'~ leads Lo inaccurate results. 
10* 
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1 
We might nlso write a valge for ( _ vi:) 

culate the coefficient ouIy indil'ectly f1'om: 

or -, but we will 
{J 

~'(:;)J -- v d:) = :2 
or 

0,413 :x 6000 = 27 Pk C: )2 
or with approximation: 

. 1 
which agrees wlth z = 8' 

z 
1,6=--, 

1+2z 

The vaIue of {1 eaIculated according to all!' relations may the1'e
fore be considered to be at any rate approximateIy accurate. 

Yet it remains strange that fol' the Iiquiel volume itself a calculatioll 
according to our suppositions yieIds a value which is mnch too small. 

According to a table in Conto I 2n~ p. 172 the liquicl volume for 
1 , 

temperatures which do not differ much ii'om - Tk is equal to 0,8 bo• 
- 2 

Even if we take into account that bo < b.,! we cannot diminish t11e 
factor 0,8 to less than 0,7. 

We have then the equation 

0,7 bq = bo (t + 2z) 
Ol' 0,7 n = 1 + 2z. 

1 
With n = 2, this yielcls z = 5"' whieh does not agree with the 

1 . 
value -, wInch we must assume for z, as we saw above. I have 

7 
not yet been able to investigate, wh at modification must be made 
in the relation assumed for b; e. g. to put 12 = 1,8 or to suppose bo 

really to be smaller at low temperatnres. If we suppose "0 La be 
a function of the temperature, 1hen the caIclllations become very 
intricate anel diJliculties of another kinel mise. Therefore I prefer io 
regal'el the above consielerations as conelueing to point out that 
everything shows that b must really increase with V. 

Let us investigate what consequenccs of generaI nature follow from 
this val'iability of b. In t110 fil'st phce we obsel've that tl1e thl'ec 
reaI values of v for given temperaiure anel ghren presslll'e Cl1l1ll0t 

be calculated any more by meltllS or an equation of the thircl degl'ee. 
The equation of state namely may assume a ver,)' intricate form if 
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we' substitute in it the expres sion fo!' b which we get by solving 
the eq uation which expresbes the variability of b with v and T -
the possibiIity of a dependency of b on ']' being admitted. We shall 
l'epresent the solution of this Elquation by 

b=cp(v,T). 

But the general course has remained the same; e. g. the fact that 
fol' temperahll'es beIm,v the critical temperature a maximum and a 
minimum pressure occnrs. The critical tempm'ature is that for which 
this maximum anel this minimum pressure coincide and the critical 
point may agaill be calcnlated fi'om the th1'ee equations: 

p = F(v, T), 

(~~)T 0 

(d?P) 
and dv 2 T 0 

If therefOl'e we could exclude all distul'bing influences, if we 
could negiect phenomena of capillarity and adsorption, if we ctJuld 
neutralize gravity, if we could keep the tempm'ature absolutely 
constant thronghout the space occupied by the substance, if we 
could perform the expel'imeuts with pe,rfectly pme substances without 
the slightest trace of admixtures and if we could suppose that the equi
librium is established instantaneously, then we shouid have coexisrence 
of two homogeneous phases of weIl defined properties for all tempera
tm'es below the critical one, and exactly at the critical temperatme 
only one homogeneous phase of wen defined properties wouid exist. 

But the requil'ements enumemted here can nevel' be fulfilled. 
Already below the critical temperature deviations occur. The straight 
line 1'ep1'esentillg the evapo1'ation parallel with the v-axis has p1'obably 
never been realiseel as yet in connection with the circumstance 
that nobody has as yet experimented with a pe1'fectly pure snbstance. 
The boiling point always varies when the distillation is continued, 
chiefly if we obsel've near the critical temperature. If in a closed 
vessel we heat-a substance which is sepamted into a liquid and a 
vapour phase, then the properties of the liquid" phase may be varied 
by shaking the vcssel (EVERSIIElllI. Phys. Zeitschl'. 15th June 1903), 
probably in connection with the circumstance that the liquid expanding 
clul'ing the henting" is internally cooleel in consequence of the expansion 
and the evnpol'ation and renches the surl'ounding tell1perature only 
very slowly by conduction; and also in connection with the a]ways 
Occurring ill1pul'ities. If further the subsk'tnce is subjected to gl'nvity, 
then neither vapour phase nor liqû.id phase is hOll1ogeneous. To 



- 27 -

( 148 ) 

every horizontal layer corresponds allother c1ensity accorc1ing io the 
formula of hyc1rostatics: 

dp = - Qgdlt. 

Fo!' temperatm'es far below the critical' one this cil'cumstance is 
of little impol'tance; for the critical tempel'll.ture itself, howevcr, the 
influence of gravity is considerabie. If we write namely the fOl'mula 
of hydl'ostatics in the following form: 

1 dp dlt 
--=-g-, 
Q df( df( 

dp dIt 
then we see that - = 0 Ol' - = (IJ at that point of the height of the 

dr: df( 
. dr: 

vessel where the critica1 phase 1'ea11y OCCUl'S, 1. e. where - = O. 
dIt 

If therefore we construct a gl'aphical representation of the successive 
densities, laying out the height as abseissa and the densiiy as t11e 
ordinate, then we get a continually descending' C1ll've. In the begillning 
its concave side is tUl'l1ed downwards; at a certain point tbe tangent 
is vertical and the curve has a point of inflexien; fm'ther the convex 
side is turned downwards. In the neighbourhood of the critical 
phase we find therefore a rapid change in the dcnsity. 

The equation of state can only account tOl' the state of equilibrium 
described above as it deals on1y with states of equilibrium. Another 
question is how that equilibrium is established and whethel' it is 
established in a longel' Ol' shorter time according fo the method of 
investigation. 

It has been observed sevel'al times in these latter years that t11e 
state of equilibrium of a quantity of a substance which is containcd 
in a closed vessel slowly heated to the critical temperatul'e, requires 
so long a time before it haf:> been reachecl that some investigators have 
concludecl that the liquid consists of othel' molecules than the vapour. 
DE HEEN, GALITZINE, TRAUBE ancl others speak therefore of "molecules 
liquidogènes" and "molecules gasogènes". Some of them suppose the 
"molécules Jiquiclogènes" to be more complex, otllers suppose t11e111 
to be only smaller. This latter supposition ag rees with the ideas 
I have expl'essed in my "The equation of state and the theo1',)' of 
cyclic motions," And for an explanation of the tact that tItc cqni
librium is so slowly established, these investigatol's l'efer to the slow 
diffusion of the heterogeneous molecules. 

To this fact they l'efel' howevel' wrongl)', The kinetic (heor,)' 
accounts slLtistactorily fol' the slowness of thc cliffusion anel has even 
enablecl us to calculate the coefficient of diffusion fol' mixilU'CS of 
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heterogeneous molecules w hieh cl1nnot pass inLo Olle anothe1'. Here 
however we are dealing wHIt molecules which can pass into each 
oLher. And if in such a case the establishing of the equilibrium 
requil'es a long time, then we must account for tbe fact that in this 
case more-atomic molecules onl)' slowly conform their size to the 
varied cirCllmstances, though in othel' cases the.r can bring their 
internal motions so quickly into harmony with, fol' installce, a variation 
of the temperature. 

I the1'efol'e think it not to be proved, that the increaóe of b being 
either a realor a quasi \ increase, reqnires a noticeable time to be 
bl'ought about, till the real constancy of the temperatm'e th1'oughout 
the closed vessel and the perfect purity of the substance has been 
proved, which as yet is not the case. 

It must be grallted that the summit of the boundary curve is 
broadened aud flattened by the val'iability of band that the cl'itieal 
isothe1'mal may be estimated to have a larger part which is nearly 
parallel with t11e v-axis. And this causes considerabie diffm'ences 
of density to folIo",' from small differences of pl'es&ure. But if no 
cn.uses even tor slllaU diffel'ences of pressure cn.n be pointed out, 
then the occurrence of differences of density largel' than those th at 
follow from the action of gravity cannot even be called phenomena of 
1'etw'dation, these latter being also a kind of pheuomena of equilibrium, 

Anolher obsel'vation of general nature before I conclude at least 
fol' the present these considerations on the influence of the variabi1ity 
of b. This variability accounts for the posdibility of deviatiolls 
fi'Qm the law of cOl'l'esponding states. lf the way in which b varies 
with t11e volullle is different for different substances i.a. in COllse
quence of a different ratio of bg and bo, then the general course 
remains the same, but the isothermals become different in details, I 
have even begun to doubt whe/her the behaviour of sub stances 
containing the radical OH in the molecule - acidR, alcohois, water 
etc., which in gaseous state present na association to double molecules 
and which are of ten indicated by the name of abnormal substances 
-.:. which behaviour deviates so markedly ti'om that of other sub
stances, must l'eally be ascribed to association of the molecules in 
the liquicl state. 

In connection with equation (6) (see p. 143) the question al'ises: Is the 
31' 

quantity which I have clenoted by 3b
b 

fol' these substances pel'haps 

small? Is the eas)' substitution of anc of the components pel'haps an 
indicatiol1 of a feebIe connectioll of the parts of thc compound which 
in volves astrong variability of the size of the molecule. The so called 
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abnOl'll1al snbstancos wonld 1hon he thoso wlloso molo('ulcs can lllJdergo 
large variations in size. 'Mor~ sncItlike <}l1estions !1l'ise - hnt I wW 
no fm'thor disCllSS them without n close!" in\'oRtigation. 

POSTSORIPTUl\I. 

When tho above l~apel' was pl'in1ccl I l'eceivocl ~ kinel lrttcr -1:1'0)11 
Dr. GUSTAV TglCIINJtlR, who illfol'J1Is me th at he has < sont me ono of 
his tnbes filleel wHl! 0 Ol. ÜI whiel! he luts sllcceeded in stl"lkingly 
showing tbo large chIl'orcn{'os in dOllSitf at t ho eri tiea,] 1 e~lporatUl'e 
by means of floating glass sphm'cs whobe specifie gmvity has boen 
determinod aC'cnmtely. He himsolf howevor aclmowiedgos cmplw,tically: 
"dass diese Erseheinnngon illsofern keine Gleiehgewichts7.nstande VOl'; 
stellen, als c1ie Phasen in Berlllmmg mit ein::tnder sich ansserst Iang
sam (beilll Ruln'en sofort) zn einer homogenen l\Iischnl1g vereinigen." 

The eqllation of state deals only with states of eqmIibrimll as I 
have obseL"vecl al ready befol'e. Discnssing those anomalies as I have 
done in this paper, I treated qnestions which properly speaking lie 
ontside my subject. I have l1lentioned thel1l, because I al50 expected 
for a moment th at the variabili1y of b ~ssull1ed by me, might l}ceount 
fol' the Rlowly e5tablishing of the state of eqnilibl'lllln. But th is is 
only the case if we assume, that tho molocule does not immediately 
assume the size which agl'ees with the value of l' and _v - aud this 
8eems aftel' all to be improbable to me, though I aclmowiedge that 
11l0leculul' transfol'll1ations occur which pl'oceed slow!y. The expect:\tion 
of Dr. TEICHNER, that the theol'y wonld lead to two ,rea11y homo
geneons phases is inaccurate in consequence of the t\ciion of gl'[tviLy -
as has been shmvn already before i. a. by GOUY. Not the phenomenOll 
itself [tS it is seen, is anomalous, onl)' the c1ifferenees of the density 
are anomalously large. It is true that Dl'. TEICHNER writes to me 
that he has ascertained that the tempemture was const[tnt but even ft 

1 
difference of temperaturo of 100 degree yields a very consic1emblc 

difference in dellsity. Fot' densities whiel! al'e larger 111an the cri1ical 
one we have: 

Tdp >~ 
pdT 

~ ~ being comparn,ble to unity. If therefore in [\, point the- tempe-

1 
rature is 100 degl'ee too low, [\, diminishing of the pressure with 
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1 
an amount of about 100 atmosphere will keep such a phase in equi-

librinm, at least as far as the pressure is concerned. And a cause 

which accounts for a difference of pressure of about l~O atmosphere 

accounts also for considerable differenceR in density as the critic..'l.l 
isothel'lllal runs neil'ly horizontally in the neighbourhood of the 
critical point. 

A retnrl1 to the time when we Lhought to explain a thing by 
speaking of solubility and inso]ubility, seems noL to be desirabIe to me. 

Chemistry. -- "On t/te possible fOJ'Jns of t/te meltingpoint-cu1've 
f01' binal'y mixtures of isomoJ'plwus substances." By J. J. 
VAN LAAR. (Oommunicated by Prof. H. W. BAKHUIS ROOZEBOOM). , 

J. The OCCUl'l'enCe of so called "eutectic points" in ?neltingpoint
curves does noL seem to agree with the supposition of pel/eet is01JW1ïJlty 
of the two sohd components and of their mixtures. This fact has 
been repeatedly pointed out. It has been assumed tbat an inter
l'nption in tbe curve representing thc solid mixtures (as in fig. lof 
the plate) can only occur for i:,odinwrp/wus substances, and that the 
5cl'ies of mixtures in the case of isomorphous substances was necessarily 
to be uninterrupted (as in fig. 2). 

Lately STORTENBEKER 1) expressed again the same idea and this induced 
me to subject the question to a closer investigation. In the following 
paper I hope to show th at an interruption in the series of the 
mixtures can very weU occur even for pm1ectly iso1n01''1Jlwus sub
stances. In order to do this we must keep in view that - especially 
in the solid condition - unstable phases may occur, and that in all 
occurring cases it is possible to trace the meltingpoint-curve eonti
nuously th1'ouglt tlw eutectic point. Only the stabie conditions which 
gel1erally lie above the entertic point are liable to be l'ealized, so the 
series of the mixtures is intel'l'upted only practically. 

Prof. BAKHUIS - ROOZEBOOl\l has expressed the idea of prolonging 
the melting'point-curve beyond the eutectic point already before; 
the way hm~ever in which we must think this to be performed is 
lndicated lllaccurately in the figure of an earlier pap!:'!' of STORTENBEKER 2). 

1) Ueber Liicken in der Mischungsreihe bei isomorphen Snbstanzen, Zeitschrift 
fûr Ph. eh. 43, 629 (1903). 

2) Ueber die Lóslichkeit von hydratierten Mischkl'ystallen, Z. f. Ph. Ch. 17, 
645 (1895). 


