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Astronomy. — “Investiyation of the errovs of the tables of the moon
of TlanspN—Nuweons for the years 1895—1902”. By Dr. 1. F.
VAN DE SANDE Baxrnuonzex.

(Communicated m the meeting of June 27, 1903).

1. Introcduction.

1. In the years 1901-—1902 Mr. C. Saxpers has made a longitude
determination on the Wesi-coast of Africa by means of {he moon.
The investigation described in the following pages was under{aken in
order to furnish him with accurate dato for the moon’s places.

Especially with regard to the systematic errors which affect all
the observations of the moon’s limbs, it is desirable to use for this
purpose not only a few observations made in the neighbourhood of
the days for which the places of the moon are required, bul to
make a more extensive investigation of the errors of the tables.
There was still another reason for doing so. For when I first
undertook the work, for which the observations at Greenwich had to
form the basis, I could dispose only of those up lo the year 1899,
so that a direct determination of the required corvections was entirely
impossible.

So at first I employed only the observations of the years 1895—
1899, but later I was able to extend my investigation also over the
3 following years. For this I am indebted to the courtesy of Mr. Curisriz,
who sent me a complete copy of the observations of the moon made
at Greenwich during the years 1900—1902 and who thus enabled me
to render my results much more reliable. In the same letter, however,
Mr. CurisTiz told me that a similar investigalion for a similar pur-
pose had been undertaken at Greenwich') and al first this made
me 'doubt whether in this circumstance it would not be better to
stop my work. But as my calculations for the period 1895—1899
were rather far advanced, I ultimately resolved {o continue them.
I considered that perhaps in this case it might be useful when two
independent investigations should confirm cach other.

2. It is well-known that the motion of the moon offers many
unsolved problems. Quite recenily NewcomB in a paper read at the
March-meeting of the English Royal Astronomical Society *), (when I
had already begun my work), once more clearly pointed oui the
deficiencies of the theory which chiefly his investigations had brought
to light. Let us shortly recapilulate those investigations.

3) Comp. Report of the Astronomer Royal.... read 1903 June 6, p. 9.
2) Monthl. Not. R. Astr. Soe. Vol. 63, p. 316.
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In 1876 NuwcomB published a comparison of the observations of
the moun from 1862—1874 with the tables of HansEn *) and showed
the existence of slowly increasing errors in the fabular mean longitude.
On the other hand, after having applied theoretical corrections to
the coefficients of some of HaNsEN’s inequalities of short period, he
found a hitherto unsuspected inequality in the true longitude of the
form asin(g - N), where g represents {he mean anomaly and N
an angle increasing by about 20° per annum. The long period errors
were further investigated hy Newcoms in his Researches*), which
appeared in 1878. After an elaborate investigation of all the obser-
vations before 1750, he embodied the errors found in an empirical
formula, which apparently satisfied all the available observations.

In the same year he published his “Corrections to HanseN’s fables
of the moon”, where {ables were given for the application of the
long period corrections according to the empirical formula alluded to
above and for the correction of a term of the true longitude accidentally
introdueed into the tables with a wrong sign. For the time being he
did not consider it advisable to apply other corrections. These
“Corrections” have since been introduced into all the lunar ephemerides.

For the empirical {erm of long period no theoretical basis has
been found until now. As for the term depending on ¢ + N,
Numson’s and Hinl’s investigations have shown that it may be the
“Jovian Ivection’”.

II. Investigation of the errors of longitude.

3. In my investigation I followed the same method as Newcoms
in his paper of 1876, that is to say, instead of the errore of longitude
and latitude I msed those of right ascension and declination. Although
in this way the calculations become somewhat more intricate, it offers
the great advaniage that the errors of observation, the systematic
and the chance errors, in the iwo coordinates do not become intermixed.

Thus in investigating the errors of longitude, I started from the
differences A e, which, in accordance with NEwcoms I take in the
sense: Computation—Observation.

4. In the first place I had to investigate the systematic errors
In the observed transils of the two limbs, but, as it is well-known,
the values found for them depend to a high degree on the value
adopled for the parallactic inequality. This renders an independent
determination of the two very difficult, as, for instance, it may be

1) S. Newcoxs, lavestigation of corrections to Haxsen's tables of the moon with

tables for their application. Washinglon 1876.
%) S. Newcoms, Researches on the motion of the moon. Washington 1878,

B 25%
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seen from an examininalion of Newcomp’s elaborate investigation,
laid down in his “Astronomical constanis” p. 148—151.

Therefore I thought it best to leave out an independent determination
of the coefficient of the parallactic inequality. For in the first place
the investigations of the last years have yielded a value of the solar
parallax that must be pretly accurate and in the second place the
direct determinations of the parallactic inequality that are entirely
or partly free from the disadvantage mentioned, namely those of
BarterMANN ') from occultations observed at Berlin and those of
Franz?®) from transit observations of the crater MosTivg 4 made at
Konigsberg, give results which agree satisfactorily with the most
probable value of the solar parallax. -

Whilst as this most probable value we may consider & = 8".796,
the investigations of BATTERMANN and Franz yield:

BarrermMaNN 1884—85 & —=8".79%4
" 1894—96 8. 775
Franz 1892 8. 770

On the other hand NewcomB derived from the transit observations

of the limbs by eliminating as far as possible the systematic errors:
Nuwcoms 1862—94 & — 8."802.

I have adopted = = 8".796, hence as the correction of the value
used ultimately by Hansex in the Tables de lo Lune: 6 7 —= — 0".120,
whence as correction of the coefficient of the principal term of
the parallactic inequality in the mean longitude:

dP=— 1410 X dx =+ 1".69
and P=—124"01

The correction of the value adopted by Newcoms becomes:

dP=-+40"73.

5. 1 now proceeded as follows. The residuals A & for each year
were arranged according to the- observed limb and the true age
of the moon expressed in days. In this way each year yielded
25 groups of residuals and for each of them the mean value was
derived.

1) H. BarrermaNy, Beobachtungs-Ergebnisse der Sternwarle zu Berlin No. 5.
Beglin 1891.

H. Bartermany, Beobachtungs-Ergebnisse der Sternwarte zu Berlin No. L1
Berlin 1902,

2) Astron. Nachr. Bd. 136. p. 354
$) I had overlooked the discussion by Franz of the observations 'of MdstiNG

A made at Gorrineey 1891--93 (dsiron. Nachr. Vol. 144 p. 177). The com-
bined result from Kéniespere and Gérrinees is: »=8".805, (Added 1903 Dec.)
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These annual means for each day-of the moon’s age had then to
be corvected 1t for the correction of the parallactic inequality, 2 for
the small theoretical corrections derived by Newcoms on p. 10 of
his “Jnvestigation”. However, for these annual means some of the
latter might be neglected and hesides I might identify annual means
of Aa with those of the residuals in mean longitude and also
annual means of the true age with those of the mean age, the
argument D.')

For the years 1895—97 I had at my disposal not only the results
of the transit observations, but also those obtained with the altazimuth.
As however in this case the advantage of also using observations
made at small elongations is more than balanced by the difficulty
of determining their systematic errors, I have ultimately only used
the transit observations 7). )

From these corrected means, which are not given here, I further
derived mean vaiues for each year for each of the two limbs. They
were obtained by combining with equal weights the results for each
day of the age of the moon. However, for reasons to be given
hereafter, the values for the ages of 4 and 26 days were ultimately
rejected altogether.

In this way I found:

Azl | aall | L —1 —%L

1805 | — 05062 | — 0072 | — 0010 | — 0067
1806 | — 048l | — 0.04 | 4 0087 | — 0.088
1897 — 0134 { — 0126 | 4- 0.008 | — 0 130
1898 — 0.177 — 0104 | 40073 | — 0.140
1899 — 0.125 | — 0.070 | 4- 0.055 - 0.098

l 1900 — 0 151 — 0.104 + 0.047 | — 0.128
1001 | — 0444 | —0.001 | + 0.053 | — 0.448
1002 | — 0489 | — 0.193 | 4 0.086 | — 0.156
Mean -+ 0s047

1) The corrections actually applied were the annual means for each value of D
of the values of Newcoms's Table VIi, after they had been corrected for the adopted
value of the prineipal term of the parallactic inequality,

2) At first 1 had also used the altazimuth observations and from results obtained
on the same day with both instruments I had derived for Az —peq for obser-

vations of the 1st limb 4 0~.126, and for those of the 2nd limb —0s,122,
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By subtracting these annual means for each limb as they are
given in the second and third columns of the table above from the
means for the same limb for each day of the moon’s age I obtained
for each year a set of about 25 residuals and finally I combined
the corresponding residuals of the 8 years with their respective
weights. ~

These mean residuals follow here.

Limb I ’ Lumb 1I

Age 3D 4 Weight Age " 3 A« Weight
4 —- 012} 19 14 || — 0027 14
5 — 069 32 15 — 065 33
6 — 022 36 16 4 023 61
7 — 036 41 17 + 030 49
8 -+ 022 50 18 — 009 53
g -4 007 46 19 -+ 048 45
10 4 002 43 20 -+ 008 34
1 -+ ol 50 N + 003 31
12 - o1l 54 22 4+ 013 37
13 -+ 029 49 23 -+ 017 38
14 -+ 007 49 24 — 015 31
15 .000 27 25 -+ .008 19
26 -+ 126 8

If we assume the adopted values for the inequalities depending
on D to be correct, the two prececing {ables show us the effect
of the systematic errors of the observations. At a first glance at the
second table we perceive thal the right ascensions observed at the
age of 4 and 26 days show abmormally great discordances, which
both agree in sign with those which would result if the observers
estimated the moon’s diameter to be smaller when observed at
daylight.

If we execept these two groups, the observations of the 294 limb
no longer show any regular increase, whilst the vesults for the
1st limb between the ages of 5 and 8 days still seem to vary somewhat
regularly. However, after due consideration of the case, .l have ulti-

mately assumed the personal error to be constant for the first limb
Al
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between the age of 5 and 15 days and for the second limb between
those of 14 and 25 days and I simply rejected the observations at
the age of 4 and 26 days which are few in number. Perhaps it
would have been better to apply a special correction at least to the
resulls at the age of 5 days.

As stated above, the values in the 2 and 3*¢ columns of the first
table are those found after the rejection of the two extreme groups,
and from them I derived further the differences 1I—I and the values
of '/, (I + II). The II—I represent the differences between the personal
errors for the two limbs. In the first three years these differences show
considerable variations, but for the last five years there is a good
agreement. However, as at first I only discussed the period 1895—1899
I adopted a mean value of II—I for these years and another for the
following three, and for the corrections to be applied to the obser-
vations of the first and the second limbs to reduce them to the mean
of the two I assumed for 1895—1899 == 002, for 1900—1903
= 0s.03.

For a closer investigation of the personal errors it would be
necessary to discuss separately the results of the different observers.

6. After having applied the corrections for personal error we
must now compute for the separate observations the corrections to be
applied to the mean longitude. in the first place those resulting from
the corrections of the parallactic inequality of the annual equation,
of the variation and of the evection — the last three as derived
by NewcoMB — and secondly the long period corrections. From the
corrections of the mean longitude we must then derive those of
the right ascensions. _

The corrections of the first kind (comp. Newcoms Jnvest. p. 10 and
37 and BATTRRMANN N°. 5 p. 21) are, using HaNsEN's notations:

ndz =+ 169 sin D 4 0."16 sin (D — g) — 0."24 sin (D + ¢)
,  +0."09sin g — 0."88sin 2 D — 0."21 sin (2 D — g).

For the application of these corrections I have calculated 2 tables,
partly arranged as Newcoms’s Table VII and VIIL

For the long period corrections I first tried to derive accurate
values from the whole available maferial.

For although the empirical correction derived by Newcoms in his
Researches, has reduced the differences from the observations to a
much smaller amount, there still remain unaccounted for discre-
pancies. This has been shown by Tisseranp in his very lucid
account of the questions involved heve “Sur I'état actuel de la theorie
de la lune” in the 3% volume of his Mécanique Céleste. He also
showed there that we cannot improve the agreement by altering the
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period of the empirical term which Nuwcoms fixed on 273 years.

Hoping to find some indication about the empirical Jaw which would
represent the outstanding differences, I put together for the whole
period 1847--1902 the values of the mean annual errors in longitude
or in R. A. according to the observations at Greenwich. Those as
far as 1882 ') were borrowed from Stone’s papers in the Monihl.
Not., applying to his results Newcomp’s corrections, while those
for the subsequent years were taken from the Annual Reports of
the Astronomical Society. To all these results the small corrections
were applied for the reduction of the observations to the same standard
time-star catalogue. As such I adopted the 2nd 10 year Catalogue.

I added to the Greenwich results: for the years 1862—1874
Newcomp’s results which partly depend on the Washington observa-
tions, for the years 1880—1892 the results of the observations at
Oxford as given by Stonm, applying to both Nrwcomp’s corrections
and for the years 1895—1902 the results derived from the Green-
wich observations by myselt (4 (I 4 II) in the first table of section
5). From a comparison of the results of different observatories for
the same year we may infer that they are tolerably accurate. The
differences between my results and those computed at Greenwich
range from 0."00 to 0."36.

I do not, however, give these annual mean errovs here, as I did
not succeed in deriving anything from them with- certainty. By
assuming the existence of a new inequality with a period of about
50 years with mexima about 1862 and 1887 and a coefficient of
about 3" we should altain a somewhat better, but even then not
an absolute agreement.

So the only thing I could do to obtain the mean corrections
required for my purpose, was to represent the annual mean errors
from 1886—1902 by a smooth curve. The following values were
derived from it.

1895.0 di= + 0"58

1896.0 1.06
1897.0 1.44
1898.0 1.72
1899.0 1.98
1900.0 2.09
1901.0 2.21
1902.0 2.28
1903.0 2.30 ’

1) For the years [847—1861 the new reduction of the Greenwich observations
of the moon (Monthi. Not. Vol. 50) was used.
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Obviously the last values 'cannot be very certain. .

After thus having formed the total corrections to be applied to
the mean longitade, they have been reduced to corrections of the
right ascensions. For this reduction I could use the values I and
(v. ) given by Newcoms in his Table IX and XI. The very small
reduction from- orbit longitude to ecliptic longitude could be neglected.
(Comp. also fnvestigation p. 12 and 14).

7. The A a corrected in this way were now used to derive from
them the corrections of the true longitude, which depend on the
sine and cosine of the mean anomaly. In his [nvestigation p. 16
NewcomB has shown that for this purpose we may use instead of
the residuals of true longitude those of right ascension and although
the error of the longitnde of the node which is assumed to be
small has increased since 1868, his conclusion still holds.

For each year the A « were arranged in 18 groups according to
the values of the mean anomaly, the first group containing those
between g = 0° and 20°, the second those between ¢ = 20° and
40° etc. Then the sums and the means for each group were formed
and were regarded as corresponding to g = 10°, g = 30" etc. just
as had been done by Newcoms.

If we represent the corrections which are to be applied to the
true longitude of Hansen by

dl=—hsing —kecosg
we obtain for each year 18 equations of the form

ct-hsing+ keosg=r
where ¢ is the outstanding mean error of longitude, whilst for %
and % the signs are in accordance with NEwcoums.

The equations were solved for each year by least squares with
due regard to the weights of , which were assumed to be pro-
portional to the number of observations used.

So I’ obtained the following values of £ and £:

A k
i 1895.5 4 0"29 - 0"44
1896.5 - 0.66 4 1.16
18975 4 0.57 -+ 1.77
1898.5 4 0.51 +2.10
1899.5 —0.93 - 2.83
1900.5 —1.66 4 1.12
1901.5 —1.46 4 0.52
1902.5 —1.18 4 0.01

It is obvious that these coefficients cannot result from errors in the
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excentricity and the longitude of the perigee only, and their periodic
character fully confirms the existence of the inequality discovered
by Newcons.

At a closer mspection, however, 1t appears that Newcoms’s formula
does mot vepresent satisfactorily my /% and 4, and. this need not
astonish us if we consider the great exfrapolation involved-in the
application of Newcoms’s formula to my results.

8. To correct Nuwcoms’s formula by successive approximations
I have proceeded 1n the following way

By comparing the 2 and 4 now obtamed with those in the table in
Investigation p. 28, it may be easily seen that the period of the argu-
ment &V, on which % and £ depend through the formulae A=/, —asin N
and & =&, -+ a cos N, must be greater than 16?/, years — the period
assumed by Nzwcoms — and cannot differ much from 18 years.
This corresponds to an annual variation of 20° and 1t will be con-
vement to adopt this value as a first approximation.

The special axm of my first operation was to find rehiable values for
the constant parts of the coeffiments, 4. and A, 1 tried to attam this
by calculating values of 4 and L for each year of the 18 year-cycle
by means of the results of Nnwcoans’s two series and of those found
for 1895—1902.

Agsuming the argnment for 18620 %= n > 18 to be 0, I derived
normal values for the arguments 05, 15 etc. to 175, assigning
the weghts 1, 3 and 2 to the results of the 3 series I had no
value for the argument 145 and therefore had to form 1t by
interpolation.

In this way I found

Arg & k Arg k |7 k

05 -+ 0723 -4 11138 95 4 1151 — 04
156 — 076 42920 10 5 + 197 —Of’aS
25 ~13 -+ 110 o + 167 -+ 0 09
35 - 120 + 0 12 12 5 4179 +07
45 — 069 — 006 13 5 4 080 +1 24
55 - 0179 — 0 68 ) 4+ 0 80 + 0 84
65 + 020 — 157 155 + 0929 -+ 0 44
75 412l — 168 16 5 -+ 066 + 116
85 + 12 — 1 46 17 5 4 0 57 + 177

-10 -
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From these values formulac were derived, which after a trans-

formation 1n order {o brmg the zero-cpoch on 1868.5 become
=4 0"45 —1" 30 smn [167°.1 4 20° (1—1868 5)]
L= 026 4 1" 46 cos [149° 3 - 20° (+—1868.5)]

If we assume {hat the amphtude and the argument of the two

periodic terms must be equal, the formulae become
hh= -+ 0".45 — 1".37 sin [157°.7 4 20° (+—1868.5)]
b= 0"26 - 1".37 cos [157°.7 4 20° (+—1868.5)].

The object of the second operation was to derive from the obser-
vations 1895—1902 the most reliable value of IV for the middle-
epoch, assuming 1ts annual variation to be 20°. Starting from the
8 X 18 wvalues of r and assuming as known only the values of ¢,
(as found from the solution of the equations for each year) and those
of A and L. (as found above), I first subtracted the ¢ from the »
and then freed the lalter from the influence of %, and £..

The residuals musi then be of the form:

r'=—asin N sing 4 a cos N cos g = a cos (g + N, 4 ¢ X 20
and now 1t is clear that the 8 > 18 residuals correspond with only
18 different values of the argument NV, -4 ¢+ ¢ < 20°. Consequently
these residuals could be comhbmed in 18 wvalues, for instance the
" for y =10° in 1895 could be combmed with that for g =2350°in
1896, with that for ¢ = 330° in 1897 ete.

Having due regard to the weights, the following mean values of
1’ were derived. The arguments ¢ hold for 1898 1e. for 1898.5.

i U

g » g r g 7

10° 4+ 1761 130° — 1732 250° 4 013
30 4 1.68 150 — 1.29 270 4 0.04
50 - 0.65 170 — 131 290 L 0.62
70 4 0.23 190 — 1.05 310 -+ 1.27
90 — 112 210 — 1.09 330 L 1.66
110 — 1.7 230 — 0.77 350 4 1.48

These values are represented by the formula.
— 0".42 sin g 4 1" 51 cos g = -+ 1".57 cos (¢ + 15°.5).
and 15°.5 will be a prefly accurate normal value of IV for 1898.5.
For the derivation of a similar normal value from each of the two
series of NuwcoMB I chose a less direct but simpler method. In each
series I reduced the A derived. from each year to a mean epoch by
means of the annual varation 20° and then combined them with the
weights as given by Nuwcoms!). I did not however use the N of

1) Applying the same method to the observations 1895—1902 I should have
found for NV, 16°9 instead of 15°.5.

-11 -
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Newcoms, but the shghily modified values, which were obtained- by
taking A, = -~ 0"45 and %, = - 0".26.
The three normal values obtained thus were:
1852.6 NV = 2007 Weight1 0.—C. — 9°0
1868.5 161.9 1) 3 + 4.6
1898.5 15.5 2 — 23 7

and from them I derived a corrected formula for V; I found:
N =157°.8 4 19°.35 (¢t — 1868.5)
or taking the mean year as zero-epoch
N =302°4 4-19°.35 (t — 1876.0).

The outstanding differences Obs.—Comp. are given ahove.

If I had assigned equal weights to the three normal values, I
should have found for the annual motion 19°.45, while by excluding
the first I should have found 19°.12, both differing only slightly from
the most probable value.

At first when Ngwcoms’s value for the annual variation of N
appeared to be too large I had thought that the true value might
be equal to the theoretical annual variation of the argument of the
Jovian Evection, i.e. 20°.65. It appears, however, that even the latter
is too large to satisfy the observations.

To judge in how far this is the case a comparison is given below
of the values of N for each year as directly derived from obser-
vations, first with my formula, secondly with the formula we obtain
if we assume the same value of N for 1876.0, but take as annual
variation 20°.65. The two sets of differerices are given under the
headings No—DN¢ and No—N..

Epoch Weight No—Ne¢ No—Nr

1847.8 i — 56° T
48.9 3 4+ 11 + 46
50.1° 3 + 2 4+ 36
51.2 3 — 99 + 10
52.4 4 — 30 + 1
53.5 3 — 30 — 1
54.6 3 — 37 — 9
55.8 0.5 47 4+ 33
56.9 3 + 27 + 52
58.1 1 -+ 101 4+ 124

1) With Newcous's values of IV we should have found 200.°5 and 161.°7.

-12 -
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Lpoch Weight No—N¢ No—Ny

1862.5 3 — 18 0
63.5 5 — 25 — 9
| 64.5 5 — 19 — 4
65.5 4 4+ 7 421
66.5 2 — 19 — 7
67.5 4 — % — 13
68.5 4 + 19 4+ 29
69.5 5 4 37 4 45
70.5 5 4+ 20 4 97
1.5 3 + 28 + 34
72.5 4 4+ 22 4+ 27
78.5 4 + 12 + 13
4.5 4 + 10 + 12
1895.5 0.5 4 82 + 57
96.5 2 + 8 — 19
97.5 4 — 3 — 3
98.5 4 — 20 — 49
99.5 6 — 9 — 40
1900.5 4 + 12 — 20
01.5 4 + 6 —
02.5 4 4+ 4 — 30

That the differences, even those with the formula that is made to
represent the observations as well as possible, are not altogether
accidental, may be seen from the great number of permanencies of
sign. Yet I hold that we are entitled to the conclusion that an annual
variation of NV of 19°.35 better represents reality than one of 20°.65.

Having thus derived a formula for N representing as well as
possible the results at my disposal, I had still to correct the adopted
values of the coefficient ¢ and of %, and %..

To this end I compared the observed values of 4 and % with the
formulae

b=+ 0"45 —1".50 sin [302°.4 4- 19°.35 (t — 1876.0)]
k=< 0".26 4- 1".50 cos [302°.4 4 19°.35 (¢t — 1876.0)]
and formed the outstanding residuals Obs.—Comp. These residuals
which for shortness are not given here, were divided into 4 groups

according to the 4 quadrants of NV, and for each of these groups
mean values were formed which follow here:

-13 -
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-dh di

I — 0"08 4 0"41
11 4+ 0.26 —0.02
11 —0.14 —0.35

v — 0.62 —0.13 )

Hence : -
dh, = — 014

d 1, = — 002 )

— 0"36 according to the %
+ 0.25 ,, wo K
Mean value of ¢ a — 0.05

The two values for « obtained in this way do not agree satis-
factorily. The mean value a = 1".45, however, differs little from that
deduced above by assuming the annual variation of N to be 20°

The values of /e and % remain also more or less uncertain. The
dh and dk show a systematic character even to a higher degree than
the 0.V, but T did not succeed in finding the real law of the discor-
dances. If, for instance, we assume that A, and L, vary proportion-
ally with the time, the agreement does not improve. )

As the most probable results of my investigation I adopi:

h=-0"31 — 1"45 sin [302°.4 4+ 19°.35 (t — 1876.0))
k=4 0"24 4 1”45 cos [302°.4 - 19°.35 (t — 1876.0)]
Thence follow as corrections of the eccentricity and of the longitude
of the perigee :

d «

1

de =—0"16
¢d =012
o = - 9".9

while an eventual correction of the motion of the perigee. remains

entirely uncertain.
The correction of the true longitude of the moon thus becomes:

dl=—0"31lsing —0"24cosg -+
—+ 1".45 sin [g 4~ 212°4 + 19°.35 (t — 1876.0)].
With this formula we may compare the two results, which
BarterMaNy derived from his occultations and which hold for about

1885.0 and 1896.0.
Barrermasy found for the total corrections depending on g (comp.

n’. 5 p. 41, n°. 11 p. 352},
1885.0 Jdl=—1"14sing -} 2".67 cos g
1896.0 , =—0"90smg-—1"35cosg

-14 -
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while from my {ormula would follow:
1885.0 dl= -4 0".99 sin g 4 0"4Ll cos g
1896.0 y =—1".05smg—1"49 cosg

Thus we find & very good agreement for 1896.0, but the resulis
for 1885.0 cannot at all be brought to harmonize. It would be very
interesting to investigale also the meridian observations of the years
about 1885.

The annual variation found for N agrees in absolute value almost
exactly with that of the longitude of the node and we might put
for the argument of the inequality: g — & - 216°. It is probable,
however, that we have only to do here with a casual agreement.

The theoretical value of the “Jovian Evection” is according to
the most accurate caleulation by Hivy:

6l = -+ 0".90 sin [¢ + 238° + 20°.65 (¢t — 1876.0)].

For 1856 the theoretical argument and that of the empirical term
are in good agreement, but in the following years they are more
and more discordant.

9. It only remains now to put together the final results for the
mean corrections of the longitude, as they were derived from the
solution of the equations for each year.

In the following table the column headed ¢2 contains the residual
corrections found after the corrections derived from my curve had
been applied, while the column headed ¢y contains the total cor-
vections to be applied to the longitude of Hansen-Nuwcous.

dgi doyn

1895.5 — 0"07 4 0"73

96.5 —0.05 +1.21

97.5 4 0.36 ~+1.95

98.5 -} 0.22 -+ 2.05

99.5 — 048 +1.58

1900.5 —0.27 + 1.88

- 0L5 —046 -+ 1.79
025 <40.16 4 2.46

The mean value of the 4 amounts to — 0."07, which might be
applied as a constant correction to tlie results according to my curve.

These resuits of the transit observations, which contain the unknown
personal errors in observing the moon’s limbs may be compared with
those of BarrurMany and also with those derived by Frawz from the
observations of the crater Mosting A. We then find that the results
found by them for the mean longitude for 1885.0, 1896.0 and
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1892.5 after being reduced-on the system of the 2"d 10 year cata-
logue are greater by - 0."6, 4+ 0."1 and - 0."5 rvespectively than
those of the transit observations at Greenwich ).

As to the occultations, it is proved by H. G. v. p. Sanpe Bax-
HUYZEN ?) that values for the moon’s longitude derived from them will
generally be too small and therefore it is probable that the moon’s
longitude according to the observations at Greenwich is still in need
of a positive correction. i

1. Investigation of the errors of the latitude.

10. My investigation of the errors of the moon’s latitude was
based on that of the errors in declination.

First I tried to determine the constant errors in the observations of the
moon’s declination and to this end I utilized the observations from
1895 to 1899. From the differences A ¢ = Comp.—Obs. I derived
mean values for each of the two limbs for each month of the year
and from them annual means were derived by taking the mean of
the monthly means without regard to their weights.

In this way I obtained the results given in the following table.
The 27 and 3*d columns contain the annual means for the north
limb and the south limb, the 4th the means of the two, the 5tb their
differences i. e. the errors of the moon’s diameter, while the 6t con-
tains this same error derived only from simultaneous observations
of the two limbs near full moon.

-
North South %ﬁ N—§ | (N—8)
!
1895 | — 015 | 4 0"5 | 409 | —070 | — 065
1896 | — 045 | —049 | — 032 | +03& | <4019
1897 | — 05 | 402 | ~048 | —08 | — 1.57
1898 | 4005 | —0.03 | 001 | 1008 | 40.78
1899 | 4035 | +0.08 | 409 | 4027 | 40.16
Mean | — 009 | -+ 008 000 | — 017 | — 022

1) If we combine Franz's vesult from his Kdnigsberg observations with that
which he derived from those at Géttingen, which had been overlooked by me, the
last difference, instead of +-0."5, becomes -}-0."3 (Added 1903 Dec.)

2 H. G. v. o. Sanpe Baxnuyzon: The relation between the brightness of a
luminous point and the moments at which we observe its sudden appearance or
disappearance. Proc. Acad. Amst. 4. 465.

-16 -



( 385 )

Although the differences between the resulis of the separate years
seem to be real, I have applied only to the A ¢ devived from obser-
vations of the north and the south limb the constant corrections
4 0"1 and —0"1.

For the observations of 1900—1902 I did not know which
limb was observed. While, however, in the preceding years the
constant errors appeared to be small and in the mean for the two
limbs were found to be 0".0, I thought myself justified in neglecting
them altogether for 1900—1902.

11. In the second place the A d had to be corrected for the errors
of longitude.

We find to a sufficient degree of approximation (comp. also Investi-
gation p. 31—327)) that the derivative of the declination relatively
to the mean longitude is:

' g—::a(l ~+ ¢ —ccos22) cos 2 -} beos (A — 8)
+ 2a¢cos (24 — o) - 2becos (22 — v — 6)
where a = sine = 0.398
b = cosesine — 0.083
c = lsm'e = 0.040

For our purpose we may negleet the 3% and the 4% terms; théir
short periods permit of their influence being regarded as fortuitous.
Also the 2% term has provisionally been neglected, as its influence?),
may easily be accounted for afterwards.

So there only remains the 1%t term, which has been tabulated by
Newcoms in his Table XI, and I multiplied it by the total errors
of the mean longitude. The errors of the true longitude depending
on g, give rise in dd only to terms of very short and of very long
period which could be neglected as being without influence on the
results to be derived.

12. The A d corrected in this way were arranged for each year
info 18 groups according to the values of the argument of the
latitnde w, in the same way as it was done for the A ¢ according
to the values of ¢, and then the sums and the means for each group
were formed.

[ do not give here these annual means, but only the general means
derived from the total sums. g

1) In the formula on p.32 3eX and 3e H ought to be 2¢ K and 2¢ H.

3) This term is the influence of the error in longitude on the latitude and
consetjuently directly influences {lie determination of the longitude of the node,
but not that of the inclination.

- 26

Proceedings Royal Acad. Amsterdam. Vol. VL,
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1 Ad - U Ad -
10° + 0"67 190° —0"93
30 + 0.70 210 —057
30 + 111 230 —0.42
' 70 + 0.75 250 —0.06

90 -+ 0.81 270 0.00 -

110 —0.11 290 + 0.39

130 —0.01 310 +0.58

150 —0.54 - 330 +1.05

170 — 111 350 + 0.81

Bachi of the mean residuals gives an equation of condition :
Ad=—0.96sin (2—8) i + 0.96 cos (A—8)id 6
where Jdi and d& represent the corrections to the inclination and
the longitude of the node. As the Ad may still contain an ounistanding
constant error, the equations were actually put in the form:
Ad=a- bsin(l—E) + ccos (A—0).

These equations were solved substituting in them, 1%t the mean
results of the years 1895—1898, 29 those of 1899—1902, 34 those
of the 8 years combined (in all cases the mean results as derived
from the total sums).

In this way we obtained :

b ¢ ¢ corrected
1895—1898 —0"25 +1"11 +1"23
18991902 4 0.62 -} 0.63 -+ 0.79

1895—1902 4 0"18 -} 0"86 -+ 1"00
The last column contains the values of ¢ corrected for the influence

dd ,
of the 24 term of e The corrections actunally applied are its

products with the mean corrections of the longitude.

The two partial results do not agree very well, especially those
for b, or for the correciion of the inclination, and if we compare the
corresponding values of A d from the lwo four-yeargroups, systematic
differences between the two sets are clearly shown. Considering
however my vesults in connection with those of NEwcoms there
seems {0 be as yet no sufficient ground to assumne a periodic pavt
in the coefficients 4 and e¢.

From the 8 years combined we derive:

de = — 0"19
cd8 = 4+ 1'.04 .
g6 = - 11"5
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13. Finally we may combine our resulis with those of Newcoms
and also with those derived by IFranz. ')
For the correction of the inclination we find :

NrwcomB 1868 d4=—0"15 weight 3

} Fravz 1892 -+ 0.37 1
Baxw. 1899 — 049 3
Mean result di— —0"09

The correction of the inclination is thus found to be small.
For the correction of the longitude of the node we find:
Newcoms 1868 d8 = 4 4"5 weight 3
Fravz 1892 474 1
Baxn. 1899 - 11.5 3
Mean result 1885 d48 = 7"9.
As NrpwcomB found for 1710 o6 = — 16" (Researches p. 273),
we obtain :

Correction of the centennial motion = -~ 14".

Physics. — “On the critical mizing-point of two lquids”’. By
J. P. Kuenen, (Communicated by Professor va¥ DEr WAALS
in the meeting of October 31, 1903).

A critical mixing-point of two liquids is in general a point where
two coexisting liquids become identical in every respect: it corresponds
to a plaitpoint or critical point of the two-liquid plait on vAN DER
Waars’s -surface or of its projection in the volume-composition
diagram, the socalled saturationcurve for the two liquid phases; the
term is used more especially to denote the condition, where the
liquids are at the same time in equilibrium with their satursted
vapour. In the »—a diagram this condition corvesponds to the point
of contact between the two-liquid curve in its critical point with the
vapour-liquid curve: in this condition a change of temperature will
cither make-the critical point appear outside or disappear inside the
vapour-liquid curve. The contact sometimes takes place on the inside
of the latter- curve and the two-liquid curve then lies entively inthe
metastable and unstable parts of the diagram, or it lies outside in
the stable part of the figure. In other cases it is the vapour curve
the eritical point of which comes into contact with a two-liquid curve,
but whatever the case may be, the gecometrical conditions are the

!

) The combined tesults of Franz from the observations at Kénigsberg and at
Gottingen have been considered in my second paper. (Added Dec. 1908).

26*
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